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When this book was first taught from, each student was asked to write a brief statement 
describing his or her understanding of what role electromagnetics plays in science, 
technology, and society.The following statement,submitted by Mr. Schaldenbrand, who has 
since graduated with a B.S.E. degree, was selected for inclusion here: 

Electromagnetics has done more than just help science. Since we have such 
advanced communications, our understanding of other nations and nation¬ 
alities has increased exponentially. This understanding has led and will lead 
the governments of the world to work towards global peace. The. more 
knowledge we have about different cultures, the less foreign these cultures 
will seem. A global kinship will result, and the by-product will be harmony. 
Understanding is the first step, and communication is the means. 
Electromagnetics holds the key to this communication, and therefore is an 
important subject for not only science, but also the sake of humanity. 


Mike Schaldenbrand 
EECS 332, Winter 1994 
The University of Michigan 
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Preface 


During 2005. Fundamentals of Applied Electromag¬ 
netics, 2004 Media Edition was used as a textbook b) 
close to 100 U.S. universities and by a comparable 
number of academic institutions in other countries as 
well. As an author. I am of course delighted and gratified 
by the book’s success, but to keep its content relevant 
and its presentation style attractive. I have to continue to 
explore ways to improve it. My best source of feedback 
has been from colleagues who teach from the book 
at other universities. Their comments and suggestions 
have proved invaluable, as have some of the questions I 
received from smdents via e-mail. 

llus fifth ediuon incorporates a number of specific 
changes aimed at clarifying certain concepts or elaborat¬ 
ing on their .significance. More significant, however, are 
the follow ing major revisions: 

1. Waveguides and Cavity Resonators 

Tlie material in Chapter 8 on geometric optics has been 
deleted and replaced w ith six new sections on waveguides 
and cavil y resonators. T his revision ha> been in response 
to input front a few colleagues who told me that they like 
teaching from the hook, hut they have had to supplement 
it with handout material of their own on waveguides and 
resonators. 

2. Technology Briefs 

In an attempt to bridge the gap between the fundamental 
concepts covered in an undergraduate-level textbook, 
such as l pplied Electromagnetics and the world of 


applications that students experience all around them— 
from cell phones and computers to the near-instantaneous 
retrieval and display of information—the fifth edition of¬ 
fers a sequence of •’Technology Briefs" on relevant topics, 
lixamples include capacitive sensors and how they are 
used to measure pressure and as fingerprinting devices; 
liquid crystal displays, emphasizing the fundamental role 
of wave polarization to their operation, and the principles 
of operation of the laser. GPS. and X-ray tomography, 
among others. In each case, the intent is to connect a basic 
concept, such as capacitance, inductance, or polarization, 
to real-world applications. 

3. End-of-Chapler Problems 

Extensive revisions have been made to cnd-of-chapter 
problems. In some cases, problems were replaced with 
new ones, while in other cases, numerical values were 
changed to render old solutions essentially obsolete. 

CONTENT 

The book begins by building a bridge between what 
should he familiar to a third-year electrical engineering 
student and the electromagnetics (EM) material covered 
in the book. Prior to enrolling in an EM course, a typical 
student will have taken one or more courses in circuits. 
He or she should be familiar with circuit analysis. Ohm's 
law. KirchhofTs current and voltage laws, and related 
topics. Transmission lines constitute a natural bridge 
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between electric circuits and electromagnetics. Without 
having to deal with vectors or fields, the student uses 
concepts that arc already familiar to learn about wave 
motion, I he reflection and transmission of power, phasors. 
impedance matching, ami many of the properties of wave 
propagation in a guided structure. All of these newly 
learned concepts will prove invaluable later (in Chapters 7 
through 0) and will facilitate live learning of how plane 
waves propagate in free space and in material media. 
Transmission lines arc covered in Chapter 2, which is 
preceded in Chapter I by reviews of complex numbers 
and phasor analysis. 

The next pan of the book, Chapters 3 through 5. 
covers vector analysis, electrostatics, and magnetostatics. 
Compared with most F.M textbooks written for under¬ 
graduate instruction, the present hook differs in terms 
of its presentation of these three topics in the following 
two ways: Of the total number of paces contained 
in the book, about 30% are allocated to these topics, 
compared with 50% or more in most EM textbooks. The 
electrostatics chapter begins with Maxwell's equations 
for the time-varying case, which are then specialized to 
electrostatics uml magnetostatics, thereby providing the 
student with an overall framework for what is to come and 
show ing him or her why electrostai ics and magnetostatics 
arc special cases of the more general time-varying case. 

Chapter 6 deals with lime-varying fields and sets the 
stage for the material in Chapters 7 through 9. Chapter 7 
covers plane-wave propagation in dielectric and 
conducting media and Chapter X covers reflection and 
transmission at discontinuous boundaries ami introduces 
the student to liber optics, waveguides, and resonators. 

In Chapter 9. the student is introduced to the principles 
of radiation by currents flowing in wires, such us dipoles, 
as well as to radiation by apcmircs. such as a horn 
antenna or an opening in an opaque screen illuminated 
by a light source. 

To give the student a taste of the wide-ranging 
applications of electromagnetics in today's technological 
society. Chapter 10 concludes the book with overview 


presentations of two system examples: satellite commu¬ 
nication systems and radar sensors. 

Tlie material in this book was written for a 
two-semester sequence of six credits, but it is possible 
to trim it down to generate a syllabus for a one semester 
four-credit course. The accompanying tabic provides 
syllabi for each of tliese two options. 

In writing this book. I avoided lengthy derivations of 
theorems, particularly those involving extensive use of 
vector calculus. My goal has been to help the student 
to develop competence in applying vector calculus to 
solve electromagnetic problems of practical interest. I 
view vector calculus and mathematics in general as 
useful tools and not us ends in and of themselves. 
Throughout the material, emphasis is placed on using 
the mathematics to explain and clarify the physics, 
followed by practical examples intended to demonstrate 
the engineering relevance of physical concepts. 1 believe 
the combination of the approach used in presenting the 
material, the arrangement of topics covered in the book, 
and the relative emphasis in favor of dynamics constitutes 
an effective algorithm for equipping our future graduates 
with a relevant foundation in applied electromagnetics. 


INTERACTIVE CD-ROM 


The CD-ROM. first introduced in the 2001 Media Edition 
and Inter upgraded and e\|>aiided in the 2004 Media 
Edition, contains four types of materials: 


1. The text contains 112 exercises, each posing a 


2 


question, followed by an abbreviated answer. It the 
student wishes to verify' that his/her solution for a 
particular exercise is correct, hc/shc can do so by 
looking up the solution for dial exercise through the 
CD-ROM menu entry called Exercises (E). 
liquation (1.27) on page 23 of the text describes the 


relationship between the frequency, wavelength, and 
velocity of a sinusoidal wave. Tlie symbol ‘ 
appears next to Eq. (1.27). followed by 


Ml.1-1.3 






Preface 


xv 


Suggested Syllabi 



Two-SemeMer Sj llabus 

6 credits (42 contact hours pet semester) 

()ne-semester Syllabus 

4 credits ($6 contact hours) 

Qupicr 

Sections Hours 

Sections Hours 

1 Introduction 

All 4 

All 4 

2 Transrami no l .jnes 

All 12 

2-1 in 2-8 and 2-11 K 

3 Vector Analysis 

All X 

- KBMKH 

4 Electrostatics 



5 Magnetostatics 

sa 

■... 

Exams 

j 

Total for fust .semester 42 


6 Maxwell's Equations 

All 6 

6-1 to 6-3. and 6-6 3 

7 Plane-wave Propagation 

All 7 

7-1 to 7-4. and 7-6 6 

8 Wave Reflection 

and Transmission 

All 9 

8-1 to 8-3. and S-6 

9 Radiation and Antennas 

All 10 

9-1 to 9-6 6 

10 .'satellite Communication 
Systems and Radar Sensors 

All 5 

None 

Exams 

- - 

3 

1 

Extra Hours 

Total for second semester 40 

■> 

" 

Total 56 

0 


This refers u> interactive modules (M) 1.1-1.3 in 
the CD-ROM. each of which presents it graphical 
rendition of a traveling sinusoidal wave anti asks 
the user to till out answers to questions about the 
wavelength and frequency of the wave. If the user 
enters incorrect answers, the program w ill so inform 
him/her, and if the user activates the “help” icon, 
the program will display the correct solution. The 
CD-ROM contains 77 such modules, each ol which 
uses video animations and/or drill exercises to help 
live student develop belter understanding of EM 
concepts and applications. 


3. The CD-ROM contains 85 demonstration <D) 
exercises that utilize spatial displays of held 
distributions or temporal plots of certain quantities 
to convey the dynamic nature of EM fields and 
the roles of key parameters. In the text, each 
demonstration is identified by the letter D. as in 


D6.1 


4. Under the section entitled "Solved Problems tP>.” 
the CD-ROM contains complete solutions for 90 
problems. Half of these problems were selected 
from among the end-of-chapter problems appearing 
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in the book, and are identified by the symbol ' next 
to the problem statement. An additional set of 45 
problems was added in the 2004 Media Edition 
Their problem statements and complete solutions 
arc available on the CD-ROM. 

5. Copies of all figures appearing in the book, made 
available to facilitate the practical reproduction of 
the figures by instructors who may want u> generate 
view-graphs of the figures electronically. 

Message to the Student 

The interactive CD-ROM accompanying this book was 
developed with you. the student, in mind. Take the time to 
use it in conjunction with the material in the textbook. Tlic 
multiple-window feature of electronic displays makes, 
it possible to design interactive modules with "help" 
buttons to guide the student through the solution of a 
problem when needed. Video animations can show you 
how fields and waves propagate in time and space, how 
the beam of an antenna array can be made to scan 
electronically, and examples of how current is induced 
in a circuit under the influence of a changing magnetic 
held. The CD-ROM is a useful resource for self-study. 
Use it! 

Messaoe to the instructor 

1 found the demos contained in the CD-ROM to be 
extremely helpful in explaining certain EM concepts 
particularly when both lime and space arc involved. 
Examine D8.3 as an example and you' II see what I mean 
With that demo, it was so much easier to explain to the 
smdcnis live concepts of travelling and standing wuves 
how boundary conditions are satisfied at the interface 
between two dissimilar media, and what we mean by- 
standing wave ratio. The video presentations were well 
received by the students and generated a lot of questions. 
I hope you will make use of these demos also, especially 
if you have the means to project them onto a laigc screen. 


I would like to lake this opportunity to thank Leland 
Pierce and Janice Richards for their technical assistance 
in the CD-ROM development. The high quality of the 
video demonstrations is due in large measure to their 
creative talents ami computer wizardry. 
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Overview 


Liquid crystal displays have become integral parts of 
many electronic gadgets, from ulann clocks and cell 
phones to laptop computers and television systems. 
I.CD technology relics on special electrical and optical 
properties of a class of materials known as liquid 
crystals, which are neither pure solids, nor pure liquids, 
hut rather n hybrid of both. The molecular structure of 
these materials is such that when light travels through 
the material, the wave polarization of the emerging light 
depends on whether or not a voltage exists across the 
material Consequently, when no voltage is applied, 
the exit surface appears bright and conversely, when 
a voltage of a certain level is applied across the LCD 
material, no light passes through it. resulting in a dark 
pixel. The in-between voltage range translates into a 
range of grey levels. By controlling the voltage across 
each individual pixel in a two-dimensional array of 
pixels, a complete image can be displayed (Fig. 1-1). 
Color displays are composed of three subpi.xcls with red. 
green, and blue fillers. The wave-polarization behavior 
in a LCD is a prime example of how electromagnetics is 
at the heart of electrical and computer engineering. 

TIk subject of tins book is applied electromagnetics, 
which encompasses the study of electric and magnetic 
phenomena and their engineering applications, under 
bah static and dynamic conditions. Primary emphasis 
is placed on the fundamental properties of time-varying 
(dynamic) electromagnetic fields because of their 
greater relevance to practical problems m many 
engineering disciplines, including micro wav e and optical 
communications, radar systems, biuelcctromagncncs. 
and high-speed microelectronics, among others. We shall 


Two-Dimensional 



Unpolamed 

Light 

C. 2-D array 


Figure I-1: Wave polarization principle in a liquid crystal 
display (LCD). 


study wave propagation in guided media, such as coaxial 
transmission lines, optical fibers and waveguides: wave 
reflection and transmission at the interface between 
dissimilar media; radiation by antennas, and several 
other related topics. The concluding chapter is intended 
to illustrate a few aspects of applied electromagnetics 
through an examination of design considerations 
associated with the use and operation of radar sensors 
and satellite communication systems. 
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CHAPTER I INTRODUCTION: WAVES /AND 1’HASORS 


We begin this chapter with a historical chronology 
of electricity and magnetism. Next, we introduce the 
iundamental electric and magnetic field quantities we 
use iri electromagnetics, us well as their relationships to 
each other and to the electric charges and currents that 
generate them. The laws governing these relationships 
constitute the basic infrastructure we use in the study of 
electromagnetic phenomena. Then, in preparation for the 
material presented in Gtaptcr 2. wc provide short reviews 
of three topics: traveling waves, complex numbers, and 
phasor analysis. Although the reader most likely has 
encountered these topics in circuit analysis or other 
engineering disciplines, short reviews of the properties of 
traveling waves and of the convenience pliasor notation 
provides should prove useful in solving time-harmonic 
problems 

Historical Timeline 

The In'Ion of electromagnetics may be divided into two 
overlapping eras In the clusiail era. the fundamental 
laws of electricity and magnetism were discovered and 
formulated. Building on the^e fundamental formulations, 
the modem era of the past 100 years, characteri7cd 
by die introduction of a wide ranee ol engineering 
applications, ushered the birth of lire field of applied 
electromagnetics, the topic of this book. 

EM in the Classical Era 

Chronology 1-1 (pages 6 and 7) provides a timeline for 
the classical era. It highlights those inventions and dis¬ 
coveries that hav e impacted the Itislotical development ot 
electromagnetics in a very significant way, albeit that the 
discoveries 'elected for inclusion represent only a small 
fraction of the many scientific explorations responsible 
for our current understanding of electromagnetics. As we 
proceed through the book, we will observe that some of 
the names highlighted in Chronology 1-1, such as those 
of Coulomb and Faraday, appear again later as we discuss 
the laws and formulations named after them. 


The attractive force of magnetite was reported by the 
Creeks some 28(X) years ago. It was also a Greek. Thu!, 
of Miletus, who first wrote about what we now call static 
electricity: he described how rubbing amber caused it 
to develop a force that could pick up light objects such 
as featlieis. The term cU i first appeared in print in 
~1600 in a treatise on ihe (electric) force generated by 
friction, authored by the physician to Queen Elizabeth I. 
William Gilbert. 

About a century later, in 1733. Charles-Fran, ois du 
Fay introduced the concept that electricity consists of 
two ty pcs of “fluids." one positive and the other negative, 
and that like-fluids repel and opposite-fluids attract. His 
notion of fluid is what we today call electric charge. 
Invention of the capacitor in 1745. originally called the 
Leyden jar, made it possible to store significant amounts 
of electric charge in a single device. A few years later, in 
1752, Benjamin Franklin demonstrated that lightning 
is a form of electricity, lie transferred electric charge 
from a cloud to a Leyden jai via a silk kite flown in 
a thunderstorm. The collective 18th century knowledge 
about electricity was integrated in 1785 by Charles- 
Augustin de Coulomb, in the form of a mathematical 
formulation characterizing flic electrical force between 
two charges in terms of the strengths and polarities of the 
charges and the distance between them. 

The year 1800 is noted for flic development of the 
first electric battery, by M> ■ nn. ’rn Volta, and 1820 wa> 
a banner year for discoveries about how magnetism is 
induced by electric currents. This knowledge was put to 
good use by Joseph Henry , who developed one of the 
earliest designs for electromagnets and electric motors. 
Shortly thereafter, Michael Faraday built the first clccrric 
generator (the converse* of tire electric motor). Faraday, 
in essence, demonstrated that a changing magnetic field 
induces an electric field (and hence a voltage). The 
converse relation, namely that a changing electric field 
induces a magnetic held, was proposed by Jam, ■ Ch rk 
Was*eU in 1873 when he introduced his four (now) 
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lamous equations, '-/ai tvfii, :im i.\ -epn etir ihr 

fotaulaium of classical decor/magnetic theory 

Maxwell's theory. which predicted a number of 
properties for electromagnetic waves, was not fully 
accepted by the scientific community at that time, not 
until those properties were verified experimentally with 
radio waves by Heinrich Hertz in the 1880s. X-rays, 
another member of the EVI family, were discovered in 
1895 by Wilhelm Rmntgen. On the applied side. \ikoIa 
Te : was the first to develop the a< motor, considered a 
major advance over its predecessor, the d-c motor. 

Despite die advances made inihe 19th century in learn¬ 
ing about electricity and magnetism and how to put them 
to practical use. it was not until 1897 that the fundamental 
panicle of electric charge, the electron, was identified 
aid its properties quantified (by J. J. Thomson). The 
ability to eject electrons front a material by shining 
electromagnetic energy, such as light, on it is known as 
1 hcp/ior. tltctric effect. To explain this effect. Albert 
Limtein adopted the quantum concept of energy that had 
been advanced a few years earlier (1900) by Max Planck 
in his formulation of the quantum theory of matter. By 
so doing. Einstein symbolizes the bridge between the 
classical and modem eras of electromagnetics. 

EM in the Modern Era 

In terms of engineering applications, electromagnetics 
plays a rule in the design and operation of every 
conceivable electronic device, including diodes, tran¬ 
sistors. integrated circuits, lasers, display screens, bar- 
axle readers, cell phones, and microwave ovens, to 
mime but a few, Given the breadth and diversity of 
applications, it is far more difficult to construct 
a meaningful timeline for the modem era than was 
possible earlier for the classical era. However, it is quite 
powibtc to develop timelines for specific technologies 
and to use them as educational tools by linking their 
milestone innovations to electromagnetics. Chronologies 
I pipages 8-9) and l-3(pagcs 10-11) present timelines 


faille I -1: Fundamental SI units. 


Dimension 

t nil 

Symbol | 

Length 

meter 

in 

Mass 

kilogram 

kg 

Time 

second 

£ 

Electric Current 

ampere 

A 

Temperature 

kelvii 

K 

\mmint of substance 

mole 

mol 


for telecommunications and computers, respectively, 
representing technologies that have become integral parts 
of today's societal infrastructure. Some of the entries 
in tile tahles refer to specific inventions, such as the 
telegraph, the transistor, and the laser. The operational 
principles and capabilities of some of these technologies 
arc highlighted in special sections called I 
Briefs, scattered throughout the book. 

1-1 Dimensions, Units, and Notation 

The International System of Lints, abbreviated SI 
after its French name Systeme Internationale, is the 
standard system used in today's scientific literature for 
expressing the units of physical quantities. Length is a 
dimension and meter is the unit by which it is expressed 
relative to a reference standard. The SI system is lused 
on the units for the six fundamental dimensions listed 
in litble l-l The units for all other dimensions are 
regarded as secondary because they are based on and 
can he expressed in terms of the six fundamental uniLs. 
Appendix A contains a list of quantities used in this 
book, together with their symbols and units. 

For quantities ranging in value between 10 -18 and 
I0’\ a set of prefixes, arranged in steps, of 10\ arc 
commonly used to denote multiples and submultiples 
of units. These prefixes, all of w hich vvete derived from 
Greek. Latin. Spanish, and Danish terms, are listed in 
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Chronology 1*. T1MBJNE FOR ELECTROMAGNETICS IN THE CLASSICAL ERA 


Electromagnetics in the Classical Era 

“ Legend has it rat whfcl wafting across »tea n rotltiom 
0K4C0. a =l>ccnm) named - i ■experiences 0 pul 
or, the ron rails in his sand*3 by the bVtc* rock be i*» 
fading cn. TSs rcgon was later rjmud Meiir*---a md 
tre rock became kno«n as - -- -1* ,wm 01 rc0 
permonent inacnetlera}- 

ca. 600 Grwkprutoopnw Thales .4 

3C descriWe now amber, alter Pong jty* 

rubbed vwth cat (ur, can pick up 
feathers [slaUc electricity]. Mk 


-r. - 00 Magnate comoas*. -'-id as a 
navigatcnnl device. 


60" WHIIam Gilbert (Engfeh) coins Iho term - -i -after the 

Greek word lor ant* (elektron), ard otaeervee that 3 
compass n&edto parts norm soum bucaiM the Earth 
arts as a bar magnet 

Isaac Newton (English) demonstrates that wt. tghtisa 
mixtire of all the cotes. 




Chartos-Francois du Fay -French) disccvurs ttlat 
ilcctr chs-jes are ol two twins, and that Uka charges 
recol and unike charges abrart 


Pieter van Musschonbrock (D-itChj Imonts the Leyton 
jar, the first electrical cap: tor. 


752 Benjamin Franklin 

(American) imentD 
me iighturg - r <i and 

demonstrates that 
Ightning is electricity. 

17B5 ChaHos-Augustln 

de Coulomb (French) 
demonstrates that the 
(loctricai farce between 
charges is proportionel to 
m-vi veme oSthooyjare 
Of the dsiano? batween 
them. 

1 81 - Alessandro Volta (ftaliani 

develops the 
frstenctrlc 
battery. 


1 1 Hans Christian Owstod 

(Danish) demonstrates the 
nterccnnectcn between 
dectrCity and magnetism 
trrourtr his cSscovory that 
an electro G/rent n a 
wire causes a compjss 
ncoSo to own! itse.f 
pevperoiciisr to 
thowre. 


Andre-Marie Ampere (French) 
notes that parallel currents in 
wires attract each othor and 
opposite (parents repel. 





Jean-BaptlSto Bioto (French) 
and Fclbt Savait (French- 
develop tlw Biot-Savart law 
reeling the rnagivmc Hold 
induced by a w»o segment 
to the current fluwng through iL 






1-1 DIMENSIONS. UNITS, AND NOTATION 



ir«werc«; arc 

CCASCt ttlBTL 


Chronology 1 -1: TIMELINE FOR ELECTROMAGNETICS IN THE CLASSICAL ERA {continued) 


Hwvich Hertz 
tGermenl buids 
a system that 
car generate 

e»?oroin»3r«lic 


IS73 James Dork Mai won 

iScottsh) pubtahes his 
Tier r,c on 6'ccfixity and 
Majnen'sm in when he mites 
Ihi discoveries Ot Codomb. 
Oersted, A-ipere. Faraday, 
arc others into fo.r elegantly 
CttOtlUCtad ma^iemalicjl 
equations, new known si 
Maxwell's Equators. 


Electromagnetics in the Classical Era 


•4,-. CartFnednchGauss;&nnrv>r.term. ties an- • iw 
fds&ig the tfectric flax rowing through on enclosed 
suriaca to the andosW eteCthC Charts. 

Gauss' Law for Electncey 

0,-j £■<£*-2=5* 

f o 


' 595 Wilhelm Roentgen (&rma-;• 
discovers X-rays One of 
lus ftrat X-ray images was 
ot me bones In hie wift ■: 
hands. (1901 Nobel pros 
In physics I 


’Safi Nikola Tesla 

(Ciodtkxi Americarl 
inverts the oc 
(alternating 
cuiranl) electric 
motor. 


Michael Faraday (En0teh) 
discovers that a changrg 
m;v—otic tux car. indue* 

an *«3Ctronotsve 'yet. 


•697 


Joseph John Thomson lEngish) dir--.nver> me-- tro-' 
onomoDScreo its charge-to-mass rot o. (1908 Nceei pree 
in Cftytsci] 


1505 


Albert Enwteln (German American) explans the 
photodoctnc erect discovered catiior by Honz in t 887 . 
|192t Nobd price in pl-rsics.) 


m: 


1527 


Georg Simon Ohm (German) formulates Dun's law 
relstng dectnc patentin' to curer.t and resistance 


Joveph Henry (American) introduce* ttio concupt of 
mcrance. .ind tuilSs ore ot tea nartost ev=dric motoiv 
He aso 3s-is;ed Sarrwal Morse in the devefcement 

ol tto taltgraph. 
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lao De Forest 

lAmcrlcan) 
develops the 
•• atrpiitic'fsr 
wirolcss tdographry. 
AJso in 1912, wo 
wireless oslress 
all Issued by the 
Titanc was heard 
58 miles a-way by 
the ocran liner 
CorpaWa. wtxh 
riana^d to rescue 
706 TrteruC pKSOnytrs 
3.5 hO./S Lit or. 


Ift96 


GugiKtmo Marconi PtalanJ 
files his rest of many patents 
on wireless trunsmswr 
by radio. In 1901, ho 
OcnorctraldS j»I--ir,.: , 
across trn Atlantic Ocean. 
|tso9 Nobel pnze in physics, 
stvjrod M01 Karl Braun 
l&jrmanH 


Edwin Armstong (Amcrlcanl invents th» 

£=jp©ih9torcxM-o ratio recover. 


Birth ol comtr-rcit: idle* fmrtc -:irWOTtinghousc 
Corporation eetaWisnos radio siaicn KOKA in Pfttabugh. 
=iymD)tvania. 


Telecommunications 


1B72 Thomas Edison lAmencan) 
patents the o-ctrlc 
trt»w»«sr. 


161- Alexander Bcfl (Scottish- 
Amoncsnl Invents tlv* 
i eph: t, tlie rotary dal 
becomes nvamhle n I8K). 
and try 130D. tdepricno 
systems are installed in 
many cornmirutOS 


1912 


1919 


1923 


KDKAV^rtdio 

»••««*(•*• «MUe* • 'MUIf- re 

Kitt}*;.*! I »rl/«tir. CjiiJ 

■ v ,.»«•_ . :*1< • iw.i-i 

*■» ■ »«»- • c* - ttmmdts 


Heinrich Horn (Goman) 
generatos rac j v- . - • ana 
demons! rater, mat they 

snore me same properties 
astghL 


1887 


Emil Berliner American) invents T« fat gramophone 

OHO, or record. 


1853 VaJdomar Poutsen 

Dana -1 invents tnc 

•ret magnetic sound 

JCOtCrr usng Sleet 
srire as racoretng 
rredrjri. 


1897 


1907 


1025 


1837 


Samuel Morse r- 

(American) patents the 
-vct/orrjgnet - telegraph, 3 i 

usng a codo ct dots and 
C5snns to r e pres e nt wtors 
and nutrbfrs 


William Sturgeon 

(EnaKW devefcps 
thamulttun 

f-ectrorugnet. 


Chrondony t-2. TIMELINE FOR TELECOMMUNICATIONS 


Kart Braun (German) invents the. : oc = ray ti - U'-F 
;i909 Nobel prize wltn Marconi.] 

Reginald Fessenden (ARlMCSn) rvents 

In.-.- -n tor telephone transmission. tn 1906. he 
Mraduoaa AV -adiu yuadv^lin c< speech and muse 
on Christmas Eve 
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Chronology 1-2- TIMEUNE FOR TELECOMMUMGATONS tcanirvgJ, 


Telecommunications 


1923 




Vladimir Zwrocykin 

i”uasia- Amoncan] 
"vwitslefevtefcn. In 
192G, John Ba>rd |5cotlish) 
trarwmis TV mages 
over lutaphone wins 
from London to Glasgow. 
Regular : V broads- g 
o»(jan in Germany 0935). 
England (193£, and the 
t-Wtod States (1939) 


It - :lai: -l- oi,. serviceMtwoen London arcl 
Now York. 


1953 


i960 


II? Firs', etc t o I: :c«ttr ■ Hr-:, mated (by Umn) 

t»i»r-n Vatican City and the Pope's summer residence. 

#33 Edvm Armstrong lAmencan) rvents -qu- . 
mo jtto: FW) (or rodo transmssion 


T3i5 

«oe 


Robed Watson Watt 

(Scasshj irvents • t.v. 


H. A Reeves (Amsricani 
rivers pul--- coii- 
modjiatlon PCM, 



ISTO 


Jack Kilby (Amman) builds frst irtte-/.!!- .in.. • :C) on 
gcrrr.in.um and. independently. Robert Noyco (Arr^ica- 
bu’ds first 1C on •ukcon. 




Echo, the first passive 
communication satellite s 
launched, and sueoasshjlty 
refects raao signals back 
to Earth. *1963. the Vst 
communcatlon satellite is 
Placed In geosynchronous Ort>t_ 


ARPANET a ostablislved by tho U.S. Ocparmenl of 
Defense. 10 evolve later nto the Internet. 


Jnpan buids the frst 
cefcizr telephone network: 

• 1953 cellular phono networks start m the '.Jr,ted States. 

• 1990 elerroni, -epeboccmo COmmon. 

•1993Ct'i r'enes Coccrr^ wddy available. 

• 2002 cell phone supports vut-no- - 


15A7 


*5 


William Schocklcy. 
Waltor Brattain, and 
John Bardeen ’all 
Americans) rvofW the 
Iuictontra- ;• BC4 
Lons [1956 Ncbel prizo 
In physics.] 



s vttroducod 39 a radio ccmmuncalion prodjet In 
hospcafs and faciotwa. 


• • WcrVJwkfc -tern: twcomae Operational. 

' 53 FrJ iranw-wtlc OOlicai fitwrcaWe b-hvoen tho U-S- 
and Europe. 

' ■07 Mar 'ifhfrvdflt s»»ids imagos to Eaflv 



Navender Kapany Indian American) OimonKralos tnc 01 

upt.i fiber as a low-loos, ight-firansrrission n-edipm. 


Wire cc imur .; lion supported by many airports, 
university campjses. and Other facirtks 










in 
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Computer Technology 

,_ d 11 ;o Abacus a Wo earBwl known calculating device 


•g.: Konrad Zuao (German} dovccpo the first cro.; -'abe 

v compuiL. using binary a/llhn^tic and elecJnc 
reayS. 

t 94 ; John Mauchly and J. Prosper Eckert develop #» 

EN1AC. the tea all cinrironic comp-tor- 


BSaise Pascal 

(Trench) build* 

Wo first adding 
- hlna using 
-uiipietSals. 


Toshiro Nakama 1 -me:. - patents we • «x?, h=k as a 

magnetic modem for storing data. 

John Backus .Amurtan) K»:««nrawio 

develops FORTRAN, We *“ WQrcu,D 

- -- 
frat m*or pregrarrmrg 

language. »m mci* 

j KMMIII ll.tlAt 

s IdC** 

Boll U.-s develops me modem 'f-' 


Gotttned von Lclbna (German) tulds cakaietor that can 
do bow addition and rrwlhpfcaticn 

Charles do Colmar 'French) builds tl» Ar thom-er. 1h* 
trst rassproduced cafcUator. 

Dorr Fdt (Am-ncaP) invents and markets a k-y-epwr'^ed 
.-oong machro (and adds a printer in 1889). 

Vannovar Bush (A/rvncir- devo’CPS the differential analyw. 
ana-T j computer *or eohmg dflerwU - oqiarens. 


Digital Equt'i-nt Ccrpcratcn 

htrodocos the first 
-iricrmputOf. Wfl PDP-1. 
to be teflewud with me 
POP-8in 1965 


HUNT 


John Kcmerry and 
Thomas Kurtz 

(both Arrcrcan) 
cevotoo the-ASIC 
computer larguaga 


FOR Ccuiicr - : TOU=. 
PRINT IISINO -40". Cxunlrr 
LOCATE-. heaCuluee 
PRIST tanfeGcUBm: 
LOCATE. NecGiheei 
PRINT PncrJtCouoicn 
SUXTCuuirtct 
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Chronology 1 -3' TIMELINE FOB COMPUTER TECHNOLOGY (conIrnw«/j 


Computer Technology 


nxm 



1975 

*.075 


19V 


IK- 


Douglas EngHbart lAmeftcan ■ dffmcnr.trales a 
! •|-.r ■■■• ir.r.' jyslem, ihe mcuae pooling device 
ard tfm ieo of •, do . 




*•: Ini.rurriv' . Introduces thu packut 


Ted Hoft (Amencm) rr.ems Oie Inlel 
4304. Ifie first ccmputsri ilir; processor. 


•989 

1991 


1990 


1990 


•997 


rIntroduces the bi. printer. 


ApfiO Ccrrtxitc< sntft Apple 

in for-, followed b. 

fiJIy assembled 
tepH H n 1977 and OW 
M:: ntc 1 In 1984. 


■-■■osr- introducer, me 
1.13 COS comouter 
tpirA’.ng system. 
Mcroserft Windows 
IB marketed o 1986. 


SM lntrcdur.es 
the PC. 



Tim Berners Loe (British) invents the at re- • -::r •' vb by 

ntrodueng a networked hypertext system. 

Ini- -I conr**cJs to 603 COO basts in more than 100 
countries. 

Slit '.' croc,-slet z introduces ®ie J- - programmmg 

lanfjuane 



r ytr—±= 

*3an 3osc itiemmt Jfaus 


Sabeer Bhatia Indian Amencan) ana Jack Smith 

(Amtricar-i launch '•"i- . the first 

woman wr.icB- 

IBM - H.'i i. computer deriiats World Oiett 
Champon Garry Kasparov, 



P- -i Pi: becomes widely wabble 



MiPb vK»W* 
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CHAPTER 1 INTRODl JCTION: WAVES AND PHASORS 


1 ab !l 1-2: .Multipig ml submultipic prefixes. 


j Prefix 

Symbol 

Magnitude 

exa 

E 

10 ,s 

|»b 

1* 

10 15 

tcra 

T 

10' 2 

Riga 

C 

HP 

mega 

M 

10 6 

kilo 

k 

10’ 

milli 

in 

10-' 

micro 

ri 

10' 6 

nano 

n 

IO-‘> 

plc-o 

P 

10 12 

rc'into 

f 

I0- 15 

atlo 

a 

I0~ ,s 


Table 1-2. A length of 5 x 10 -,> m. for example, may he 
written as 5 nm 

In electromagnetics we work with scalar and vector 
quantities. In litis book, we use a inedium-w eight italic 
font for symbols (otherthan Greek Idlers) denoting scalar 
quantities, such as K for resistance, whereas we use a 
boldface noman font for symbols denoting sectors, such 
as E for die electric held vector. A vector consists of 
a magnitude (scalar) and a direction, ssitli the direction 
usually denoted by a unit sector. For example. 

F: = x£. (1.1) 

where fc is the magnitude of E and x is it' cl i reel ion. 
Unit sectors are printed in boldface with a circumflex (“) 
above the letter. 

Throughout this book, we make extensive use of 
pUttsar representation ill solving preplans involving 
electromagnetic quantities that vary sinusoidally in time. 
Letters denoting phasor quantities are printed with a 
tilde (—) over the letter. Thus. E is live phasor electric 
field vector corresponding to the instantaneous electric 
field vector F,(/). This notation is discussed in more 
detail in Section l-f>. 


1-2 The Nature of Electromagnetism 

Our physical universe is governed by four fundamental 
forces of nature: 

• Die nuclearforce, which is the strongest ol the four, 
hut its range is limited to submicroscopic systems, 
such as nuclei. 

• Die • eak-intcractiun force, whose strength is 
only 10 14 that of the nuclear force Its primary 
role b in interactions involving certain radioactive 
elementary particles. 

• The electromagnetic force, which exists between 
all charged particles. It is the dominant force in 
microscopic systems, such as atoms and molecules, 
and its strength is on the order of IO -: that of the 
nuclear force. 

• The gravitational force, which is the weakest of 
all four forces, having a strength on the order of 
10 J that of the nuclear force. However, it is the 
dominant force in macroscopic ss steins, such as the 
solur system. 

Our interest in this book is with the electromagnetic force 
and its consequences. Even though the electromagnetic 
force operates at the atomic scale, its effects can be 
transmitted in the form of electromagnetic waves tint 
can propagate through both free space anti material 
media. The purpose of this section is to provide a 
overview of the basic fruou woik of r!cch»inugnelism, 
which consists of certain fundamental laws governing the 
electric and magnetic fields induced by static and moving 
electric charges, respectively, the relations between the 
electric and magnetic fields, and how these fields interact 
with mutter. As a precursor, however, we will take 
advantage of our familiarity with the gravitational fonx 
by describing some of its properties because they provide 
a useful analogue to those of the electromagnetic force. 
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Fiacre 1-2: Gravitational forces between two nnsscv 


1-2.1 The Gravitational Force: A Useful 
Analogue 

According to Newton's hw of gravity, the gravitational 
t:rccK.., acting oomassnti doe to a mass «i atadistance 
ft\: from m;. as depicted in Fig. 1-2. is given by 

Cm i«2 


Fj,| = Re 


R h 


m. 


02 ) 


& here G is the universal gravitational constant, ft ; is 
i unit vector that points from in, to m : . and the unit 
fee force is newton (N). The negative sign in Eq. (1.2) 
account' for die fact lliat the gravitational force is 
attractive. Conversely, F.-,, = -F I;1 , where F, |} is the 
face acting on mass m- due to the gravitational pull 
f t mass mi. Note that the first subsetipt of F„ denotes 
the mass experiencing the force and the second subscript 
denotes the source of the foa-e. 

Tin ' 1 that is. the 

two objects do not liave to be in direct contact for each 
c> experience the pull by the other This phenomenon 
of dire,: action at a distance has led to the concept of 
tplds. An object of mass rn, induces a gravitational 
fceid\F i Fig. 1-3) that docs not physically emanate from 
tfceobject, but its influence exists at every point in space 
such that if another object of mass mi were to exist at a 
do lance K\: from object «»i then llte second object m< 



Figure 1-3: Gravitational field i induced by a mass mi. 


would experience a force acting on it equal in strength 
to that given by Eq. < 1.2). At a distance R from in : . the 
held }fr : is a vcclor defined as 

(NAg). (1.3) 

/?* 


where R is a unit vector that points m the radial direction 
aw ay from object m i, and therefore - K points toward m • 
The force due to $ \ acting on a mass mi at a distance 
R = R\i along tl>c direction R - R : i is 


P ?J1 =^|«: = -Ri; 


Gm\m> 


(1.4) 


The field concept may be generalized by defining the 
gravitational field $ at any point in space such that, when 
a test mass m is placed at that point, the force acting 
on m is refilled to by 


*=-. (1.5) 

m 

I be force F, may be due to a single mass or a distribution 
of many masses. 
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1-2.2 Electric Fields 

The electromagnetic force consists of an electrical force 
F,. and a magnetic force F m . The electrical force F f 
is similar to the gravitational force, hut with a major 
difference. The ■ tree of the gtv-dalifnal field is mass, 
and the source oftlu ehxtrkalfield is cit etricchaigt and 
whereas both types of fields vary inversely as the square 
of the distance from their respective sources, electric 
charge may have positive or negative polarity, whereas 
miiss docs not exhibit such a property. 

We know from atomic physics that all matter contains 
a mixture of neutrons, positively charged protons, and 
negatively charged electrons, with the fundamental 
quantity of charge being that of u single electron, usually 
denoted by the letter e. The unit by which electric charge 
is measured is the coulomb (C). named in honor of live 
eighteenth-century French scientist Charles Augustin de 
Coulomb (1736-1806) The magnimdc of e is 



The charge of a single clcctronis q t = —e and that of 
a proton is equal in magnitude but opposite in polarity : 
</ p = e. Coulomb’s experiments demonstrated that: 

(1) two li-c charges repel om another, whereas two 
charges of opposite polarity attraet. 

(2) the force acts along the law joining the < h urges, aiul 

(3) its strength, is proportional to the product of 
the magnitudes of the m o charges and inversely 
proportional to the square of the distance between 
them. 


These properties constitute what today is called 
Coulomb’s law, which can be expressed mathematically 
by the following equation: 




I ie'irr 1-4: Electric forces on two positive point charges 
in free space. 

where Fc„ is lire electrical force acting on charge </: due 
to charge q : , R is the distance between the two charges, 
R i j ts a unit vector pointing from charge q i to charge q; 
(Fig. 14). and is a universal constant called the 
electrical permittivity of free sprit e |/. = 8.854 x 10 : 
farad per meter (F/m)1. The two charges arc assumed 
to be in free space (vacuum) and isolated from all 
other charges. The force F . acting on charge q, due to 
charge q 2 is equal to force K C;1 in magnitude, hut opposite 
in direction: F rc = F C11 . 

Ihe expression given by Eq. (1.7) for the electrical 
force is analogous to that given hy Eq. (1.2) for the 
gravitational force, and wc can extend the analogy further 
by defining the existence of an electric field intensity E 
due to any charge q us follows: 



where R is the distance between the charge and the 
observation point, and k is the radial unit vector 
pointing away from the charge. Figure I -5 depicts tlte 
electric-field lines due to a positive charge. For reasons 
that will become apparent in later chapters, the unit fort 
is volt per meter < V/m). 
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Figure 1-5: Electric held K due tocbaigc </. 

lifcctric charge exhibits two important properties. The 

first i> the . «' of conservation of electric charge, which 
slates that Inc ! 1 da trie charge can eitht be > reaU u 
nor desit) d. If a volume contains n p protons anil n t 
electrons, then the total charge is 

<1 = n p e - n c e = (n p - n t )e (Cl. ( 1.9) 

Even if some of tile protons were to combine w ilh an 
equal number of electrons to produce neutrons or other el¬ 
ementary particles, the net charge q remains unchanged. 
In matter, the quantum mechanical laws governing the 
bchav ior of the protons inside ihc atom's nucleus and the 
electrons outside it do not allow them to combine. 

The second important property of electric charge is 
the principle of linear superposition, which states that 
ihc l :al vex tm r .Verne field ill u point in space due to a 
jv.vf. i of point charges is equal to the sector sum of the 
elear.c fields nt that point due to the individual charges. 
This seemingly simple concept will allow us in future 
chapters to compute the electric field due to complex 
distributions of charge without having to be concerned 
with die forces acting on each individual charge due to 
the fields by all of the other charges. 

The expression given by Eq. (1.8) describes the field 
induced by an electric charge when m free space, let 
u< now consider what happens when we place a positive 


©®<3> ©&© 

©©<& SM000 
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| Figure 1-6: Polarimiun of the atoms of a dielectric 
material by a positive elwryc q 

point charge in a material composed of atoms In the 
absence of the point charge, the material is electrically 
neutral, with each atom having a positively dtaiged 
nucleus surrounded by a cloud of electrons of equal but 
opposite polarity. Hence, at any point in the material 
not occupied by an atom the electric held K is mo. 
Upon placing a point charge in the material, a' shown 
in Fig. I -6. the atoms experience forces that cause them 
to become distorted. The center of symmetry of the 
electron cloud is altered with respect to the nucleus, with 
one pole of the atom becoming more positively charged 
and the other pole becoming more negatively charged. 
Such a polarized atom is called an electric dipole, and 
the distortion process is called polanuition. The degree 
of polarization depends on the distance between the 
atom and die isolated point charge, and the orientation 
of the dipole is such that the dipole axis connecting 
its two poles is directed toward the point charge, as 
illustrated schematically in Fig. 1-6. The net result of 
this polarization process is that the electric dipoles of 
the atoms (or molecules) tend to counteract die held 
due to the point charge. Consequently, the electric field 
at any (Hunt in the material would be different from 
the field that would have been induced by the point 
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charge in the absence of the material. To extend Eq. (I .8) 
from the frcc-.space case to any medium, we replace the 
permittivity of free space t o with t, where t is now tlte 
permittivity of the material in which the electric held is 
measured and is therefore characteristic of that particular 
material. Thus. 

F. = R—(V/m). (1.10) 

4jrt«- 

Otten. f is expressed in the form 

^ = ^(1 (F/m). (I.ll) 

where s r is a dimensionless quantity called the relatiu 
perminiviiy or dielectric constant of the material. For 
saeuum.fr = 1: lor air near Earth's surface, f, — 1.0006: 
and for materials that wc will have occasion to use in this 
book, their values of £. are tabulated in Appendix B. 

In addition to the electric field intensity K. we will often 
find it convenient to also use a related quantity called the 
electric Jim density D. given by 


D = eE (C/m 2 ). (1.12) 


and its unit is coulomb pet square meler (C/m : ). These 
two electrical quantities. E and I). constitute one of two 
fundamental pairs of electromagnetic fields The second 
pair consists of the magnetic fields discussed next 

1-2.3 Magnetic Fields 

As early as 800 B.C.. die Greeks discovered that certain 
kinds of stones exhibit a force that attracts pieces of iron. 
These stones are now called magnetite (Fc.O») and the 
phenomenon they exhibit is magnetism. In the thirteenth 
century, French scientists discovered that, when a needle 
was placed on the surface of a spherical natural magnet, 
the needle oriented itself along different directions for 
different locations on the magnet. By mapping the 
directions taken by the needle, it was determined that the 



Figure 1-7: Pattern of magnetic field lines around a bar 
magnet. 


magnetic force formed magnetic-field lines that encircled 
the sphere and appeared to puss through two points 
diametrically opposite each other. These points, called 
the north mid south poles of the magnet, were found 
to exist for every magnet, regardless of its shape. The 
magnetic-field pattern of a bar magnet is displayed in 
Fig 1-7. It was also observed that like poles of different 
magnets repel each other and unlike poles attract each 
oih«. Tliis attraction-repulsion property is similar to the 
electric force between electric charges, except for one 
important difference: .•/«• -nc hon;. <■ ■■ he snluu-i 
Inn uiyo. m : . ii in/wirt. If a permanent 

magnet is cut into small pieces, no matter how small each 
piece is. it will always have a north and a south pole. 

The magnetic lines encircling a magnet arc called 
magnetic, -field lin> • and represent the existence of a 
magnetic field called the magnetic flux density B. 
A magnetic field not only exists around permanent 
magnets hut can also be creaicd by electric current 
1'his connection between electricity and magnetism was 
discovered in 1819 by the Danish scientist Hans Oersted 
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Figure l-S: The magnetic field induced by a steady 
cuircrt flowing in the c-direction. 


1 1777-1851). who found that an electric current in a wirc 
caused a compass needle placed in its vicinity to deflect 
and that the needle turned so that its direction was always 
lerpcniiicular to the wire and to the radial line connecting 
the wire to the needle. From these observations, it 
uxs deduced that the current-carrying wire induced a 
magnetic field that formed dosed circular loops around 
the wire, as illustrated in Fig. 1-8. Shortly after Oersted’s 
discovery, I ; reneh scientists Jean Baptiste Biot and Felix 
Savart developed an expression that relates the magnetic 
flux density B at a point in space to the current / in 
•Jk conductor. Application of their formulation, known 
today a< the Hint Snvnrt late. to the situation depicted in 
Fig. I 8 for a very lone wire leads to the result that the 
magnetic fins density B induced by a constant current / 
flowing in the ;-direction is given by 

3=4—' (T). (1,13) 

2 nr 

where/ is the radial distance from the current and $ is an 
azimuthal unit vector denoting the fact that the magnetic 


field direction is tangential to the circle surrounding the 
current, as shown in Fig. 1-8. Tlte magnetic field is 
measured in tesla (T). named in honor of Nikola Tesla 
(1856-1943). a Croatian-American electrical engineer 
w hose work on transformers made it possible to transport 
electricity over long wires without too much loss The 
quantity p<, is called the magnetic permeability of free 
'pace |//„ = 4jt x 10 henry per meter (H/m)|, and it 
is analogous to the electric pennitlivilv £ 0 . In fact, as we 
w ill sec in Chapter 2. the product ofe 0 and p„ specifics c. 
the i clocite of light in free spare, as follows: 


C = - -= 3x10* (m/s). (1,14) 


The majority of natural materials are nonmagnetic, 
meaning that they exhibit a magnetic permeability 
P = tin - For ferromagnetic materials, such as iron and 
nickel, p can be much larger than //, The magnetic 
permeability ;/ accounts for magnetization properties of 
a material. In analogy with Fq. < 1.11). p of a particular 
material can he defined as 


P=PtPu (H/m). (1.15) 


where p, is a dimensionless quantity called the relath i 
magnetic permeability of the material. The values of p, 
for commonly used ferromagnetic materials are given in 
Appendix B. 

We states! earlier that E and D coastinttc one of two 
pairs of electromagnetic field quantities, flic second pair 
is B and the magnetic field intensity H. which are related 
to each other through p 


B = //H. (1.16) 
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1-2.4 Sialic and Dynamic Fields 

Because the electric Held E is governed by the charge q 
and the magnetic field H is governed by / dq/dt.nn d 
since 1 / and dq jdt arc independent variables, the induced 
electric and magnetic fields arc independent of one 
another as long as / remains constant. To demonstrate 
the validity of this statement, consider for example a 
small section of a beam of charged particles that arc 
moving at a constant velocity. The moving charges 
constitute a d-c current The electric field due to that 
section of the beam is determined by the total charge q 
contained in that section. The magnetic held docs not 
depend on q. but rather on the rare of charge (current) 
flowing through that section. Few charges moving very 
last can constitute the same current as many charges 
moving slowly. In these two cases the induced magnetic 
field will be the same because the current / is the same, 
but the induced electric field will be quite different 
because the numbers of charges are not the same. 

Electrostatics and magnetostatics, corresponding to 
stationary charges and steady currents, respectively, 
are special cuscs of electromagnetics. They represent 
two independent branches, so characterized because 
the induced electric and magnetic fields arc uncoupled 
to each other. Dynamics, the thin! and more general 
branch of electromagnetics. in\n\\es time-mrying fields 
induced by time-varying sources, that is. currents and 
charge densities. If the current associated uith the beam 
of moving charged particles vanes with time, then the 
amount of charge present in a given section of the beam 
also varies with time, and vice versa As we will see 
in Chapter 6. the electric and magnetic fields become 
coupled to each other in that ease. In fact. me•-, ary . 
electric field will generate a tittle-varying magnetic field. 
„,d .re,..so Tabic 1-3 provides a.summary of the three 
branches of electromagnetics. 

The electric and magnetic properties of materials arc 
characterized by the two parameters t and /i , respectively. 


A third fundamental parameter is also needed, the 
conductivity of a material a. which is measured in 
siemens per meter (S/m). The conductivity characterizes 
die ease w ith which charges (electrons) can move freely 
in a material. If o =0. the charges do not move 
more than atomic distances and the material is said to 
be a perfect dielectric, and if o — oc. the charges 
cun move veiy freely thaiughout the material, which is 
then called apcrfcct conductor. The material parameters 
f. )i. and n are often referred to as the constitutive 
parameters of a material (Table 1-4). A medium is said 
to be homogeneous if its constitutive parameters arc 
constant throughout the medium. 


REVIEW QUESTIONS 

Ql.l What are the four fundamental forces of nature 
and what arc their relative strengths? 

Q\2 What is Coulomb's law? Stale its properties. 
yU What are the two important properties of electric 
charge? 

Ql.l What do the electrical permittivity and magnetic 
permeability of a material account for'.’ 

Q1.5 What are die three branches and associated 
conditions of electromagnetics? 


1-3 Traveling Waves 

Waves are a natural consequence of many physical 
processes: waves and ripples on oceans and lakes: sound 
waves that travel through air. mechanical waves on 
stretched strings; electromagnetic waves that constitute 
light: earthquake waves; and many others, All ihc« 
various types of waves exhibit a number of common 
properties, including the follow ing: 

• Moving win es curry energy /win one point to 
another. 
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•able 1-3: The throe branches of electromagnetics 


Branch 

Condition 

Field Quantities (Units) 

Flcctrostatics 

Stationary dunces 

Og/ar = 0 ) 

blectrie field intensity F <V/m) 
Electric flux density I) (C/m 3 ) 

1) = fE 

Magnetostatics 

Steady cun-cnts 
(dl/itt = 0) 

Magnetic flux density If i li 
Magnetic field intensity II (A/m) 1 
D=, t H 

Dummies 

Time-varying currents 

E. D. B. and H 

< Time-varying fields) 

(d//i>r = 0> 

(F. Di coupled In(B, II 


Table 1-4: CocsiIumKc parameters of material*, 


Parameter 

Unit* 

Frcc-spat* Value 

Electrical permittivity / 

F/m 

= 8-854 x io 13 (F/m) 

' TT- * 10 9 (F/m) 

36.T 

Magnetic permeability p 

H/m 

P0 - 4.t x I0 -7 i||/ml 

Conductivity a 

1- 

S/m 

0 


• 'Ii ,• it takes time fora wave to travel 
from one point to another. In vacuum, light waves 
travel at a speed of 3 x 10* m/s and sound waves in 
air travel at a speed approximately a million times 
slower, specifically 330 m/s. 

• Some ivaiv' exhibit .. property called linearity. 
Waves that do not affect the passage of other waves 
are called linear because they pass right through 
each other, and the total of two linear waves is 
simply the sum of the two waves as they would 
exist separately. Electromagnetic waves ate linear, 
as arc sound waves. When two |icople speak to one 
another, their sound waves do not reflect from one 
another, but simply pass through independently of 


each oilier. Water waves are approximately linear; 
the expanding circles of ripples caused by two 
pebbles thrown into two locations on a lake surface 
do not affect each other. Although the interaction 
of the two circles may exhibit a complicated 
pattern, it is simply the linear superposition of two 
independent expanding circles. 

Waves are of two types: transient wares caused by 
a short-dural ion disturbance and continuous harmonic 
war, v generated by an oscillating source. Wc will 
encounter both types of waves in ihis book, but most 
of our discussion will deal with the propagation of 
continuous waves that vary sinusoidally with lime. 
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(ai Circular waves (b) Plane and cylindrical waves (c) Spherical wave 

Figure 1-10; Examples of two-dimensional and three-dimensional waxes: (a) circular waves on a pond, (b) a plane light wave 
exciting a cylindrical light wave through the use of a long rurrou slit in an opaque screen, and (c) a sliced section ofa spherical 
wave. 



Figure 1-9: A ivne dimensional wave traveling on a string. 


An essential feature of a propagating wave is that it 
is a self-sustaining disturbance of the medium through 
which it travels. If this disturbance varies as a function 
of one space variable, such its the vertical displacement 
of the string shown in Fig. 1-9. we call the wave a 
one-dinu nsioiutl mw. . The vertical displacement varies 
with time arid with the location along the length of 
the string. Even though the string rises up into a 
second dimension, the wave is only one-dimensional 
because the disturbance varies with only one space 
variable. A iwo-dimt mion / »,. . propagates out across 
a surface. like the ripples on a pond [Fig. I - lCKa)|, and 
its disturbance can be described by two space variables. 
And by extension. a three-tlimaisimul n o . propagates 
through a volume and irs disturbance may be a function 
of all three space variables. Three-dimensional waves 
may take on many different shapes; they include pin nr j 
" </i i (. cytinilriial lwnc.v, and s/’/teri. :l w.ur.v. A plan: 
wave is characterized by a disturbance that at a given 
point in time has uniform properties across an infinite 
plane perpendicular to the direction of wave propagation 
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(Fig-1-IO(b)l and. similarly, for cylindrical and spherical 
waves the disturbances arc uniform across cylindrical and 
spherical surfaces, as shown in Figs. I-I0(b) and (c). 

In the material that follows, we will examine some of 
the basic properties of waves by developing mathematical 
formulations that describe their functional dependence on 
time and space variables. To keep the presentation simple, 
we will limit our present discussion to sinusoidally 
varying waves whose disturbances are functions of only 
fwc space variable, and we will defer discussion of more 
complicated waves to later chapters. 

1-3.1 Sinusoidal Wave in a Lossless Medium 

Regardless of the mechanism responsible for generating 
item, all waves can be described mathematically in 
common terms. By way of an example, let us consider 
ewave traveling on a lake surface, l medium ;v wm to 
U lossless if it does nos attenuate the amplitude of the 
•>..av rr.i elite-: within iter on as syfaec Let us assume 
for the time being that frictional forces can be ignored, 
thereby allow ing a wave generated on the water surface to 
travel indefinitely with no loss in energy. If y denotes the 
height of the water surface relative to die mean height 
I undisturbed condition) and x denotes the distance of 
wave travel, the functional dependence of y on time / 
acxl the spatial coordinate .r has the general form 

(tit 2.7 .r \ 

y(.v.r) s= A cos I —- — +tfi» I (m). (1.17) 


“berc A is the amplitude of the wave. T is its time 
period .is its spatial wavelength, and <ft,isa reference 
phase. The quantity y(x.t) can also be expressed in die 


form 

.v(x.r) 

= AcosflMx./). 

(118) 

wterc 

(hi r ;) = 

(*L- 

2.7.r \ 

ft 111) 

VV 1 - l ) — 

{ T 

* tQiij iraaj. 

il.IVJ 




Figure 1-11: Plots of yix.t) = Acos(=p - ^ 
function of (a) x at t = 0 and <b) t at x = 0 . 


The angle (M r. f i is called the phase of the wave, and 
it should not be confused with the reference phase fa. 
which is constant with respect to both time and space. 
Phase is measured by the same units as angles, that is. 
radians (rad) or degrees, with 2,7 radians — 260 3 . 

Let us first analyze the simple case when <M ~ 0: 


v(.t.r) = A cos 




(m). (1.20) 


The plots in Ftg. 1-11 show the variation of yi r, r) with 
x at / = 0 and with t at r ^ 0. The wave pattern repeats 
itself at a spatial period k along x and at a temporal 
period T along l. 

If we lake time snapshots of the water surface, the 
height profile y(x) would exhibit the sinusoidal patterns 
shown in Fig. 1-12. For each plot, corresponding to a 
specific value of;. the spacing between peaks is equal 
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772. Now tlut the w»e moves in die -kc-dircclion with 
u velocity up = k/T. 


to the wavelength X. bul the patterns are shifted relative 
to one another because they correspond to different 
observation times. Because the pattern advances along 
the +.t-direclion at progressively increasing values of /. 
the height profile behaves like a wave traveling in that 
direction. If we choose any height level, such as the 
peak P. and follow it in time, we can measure the phase 
veltu ity of the wave. The peak corresponds to when the 


phase </>(.». D of the wave is equal to zero or multiples 
of 2 -t radians. Thus. 


*Cx.i>«=“=^-2i«. " = 0.1.2.... (1.21) 

Had w e chosen any other fixed height of die wave, sav yi\ 
and monitored its movement as a function of / and x, this 
again is equivalent to setting the phase $l.v, t) constant 
such (hut 

>'(*. t) = }o = A cos ^ ^ j . (1.22) 


or 


It/ 2-t x 
~T ~ 



constant. 


(123) 


The apparent v elocity of that fixed hciglit is obtained by 
taking the time derivative of Eq. (1.23). 


2t 2.7 dt 

T ~ T 7i 


(1.24) 


which gives the phase velocity u p as 


u p = ^ = j (m/s). (1.25) 

_ _I 

The phase velocity, also called (he propagation > eltxtn. 
is :he velocity of the u. pattern as it moves across 
die water surface. The water itself mostly moves up and 
down; when the wave moves from one point to another, 
the water docs not move physically along with it. 

The direction of wave propagation is easily determined 
by inspecting the signs of the / and x terms in the 
expression for the phase <£(x. /) gi veil by Eq. (1.19): r f r 
of the signs is positive and the other is negative, then the 
Wit e is 1 raveling in the posithe x-direction, and if both 
signs ate positive or both arc negative . then the time is 
triT -.ling in the negative - din , lion . The constant phase 
reference <£y ( has no influence 00 cither the speed or the 
direction of wave propagation. 
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The frequency of a sinusoidal wave. /. is the 
reciprocal of its time period T: 



Combining the preceding two equations gives the relation 



TTw wave frequency f, which is measured in cycles per 
second, has been assigned the unit (Hz) (pronounced 
''hertz i. named in honor of the German physicist Hein¬ 
rich Hertz (1857 1894). w ho pioneered the development 
of radio w av es, 

living Eq. <1.26). Fq. (1.20) can be rewritten in the 


We now examine the role of the phase reference fa, 
given previously in Eq. (1.17). If fa is not zero, then 
Eq, (1.28) should be written as 

>'<-*• t)~ A cosftur - fix + fa). (i.32) 

A plot of y(x. t) as a function of x at a specified t 
or as a function of / at a specified ,r will be shiited in 
space or lime, respectively, relative to a plot with fa = 0 
bv an amount fa. This is illustrated by die plots shown 
in Fig. 1-13. We observe dial when fa is positive. y(f) 
reaches its peak value, or any other specified value, 
sooner than when fa, - 0, Thus, the wave with fa, — , 7/4 
is said to U ad the wave with fat = Oby a pitas < lent! 
of >t/4: and similarly, die wave with fa, -,t/4 is 
said to lag the wave with fa. - 0 by a phase lag of 
.t/4. A wave function with a negative fa, takes longer to 
reach a given value of v(r) than the zero-phase reference 


shortened form as 


y(x.r) = A cos 




— .4 cosforf - fix). (1.28) 

where a, is tire angular velocity of the wave and /(is its 
plaise constant (or wavenumber), defined as 


to ~2 nf 

(rad/s). 

(1.29a) 

-sc 

II 

1 rad/m). 

(1.2%) 


In terms of these two quantities, 

_ p _ w 


(I JO) 


So fat. *e have examined the behavior of a wave traveling 
in the -t-direction. To describe a wave traveling in the 
- i -direction, we reverse the sign of x in Fq. (1.28): 


- A cost ml - fix). 


(1.31) 


lunction. When its value is positive, fa. signifies a phase 
lead in time, and when it is negative, it signifies a 
phase lag. 


1-3.2 Sinusoidal Wave in a Lossy Medium 

If a wave is traveling in the v-direction in a Am, m .Hum. 
its amplitude will decrease as e This factor is called 
the attenuation factor, and a is called the attenuation 
constant of the medium and its unit is neper per meter 
(Np/m). Thus, in general. 

v(.v. r) = Ae a ' cas(«T - fix + fa). (1,33) 

The wave amplitude is now .-If 01 , and not just A. Fig¬ 
ure 1-14 shows a plot of y (*. r) as a function of a at/ = 0 
for A :: 10 m. / - 2 m.u = 0.2 Np/m. and dt = 0 Note 
that the envelope of the wave pattern decreases as e "*. 

The real unit of a is (I/m); the neper (Np) part is 
a dimensionless, artificial adjectiv e traditionally used us a 
reminder that the unit (Np/m) refers to the attenuation 
constant of the medium, or. A similar practice is applied 
to the phase constant fi by assigning it the unit (rad/tni 
instead of just (1/m). 


IMI.4-I.fi and DI.3 
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REVIEW QUESTIONS 


with distance in (a) a lossless medium and (b) a lossy 
medium? 


Ql.b How can you tell if a wave is trawling in the 
positive a-direction or the negative a- direction? 


Q1.S Why does a negative value of <pt> signify a phase 
lag? 


Ql.7 How does the envelope of the wave pattern vary 
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Example 1*1 Sound Wave in Water 

An acoustic wave traveling in the x direction in a fluid 
(liquid or gas) is characterized by a differential pressure 
plx.t). The unit for pressure is newton per square meter 
(N/nr). Find an expression for p(x.t) for a sinusoidal 
sound wave traveling in the positive .r-direction in water, 
given that the wave frequency is I kHz. the velocity of 
sound in water is 1.5 km/s. the wave amplitude is 10 
N/m 2 . and p(.x.l) was observed to be at its maximum 
value at r = 0 and v - 0.25 m. Treat water as a lossless 
medium. 


Solution: According to the general form given by 
Eq < 1-17) fora wave traveling in die positive .v-direction, 

( 2jt 2,t \ 

Y’ ~ -~ x + b>\ (N/m 2 ). 


The amplitude A = 10 N/m 2 . T = \{f = 10 '-' s, and 
from m p = /;.. 


Hence. 



I -5 x 10' 
10 * 


1.5 m. 


P<x. 0 = I ('cos ^2.7 x IO'r - -^.r + <Sjj (N/m 2 ). 

Since at / = 0 and x = 0.25 m. />(0.25,0) = If) N/nr, 
we have 

10= 10cos(^p0.25 + to) 

which yields the result (.ft, - 7/3) = cos 1 (1). or 
= .t/ 3, Hence. 


/n r. /) = 10cos | It x lO 3 ; - ^.r +- (N/m 2 ). 


Example 1-2 Power Loss 

A laser beam of light propagating tlirough the 
atmosphere is characterized by an electric field intensity 
given by 

£<*./) = 

,5^-tMMx005(3 x 10 is, _ , 0 7 r) (V/m)> 

where x is the distance trom the source in meters. The 
attenuation is due to absorption by atmospheric gases. 
Determine (a) the direction of wave travel, (b) the wave 
velocity, and (c) the wave amplitude at a distance of 
200 m. 

Solution: tai Since the coefficients of t and x in the 
argument of the cosine function have opposite signs, the 
wave must be traveling in the t-.v-direction. 

<b) 

to 3 x 10‘ 5 

" I ' = is = ~W _ = ,xW “*• 

which is equal to c. the velocity of light in free space, 
ic At x = 200 m. the amplitude of £(.v. I ) is 
I50e 00 '* m -0.37 (V/m). ■ 


EXERCISE 1 i The electric field of a traveling electro¬ 
magnetic wave is given by 

£(:. r) = lOcost.T x 10*/ + 72/15 -I- t/ 6) (V/m). 

Determine (at the direction of wave propagation, (b) the 
wave frequency /. (c) ib wavelength >.. and (d) its phase 
velocity «p,. 

Ans. (ai -direction, (b) / = 5 MHz, (c)i = 30 m. 
<d) Up = 1.5 x 10* m/s. (See e> ) 

EXERCISE 1.2 An electromagnetic wave is propagating 
in the ;-dircction in a lossy medium with attenuation 
constant cr - 0.5 Npfm. If the wave’s electric-field 
amplitude is 100 V/m at z - 0. how far can the wave 
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travel before its amplitude will have been reduced to (a) 
10 Win. ib) I V7m, (c) I ,iV/to? 

(at 4.6 m, (b)9.2 nt, (c) 37 m. (See 

1-4 The Electromagnetic Spectrum 

Visible light belongs to a family of waves called the 
ektirmiuigntiic spuinim (Fie. 1-15). Other members 
of this family include gamma rays. X rays, infrared 
waves, and radio waves. Genetically, they all are called 
electromagnetic (EM) waves because they share the 
following fundamental properties: 

• An F.M wave consists of electric and magnetic field 
intensities that oscillate ar the same frequency J. 

• The phase velocity of an EM wave propagating in 
vacuum is a universal constant given by the velocity 
of light r. defined earlier by Eq. (1,14). 

• In vacuum, the wavelength /. of an EM wave is 
related to its oscillation frequency j by 



Whereas all EM waves share these properties, each is 
distinguished by its ow n wavelength or equivalently 
by its own oscillation frequency f. 

The visible part of the EM spectrum shown in Fig, 1-15 
covers a very narrow wavelength range extending 
between /. = 0.4 pm (violet) and k = 0.7 /nil (red). /Vs 
we move progressively toward shorter wavelengths, w c 
encounter the ultraviolet. X-ray. and gamma-ray bands, 
each so named because of historical reasons associated 
with die discovery of waves with those wavelengths. On 
the other side of the visible spectrum lie the infrared band 
and then the radio region. Because of the link between k 
and f given by Eq. (1.34 >. each of these spectral ranges 


may Ik: specified m terms of its wavelength range or 
alternatively in terms of its frequency range. In practice, 
however, a w ave is specified in terms of its wavelength ). 
if a < I mm. which encompasses all parts of the EM 
speetium except lor the radio region, and the wave is 
spccilicd in terms of its frequency / if /. > I mm (i.c.. 
in the radio region). A wavelength of 1 mm corresponds 
to a frequency of 3 x 10” Hz = 300 GHz in free space. 

Die radio spectrum consists of several individual 
hands, as shown in the chan of Fig. 1-16, Each band 
covers one decade of the radio spectrum and lei' a 
letter designation based on a nomenclature defined by 
the International Telecommunication Union. Different 
frequencies have different applications because they arc 
excited by different mechanisms, and the properties 
of an EM wave propagating in a material may vary 
considerably from one band to another. Tile extremely 
low frequency (EI.F) band from 3 to 30 H/ is used 
primarily for the detection of buried metal objects, Lower 
frequencies down to 0.1 Hz are used in magnctotdluric 
sensing of the structure of the earth, and frequencies 
in the range from 1 llz to 1 kHz sometimes are usd 
for communications with submerged submarines und for 
certain kinds of sensing of Earth's ionosphere The very, 
low Irequcncy (VLF) region from 3 to 30 kl Iz. is used both 
for submarine communications and for position livalion 
by the Omega navigation system. The low-frequency 
(I Ft band, from 30 to 300 kHz, is used for some forms 
of communication and for the Loran C position location 
system. Some radio beacon' and weather broadcast 
stations used in air navigation operate at frequencies in 
the higher end of the LF band. The medium-frequency 
(MF) region from 300 kHz to 3 MHz contains the 
standard AM broadcast hand from 0.5 to 1.5 MHz 

Long distance communications and short-wave broad¬ 
casting over long distances use frequencies in tlte 
high-frequency (HF) band from 3 to 30 MHz because 
waves in this band are strongly affected by reflections 
by the ionosphere and least affected by absorption in 
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tigun? 1-15: The electromagnetic spectrum. 


tiie ionosphere. The next frequency region, the very 
high frequency (VHP) band from 30 to 300 MHz, is 
used primarily for television and FM broadcasting over 
linc-ot'-sight distance* and also for communicating with 
aircraft and other vehicles. Some early radio-astronomy 
research was also conducted in this range. The ultrahigh 
frequency (UHF) region from 31X) MHz to 3 GHz is 
extensively populated with radars, although part of this 
band also is used for television broadcasting and mobile 
communications with aircrufl and surface vehicles. The 
radar* in this region of the spectrum arc normally used for 
aircraf t detection and tracking. Some parts of this region 
have been reserv ed for radio astronomical observation. 

Many point-to-point radio communication systems 
and various kinds of ground-based radars and ship radars 
operate at frequencies in the superhigh frequency (SHF) 
range from 3 to 30 GHz. Some aircrufl navigation systems 
npcrarc in rhis range as well. 


Most of the extremely high frequency (El IF) band 
from 30 to 300 GHz is used levs extensively, primarily 
because the technology is not as well developed and 
because of excessive absorption by the atmosphere in 
some parts of this band. Some advanced communication 
systems are being developed for operation at frequencies 
in the “atmospheric windows," where atmospheric 
absorption is not a serious problem, as arc automobile 
collision-avoidance radars and some military imaging 
radar systems. These atmospheric windows include the 
ranges from 30 to 35 GHz. 70 to 75 GHz. 90 to 95 GHz. 
and 135 to 145 GHz. 

Although no precise definition exists for the extent 
of the microwave band, it is conventionally regarded 
to cover the full ranges of the UHF. 5111% and LIU-' 
bands, with the EHF band sometimes referred to as tire 
millimeter-wave hand, because the wavelength range 
covered by this band extends from 1 mm (300 GHz) to 
I cm (30 GHz). 
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REVIEW QUESTIONS 

Q1.9 What arc the three fundamental properties of EM 
waves? 

01.11 1 What is the range of frequencies covered by the 
microwave band? 

01.11 What is the wavelength range of the visible 
spectrum? What are some of the applications of the 
infrared kind? 


1-5 Review of Complex Numbers 

A complex number z is written in the form 

z=x + /y, (1.35) | 

where r and v are the real (91c ) and imaginary (.1m) pans 
ofrespectively, and j = >/—T- That is. 

x = 91cU). y = 3m(-)i (1.361 


Frequency 1 11 /1 


300 CHr i 


Microwave 


i <:h/ 4 -io v 


IkHrllO 3 


Fvtremeh High Frequeue' 
l ilt <30-300GH/i 

Super llijli Frequency 

sitK3-.tix;n<i _ 

l llni High I requeues 
t in i<onMH/.3t;n/) 

Ver> lllgli frequence 
III iW»-3l*IMIIr. 

High Frequence 

HF i3 ■ .VI MHn _ 

Medium Frequeue' 

MFl300kH/.3MH/| 

Low I requeue i 
l.F|30-3tHlktl/) _ 

Very I on Frequency 
VFF (3-31) kiln 

rUruLow Frtqucnev 
HF<3t»JH/-3kHri 

Super l.i in Frequency 
sl.F i3o - 300 H/l _ 

F'tromelv I am Frequence 
KI.Fi3-.til ll/i _ 

f<3 Hi) 


Applkalions 

Radar, advanced commtmkatioa systems, 
remote sensin*. radio astronomy 
Radar. saTellite communication systems, aircraft 
navigation. radio a'cronniny. remote sci-nig 
TV bevudcuung, radar, radio nsovoonie. 

cticiwave wens, cellular ickphcoc _ 

TV and FM brnudrastinp.. mobile radio 
lommunicalsoa. air trjflit Liuurol 
Short nave truadcauitig 

AM Leuadcawmi; 

Radio beacons, svurfier K, uJe.ot stalled 

let air navigation 

Navigation and poannn location 


Audio signal' on lefcphooc 

loDoapfaeric censing, electric power 
distribution, sibrntinric corrmunication 
Delcclfcin nf buried mein I object' 

Marnrtotrllnric sensing of the 
eanh's srructure 


• i'diin 1-16: Individual bands of die radio spectrum and their primary applications 
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I’isurv 1-17: Relation between rectangular and polar rep¬ 
resentations of a complex number z = x + jy — \:\e’°. 


Alternatively, z may be written in polar form as 

Z = \z\ti* = \Z\A (1.37) 


where |ci is the magnitude of z. 0 is its. phase angle, 
and the form /± is a useful shorthand representation 
commonly used in numerical calculations. Applying 

Euler's identity. 

' = cosfl + ysintf. (1.38) 

we can convert: from polar form, as in Eq. (1.37). into 
rectangular form, as in Eq. (1.35). 

; = Ulr : " = I; | cosy + 7 |:|sin 0 . (1.39) 

which leads to the relations 

r = IcicosR, y = |:|sin0, (1.40) 

|;| = v'r J + y- . 0 = tan 1 (y/x). (l .41) 

The two forms arc illustrated graphically in Fig. 1-17, 
When using Eq. (1.41), care should be taken to ensure 
that - is in the proper quadrant. Also note that, since |r| 
is a positive quantity, only the positive root in Eq. (1.41) 
is applicable. This is denoted by die + sign above the 
square-root sign. 


The ample .r conjugate of denoted with a star 
superscript (or asterisk), is obtained by replacing j 
(wherever it appears) with - j. so that 

* = (x + jy)* = .x - jy = \z\r i0 = | Z |Zj*. (1.42) 

The magnitude |:| is equal to the positive square root of 
the product of c and its complex conjugate: 



We now highlight some of the properties of complex 
algebra that we will likely encounter in future chapters. 

Equality: If two complex numbers : ; and :: arc given by 

2t=*i+jyi = kik > \ (i-44) 

;:=•*:+ jyi = |Z: . (1.45) 

then = zz if and only if ,»i = x 2 and yi = >•; or. 
equivalently. |: t | = |:j| and 0| = 0*. 

Addition: 

Z\ + zz = Ut + x : ) + j(yi 4- yj). (1.46) 

Multiplication: 

Z\Z: = (x, -I ;.v,)(x : + jy s) 

= (xix 2 - y, vj) + j(x ,y : + x : vi). (1.47a) 

or 

ztz 3 = U.k^-|z:k^ 

= ktllZ2l^^ J 

= kilk:l[cos(0 t + 0 : ) r j sin(0, (1.47b) 
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Division: For zt # 0. 

ci xi+jyi 


x i + jy 2 

(•ti + yyi) (-y^ - jyi) 

(*: + jyi ) (v; - jyj) 

C*|X: + yiv;) + ;0;V| - x,v : ) 

f 2 + v J 
X 2 T V, 


(1.48ai 


or 


-i 


kik* 
kzk'*- 

_ ]£il 
1=21 

= - fl,) + j sin(f>, - 0:)). (1.48b) 

U:l 


Powers: For any fugitive integer n, 

c a = (l=K) n 

: |V n " = |c|"(COSf»0 + j sillrtO), (1.49) 


z !/I = ±|c| l/ V e/J 

= ±|:|‘ : |cas(0/2) + j sin(0/2)|. 
Useful Relations: 

- 1 «**" =c~ is = 1 ZlK, 
j = e‘* r - = \M.. 

-j = -e^ !2 IZJE. 


(1.5(1) 


yj = ( <f j«/2) , /2 = i ^T/4 = 


±<i + j> 
>/2 


(1.51) 

(1.52) 

(1-53) 

(1.54) 


Example 1-3 Working with Complex Numbers 


Given iwo complex numbers 
V = 3-j4. 

/ = -(2 + j)). 

(a) Express V and / in polar fonn. and find (b) 17, (c) 
V/*,(d) V/l. and <0^7. 

Solution 

la) |V'|= ;/VT 7 


- \A3 - /4)(3 -r jA) = </9Tl6 = 5. 

«v = ton - ‘(-4/3) = -53.1. 

v _ |V r |r"' = 5e"^ 3 '■ = 5 ZzlDl. 

i\= V2 J T3 7 = ^13 = 3.61. 

Since / = (-2 - ;3) is in the (hird quadrant in the 
complex plane [Fig. 1-18). 

0, = 180 +tan '(i) = 236.3=. 
i =\MA* y. 

(b) V7 =5c~ jnr x3.61e^‘ 

= 18.0V aw, - 5 " , ) = l8.05e>' t,r . 



9tc 


Figure 1-18: Complex number* V and I in the complex 
plane (Example 1-3) 
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(d V7 4 = 5f x 3.61c ^ v, - v ' 

= 18.05<T j7M *’ = 18.05c^ fi '. 

V 5c -/J3 ' 1 ' 

<(l1 7 “ 3.61e' 1,,,! 

- 1.39c-' 2 * 1 - - lJ9e' w . 

e y7 = V3.6lc^^ v 

= ±vT6^l J^36 • ;,l/2 = ±l.90^ ll,i,3 •. ■ 


EXERCISE 1 3 Express ihc following complex functions 
in polar form: 

-, = <4-;3r, 

;; = (4-,3)'' 3 . 

\r.v zi=25/=21Z,z 2 = ±VS^=11L. (See*) 
EXERCISE 1.4 Show that Jlj = ±(l 4- /). (See *) 


1*6 Review of Phasors 

Phasor analysis is a useful mathematical tool for 
solving problems involving linear systems in which the 
excitation is a periodic time function. Many engineering 
pioMcms arc cast in the form of linear intcgnxjifTerenrial 
equations. If thccxcitalion. more commonly know n as the 
forcing function, varies sinusoidally w ith time, the use 
of phasor notation to represent time-dependent variables 
allows us to convert the mtcgro-dilTcrential equation into 
u linear equation w ith no sinusoidal functions, thereby 
simplifying the method of solution. After solving for 
the desired variable, such as the voltage or current in 
a circuit, conversion from the phasor domain hack to the 
time domain provides the desired result. 

The phasor technique can also he used for analyzing 
linear systems when the forcing function is any arbitrary 
(nonsinusoidal t periodic time function, such as a square 
wave or a sequence of pulses. By expanding the 
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I i;mrr 1-19: RC circuit connected to a voltage source 

r,(/). 


forcing function into a Fourier series of sinusoidal 
components, we can solve for the desired variable using 
phasor analysis for each Fcmrict component of the 
forcing function separately. According to the principle 
of superposition, the sum of the solutions due to all of 
the Fourier components gives the same result as one 
would obtain had the problem been solved entirely in the 
time domain w ithout the aid of Fourier representation. 
The obvious advantage of the phasor-Fouricr approach 
is simplicity. Moreover, in the ease of nonperiodic source 
functions, such as a single pulse, the functions can he 
expressed as Fourier integrals, and a similar application 
of the principle of superposition can be used as well. 

The simple RC circuit shown in l ie. 1-19 contains a 
sinusoidally time-varying voltage source given by 

v„(f) = Vosintw/ +^t>)< (1-55) 

where W is the amplitude. to is the angular frequency, 
and cp|, Is a reference phase. Application of KirchhofTs 
voltage law gives the following loop equation: 


/{f(r) + ^: iU)dt = vft) (timedomain). (136) 


Our objective is to obtain on expression for the current 
i(t). We can do this by solving Eq. (1.56) in the rime 
domain, which is somewhat cumbersome because the 
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forcing function t.(/) is a sinusoid. Alternatively, we can 
take advantage of the phasor technique as follows. 

Sup /: Adopt 11 cosine reference 

Ihis means that we should express tl»e forcing function 
as a cosine, if not already in that form, and hence all 
time-varying functions, such as the current in the circuit 
and the voltages across R and C. will also have a cosine 
reference. Thus. 

i\<D= VosinfruM-^,) 

= V 0 cos ( - an 

= V 0 cosfwf + 6>-^Y (1.57) 

where we used tire properties sin r = cos(;x/2 - r) and 
cos( - r) = cck.». 

Step 2. Express time dependent variables as plunors 

Any cosinusoidally time-varying function :(r) can he 
expressed in the form 

z{t) = Vit[Zt J ~], ( 1 . 58 ) 

where Z is a time-independent function called the 
phuxvr of the instantaneous function ;(r).Todistinguish 
instantaneous quantities from their phasor counlcrpaits. 
a letter denoting a phasor is given a tilde (~) over the 
letter. The voltage i\(r) given by Eq. (1.57) can be cast 
in the form 

i\(r)= 

= «c[V 0 c /< * - ''e- '| 

= 9U[lV u< ]. (1.59) 

where 

V„ = V 0 * iWD ~ ,/2> . (1.60) 

The phasor V,. corresponding to the lime function 
i dM. contains amplitude and phase information but i> 


independent of the time variable /. Next we dcline the 
unknown variablei(f) in terms of a phasor /, 

j(f)=9tt(/V"'). (1.61) 

and if the equation we are trying to solve contains 
derivatives or integrals, we use the following two 
properties: 

= ‘RtL/w/V"']. 

J i dt = I XcJc’^tdt 

= 9lc(j" /V^dr) 


(1.621 


and 


= flr 1—^ 

\J*» 


) 


(1.631 


Thus, dift'eremiation of the time function i(i) i> 
equivalent to multiplication of its phasor / by jut, and 
integration is equivalent to division by jw. 

Step J: Recast the differt'Mial/integral equation in 
phtex'rform 

Upon using Fxjs (1.59), (1.61), and (1.63) in Eq. (1.56k 
we have 

R £Hd /V ' > + i 9tc I —= tte(). (1,64| I 
C \jw J 

Since both R and C are real quantities anti the CRtl i 
operation is distributive, Eq (I 61) simplifies to 
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The rime factor e ,< ”’ hns. disappeared because it was 
contained in all three terms, liquation (1.65) is the 
phasor-domain equivalent of Eq. (1.56). 

Step 4: Solve the phasor-domain equation 


From Eq. (1.65) the phasor current / is given by 


R t \/[jtoC) 


(1.661 


Before we apply the next step, we need to coined tin: 
right-hand side of Eq. < 1.66) into the form I,# 1 * with l 
being a real quantity. Thus. 


/= jwC 1 
[l -jwRC] 

= V 0 e il * a ~ s 21 
Vl +arR 1 C : 


wCe> a * ] 

Vl W*-’C-V*J 


( 1 . 6 ?) 


where we have used the identity j = e r The plta-e 
angle <£| - tan 1 («>RC) and lies in the first quadrant of 
the complex plane. 

Step 5: Find the mttmliuirtm value 


To futd Hi), we simply apply Eq. (1.61). That is. we 
multiply the phasor / given by Fq. (1.67) by r' r and 
then take the real part: 


i(r)= 9 U [/V«] 

L </l + <a : R : C- 

■ cos(fe>r + - <?;). (1.68) 


VtiftiC 
Vl - 


In summary, we convened all Umt-varying quantities into 
die phasor domain, solved for the phasor / of the desired 
instantaneous current/(/). and then convened back to the 


1'alilc 1-5: Ttme-domain sinusoidal funaions rtf) and 
their cosine-reference phasur-domain equivalents 2. where 
.:(r) = 9lc[Z<4<-]. 


zlt) 


Z 

A cos «if 

-O- 

A 

A cost tut + On) 


Ae^> 

A co&lmr + fix + On) 

<c-> 


Ac 111 cnsto.v + fix + Oj 


Ae i*gi&**A 

A sin fyr 


Ac *n 

A sintwf -f Ovj) 


Afiito-afh 

d 





jtoZi 

d 

-|Acos(u)t + foil 
dt 


jioAe'*" 

1 :.\\t)dt 

<r* 

—2, 1 

]W 

j A unfair > i 

4-> 

jto 


time domain to obtain an expression for /(/). Table 1-5 
provides a summary of some time-domain functions and 
llieir phasor-domain equivalents. 

Example 1-4 /e/. Circuit 

The voltage source of the circuit shown in l ie. 1-20 is 
given by 

MO = 5 sin(4 x 10V - 30") (V). (1,69) 

Obtain an expression for the voltage across the inductor. 
Solution: The voltage loop equation of the RL circuit is 
di 

Ri + L— = Ml). (1.70) 

dt 




I 



Before converting Hq. (1.70) into the phasor domain. «c 
need to express Eq. (1.69) in terms o) a cosine reference: 

i\U) = 5 sin(4 x I0 4 / — 30 ) 

= 5 cos(4 x 1(7*/ 120 ) (V). (1.71) 

live coefficient of r specifies the angular frequency as 
a> = 4 x 10* (rad's). The voltage phasor corresponding 
to!»(/) is 

V, = (V). 

and the phasor equation corresponding to Hq. (1.70) is 
RT + jwU = (1.72) 

Solving for the current phasor I. we have 


R + }t»L 

Se -,\-sr 

6 4- /4 x 10* x 2 x I0~* 

V -f\yf «--yutr 

6+ji 10e>»f uv ,A| 

The voltage pltasor across the inductor is related to T by 
V L = jtaU 

= ;4 x 10* x 2 x 10 * x 0.5e~' 173 r 

_,4 r xw-i73.n _ 4 e -w r (V) 
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and the corresponding instantaneous voltage L'| (r) is 
therefore 

f,.(0 = «c[vV‘ - ] 

= fRc V 4 * 10 **] 

= 4cos(4 x I0 1 / —83.1°) (V). ■ 


REVIEW QUESTIONS 

Q1.I2 Why is the phasor technique useful? When is it 
used? Describe the process. 

01-13 How is the phasor technique used when the 
forcing function is a noo-sinusoidal periodic waveform, 
such as a train of pulses? 


EXERCISE 1.5 A series RL circuit is connected in :i 
voltage source given by tr*(r) = 150 oat mr (V) Find 
(a) the phasor current / and <b» the instantaneous current 
i(t) for R = 400 O, l. - 3 mH. and w — 10' mils. 

Ans. (a) i = 150 /{R + jwL) = 0.3A *’ (A).(b) 
/'(/) = OJcos((.*>/ - 36.9') (A). (See °) 

EXERCISE 1.6 A phasor voltage is given by V = ;5 V. 
Find t/(r). 

Ans. r(r) = 5cos(nif ~ jr/2| - —5si awl (V). 

(See *) 

CHAPTER HIGHLIGHTS 

« Electromagnetics is the study of electric and mag¬ 
netic phenomena and their engineering applications. 

• The International System of Units consists of the 
six fundamental dimensions listed in Table 1-1.. 
'Hie units of all other physical quantities can be 
expressed in terms of the six fundamental units. 
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• The four fundamental forces of nature are the 
nuclear, wcak-intcractiun. electromagnetic and 
gravitational forces. 

• The source of the electric held quantities E 

and D is the electric charge «/. In a material. E 
and I) tire related by I) = rE. where f is the 
electrical permittivity of the material. In free space. 
s = ~ (I/36.T) x (F/m>. 

• Tlic source of the magnetic field quantities B 
and II is the electric current /. In a material, B 
and H are related by B = pH. where /i is the 
magnetic permeability of the medium. In free space, 
i i = ;io = 4x 10" (H/m). 

• Electromagnetics consists of three branches: (I) 
electrostatics, which pertains to stationary charge'. 
(2) magnetostatics, which pertains to steady 
currents, and (3) electrodynamics, which pertains 
to time-vary ing currents. 

• A traveling wave is characterized by a spatial 
wavelength a time period /'. and u phase velocity 
«P = l/Ti 

• An electromagnetic (EM) wave consists of oscillat¬ 
ing electric and magnetic held intensities and travels 
in free space at the velocity of light c = I / v /eo/io - 
The EM spectrum encompasses gamma rays. X ray s. 
visible light, infrared waves, and radio waves. 

• Phaser analysis is a useful mathematical tool for 
solving problems involving umc-peritxlic sources. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

SI System of units 

fundamental dimensions 

Coulomb's law 

electric field intensity E 

law of conservation of electric charge 


principle of linear superposition 

electric dipole 

electric polarization 

electrical permittivity r. 

relative permittivity or dielectric constant f, 

electric flux density D 

electrostatics 

magnetostatics 

magnetic flux density B 

magnetic permeability p 

velocity of light c 

nonmagnetic materials 
magnetic field intensity II 
clectrody namics 
conductivity a 
perfect dielectric 
perfect conductor 
constitutive parameters 
truasient wave 
continuous harmonic wave 
wave amplitude 
wave period 7 
wavelength ). 
retcrcnce phase &i 

phase velocity (propagation velocity) u p 

wave frequency / 

angular velocity <o 

phase constant (wave number) 0 

phase lag and lead 

attenuation factor 

attenuation constant u 

EM spectrum 

microwave band 

complex number 

Euler's identity- 

complex conjugate 

forcing function 

phasor 

instantaneous function 
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PROBLEMS 

Section 1-3: Traveling Waves 

I 1 A 2 -kHz sound wave traveling in the * -direction in 
air was observed to have a differential pressure p(x.t) = 
10 N/nr al x = 0 and r = 50 /rs. If the reference phase 
of (>(x. i) i\ 36°. find a complete expression for p(x, i ). 
The velocity of sound in air is 330 m/s. 

1.2 For the pressure wave described in Example l-l. 
plot the following: 

a) pl.v. /) versus x at l = 0 

ih) plx.s) versus l at x =0 

Be sure to use appropriate scales for.» and f so that each 
of your plots covers at least two cycles. 

I3‘ A harmonic wave traveling along a string is 
generated b> an oscillator that completes 180 vibrations 
per minute. If it is observed that a given crest, or 
maximum, travels 300cm in I Os, w hat is the wavelength'’ 

^ 1,4 Two waves, n(/) and vy(r). have identical 
amplitudes and oscillate at the same frequency, but yj(/) 
leads yi (/) by a phase angle of 60 : . If 

>l(/) = 4 cos(1t x I0'/1 

write the expression appropriate for \-;(r) and plot both 
functions ov er the time span from 0 to 2 ms. 

1.5' The height of an ocean wave is described by the 
function 

v(x.r) = 1.5sin(0.5r -0.6x) <m) 

Determine the phase velocity and wavelength, and then 
sketch v(.v. r) at / = 2s over the range from x = 0 to 
x = 2 a. 

“Aeiwciui available in Appendix D 
Solution milablc in CD-ROM. 


^ 1.6 A wave traveling along a string in the +.v-direction 
is given by 

V; < V./> = .4 COS(tOf - fix) 

where x = 0 is the end of the string, which is tied 
rigidly to a wall, as shown in hg. 1-21. When wave 
yi(x./) arrives al the wall, a reflected wave y : (.t. f) 
is generated. Hence, at anv location on the string, the 
vertical displacement y, is the sum of live incident anJ 
reflected waves: 

vvu./i = yj(x, t) + y2(x>r) 

tui Write an expression for y : (.i, r), keeping in mind 
its direction of travel and the fact that the end of the 
string cannot move. 

ihi Generate plots of y-|(.r,/). ytfx.t) and y,(x.r) 
versus x over the range —2/. < .t < 0 at a >t = - - 
and at art = it/2. 



1.7 Two waves on a suing are given by the follow inr 
functions: 

JfiC*. r) = 4eos(20r 30.r) (cm) 
yj(x. i) = -4cos(20r + 30x) (cm) 





PROBLEMS 


37 


where a is in centimeters. Ihe waves are said It) interfen: 
constructively when their superposition |y,| = | v. + y;| 
is a maximum, and they interfere destructively when | v»| 
is a minimum. 

la) What are the directions of propagation of waves 
t|(.v.r) sindy»(x.r}? 

(b) At f = (.t/50) s. at what location .t do tlte 
two waves interfere constructively, and what is the 
corresponding value of |y,|? 

<c> At r - i.t/50) s. at what location x do the 
two waves interfere destructively, and what is live 
corresponding value of |y s |? 

l.S Ciive expressions for y(.c, l ) for a sinusoidal wave 
traveling along a string in the negativex-direction, given 
that Vmax = 40 cm. /. = 30 cm. / = 101 lz. and 

la) y(x.0) = 0atx = 0 

'In v(x.O) = 0 at x 7.5cm 

l.b An oscillator that generates a sinusoidal wave on 
a string completes 20 vibrations in 50 s. The wave peak 
ls observed to travel a distance of 2.8 m along the string 
in 5' What is the wavelength? 

1.1(1 ’lltc vcnical displacement of a siring is given by 
the harmonic function: 

y(x. l) — 6cos(16l7/ — 20jtx) (nt) 

where x is the horizontal distance along the string in 
meters. Suppose a tiny particle were attached to the string 
atx = 5 cm. Obtain an expression for the vertical v elocity 
of the particle as a function of time. 

!. 11 Given two waves characterized by the following: 

yi(r) = 3cosft>r 

v; (f > = 3 sin (rur + 60') 

docs y«(r) lead or lag yi (/) and by w hat phase angle? 


1.12 The voltage of an electromagnetic wave traveling 
on a transmission line is given by 

of;, r) = sin(4. T x 10°/ - 20,xc) (V) 

where ; is the distance in meters from the generator. 

(a i Find the frequency, wavelength, and phase velocity 
of the wave. 

(In At: = 2m.thcampliiudcoflhewavewasnieasured 
tube I V. Finder. 

1.13' A certain electromagnetic wave traveling in 
seawater was observed to have an amplitude of 9R02 
(V7m) at a depth of 1 0 m, and an amplitude of 8 1 .87 ( V/m > 
at a depth of 100 m. What is the attenuation constant of 
seawater? 

Section 1-5: Complex Numbers 

1.14 Evaluate each of the following complex numbers 
and express the result in rectangular form: 

(a) z, 

(hi :j=s/3r' w 
(cl zv = 

Id i ?♦ =/ 

U*| = j~* 

(fl z 6 = (!-»' 

(gi = (I ~j) in 

1.15 Complex numbets r.i and *; are given by the 
following: 

z,=3->2 

:»= -4 + >3 
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<a> Express 3i and Zz in polar form. 

(hi Find Uil by first applying Eq. (1.41) and then by 
applying Eq. (1.43). 

(ci Determine the product rjr? in polar form. 

(d i Determine the ratio zi/z: in polar form. 

U - Determine r.J in polar form. 

1.16 If: ^ -2+;4. determine the following quantities 
in polar form: 

(a) 1/: 

(b) z 3 

(cl |*P 

(dl 3m|c| 

<e> 3m|-'| 

1.17 Find complex numbers t = Zi + C; and 
.v = Zi -Zz, I**h in polar form, for each of the following 
pairs: 

(at Zi = 2 + /3 and z 2 = 1 - j2 
(b) zi = 3and.:: = -;3 
lei z i =3Z*£ and32 = 3Z_2!1 
(dl z, = 3 ZJSL and Sj = 3 /-im- 

1.18 Complex numbers z\ and c; arc given by the 
following: 

Zi = 5/J2L 
Z2 = 2/}T. 

(a' Determine the product zizj in polar form. 


< bl Determine the product: i z? in polar form. 

* ict Determine the ratio 3 1 /3i in polar form. 

(di Determine tltc ratio :J/;^ in polar form. 

<e) Determine y/T\ in polar form. 

1.19’ If 2 = 3 — j5, find the value of ln(r). 

1.20 If : = 3 jA, find the value of e : . 

Section 1-6: Ptiasors 

1.21' A voltage source given by 

i,(/) = 25 cos (It x I0 3 / - 30°) (V) 

is connected to a series RC load as shown in Fig. 1-19. 
If R = 1 MQ and C = 201) pF. obtain an expression for 
MO. the voltage across the capacitor. 

1.22 Find the phasors of the follow ing time functions: 

ia) i'(r) = 3cos(wr - .t/3) (V) 

(bi u(r) = 12sin(«>/— t/4) (V) 

ic) /(x, r) = 2f~ }> sin(«>/ + jr/6) (Ai 

^(dl i(f) = — 2cos(a>/ 4- 3?r/4) (A) 

fe) i(r) = 4sin(o>/ + t/3) 4- 3cos(<or — .t/6) (A) 

1.13' Find the instantaneous time sinusoidal functions 
corresponding to the following phasors: 

tal V = (V) 

(bl V = jbe i* • (V) 

(ci r=(6 + ;8) (A) 

^ <d) 7 = -3 + J2 (A) 

fe) 7 ^ j (A) 

(0 7 = le 1 ’ 1 * (A) 






PROBLEMS 


1.24 A series RLC circuit is connected to a generator 
with a voltage t ,u) - V 0 cos(w; + ?r/3) (V) 

l a I Write the voltage loop equation in terms of the 
current i (r). R. L. C . and r,(r). 

'hi Obtain the corresponding phasor-domain equation 

(cl Solve the equation to ohtain an expression for the 
phasor current 7. 

1.25-1,29 Additional Solved Problems — complete 
solutions on 
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Transmission Lines 


2-1 General Considerations 

2-2 Lumped-Element Model 

2-3 Transmission-Line Equations 

2-4 Wave Propagation on a Transmission Line 

The Lossless Transmission Line 
2-6 Input Impedance of the Lossless Line 
2-7 Special Cases of the Lossless Line 

Power Flow on a Lossless Transmission Line 
2-9 The Smith Chart 

2-10 Impedance Matching 

2-11 Transients on Transmission Lines 



2-1 General Considerations 

In most electrical engineering curricula, the study of 
electromagnetics is preceded by one or more courses on 
electrical circuits. In this book, we use this background to 
build a bridge between circuit theory and electromagnetic 
theory. The bridge is provided by transmission lines, 
the topic of this chapter. By modeling the transmission 
line in the form of an equivalent circuit, we can use 
Kirchhoff’s voltage and current laws to develop wave 
equations whose solutions provide an understanding 
of wave propagation, standing waves, and power 
transfer. Familiarity with these concepts facilitates the 
presentation of material in later chapters. 

Although the family of transmission lines may 
encompass all structures and media that serve to transfer 
energy or information between two points, including 
nerve fibers in the human body, acoustic waves in fluids, 
and mechanical pressure waves in solids, we shall focus 
our treatment in this chapter on transmission lines used 


for guiding electromagnetic signals. Such transmission 
lines include telephone wires, coaxial cables carrying 
audio and video information to TV sets or digital data 
to computer monitors, and optical fibers carrying light 
waves for the transmission of data at very high rates. 
Fundamentally, a transmission line is a two-port network, 
with each port consisting of two terminals, as illustrated 
in Fig. 2-1. One of the ports is the sending end and 
the other is the receiving end. The source connected 
to its sending end may be any circuit with an output 
voltage, such as a radar transmitter, an amplifier, or a 
computer terminal operating in the transmission mode. 
From circuit theory, any such source can be represented 
by a Thevenin-equivalent generator circuit consisting 
of a generator voltage V g in series with a generator 
resistance R & , as shown in Fig. 2-1. The generator voltage 
may consist of digital pulses, a modulated time-varying 
sinusoidal signal, or any other signal waveform. In the 
case of a-c signals, the generator circuit is represented by 
a voltage phasor V s and an impedance Z g . 
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The circuit connected to the receiving end of the 
transmission line is called the load circuit, or simply the 
load. This may be an antenna in the case of a radar, a com¬ 
puter terminal operating in the receiving mode, the input 
terminals of an amplifier, or any output circuit whose 
input terminals can be represented by an equivalent load 
resistance R^, or a load impedance Zl in the a-c case. 

2-1.1 The Role of Wavelength 

In low-frequency electrical circuits, wc usually use wires 
to connect the elements of the circuit in the desired 
configuration. In the circuit shown in Fig. 2-2, for 
example, the generator is connected to a simple RC 
load via a pair of wires. In view of our definition in the 
preceding paragraphs of what constitutes a transmission 
line, we pose the following question: Is the pair of wires 
between terminals A A' and terminals B B' a transmission 
line? If so, why is it important? After all, we usually 
solve for the current in the circuit and the voltage across 
its elements without regard for the wires connecting the 
elements. The answer to this question is yes; indeed 
the pair of wires constitutes a transmission line, but the 
impact of the line on the current and voltages in the circuit 
depends on the length of the line / and the frequency / 
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Figure 2-2: Generator connected to an 
a transmission line of length 1. 

1 

RC circuitthrough 


of the signal pagebreak provided by the generator. (As 
we will see later, the determining factor is the ratio of 
the length / to the wavelength X of the wave propagating 
on the transmission line between A A' and B S'.) If the 
generator voltage is cosinusoidal in time, then the voltage 
across the input terminals A A' is 

V AA > = V g (r) = V 0 cos car (V), (2.1) 

where co = 2n f is the angular frequency, and if we 
assume that the current flowing through the wires travels 
at the speed of light, c = 3 x 10 8 m/s, then the voltage 
across the output terminals B B' will have to be delayed 
in time relative to that across A A' by the travel delay 
time l/c. Thus, assuming no significant ohmic losses in 
the transmission line, 

V BB -{t) = V AA ,(t-l/c) 

= Vo cos \co{t - IJc)] (V). (2.2) 

Let us compare V n;t to V AA! at t = 0 for an 
ultralow-frequency electronic circuit operating at a 
frequency / = 1 kHz. For a typical wire length 
I = 5 cm, Eqs. (2.1) and (2.2) give V AA > = V 0 and 
V BB . = V 0 cos(2 nfl/c) = 0.999999999998 V 0 . Thus, 
for all practical purposes, the length of the transmission 
line may be ignored and terminal A A' may be treated 
as identical with BB'. On the other hand, had the line 
been a 20-km long telephone cable carrying a I-kHz 
voice signal, then the same calculation would have 
led to Vrb' = 0.91 Vo. The determining factor is the 
magnitude of col/c. From Eq. (1.27), the velocity of 
propagation w p of a traveling wave is related to the 
oscillation frequency / and the wavelength k by 

Up = fk (m/s). (2.3) 

In the present case, « p = c. Hence, the phase factor 
col iTifl _ l 

c c X 

When / /X is very small, transmission-line effects may be 
ignored, but when l/X > 0.01, it may be necessary to 
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Figure 2-3: A dispersionless line does not distort signals 
passing through it regardless of its length, whereas a 
dispersive line distorts the shape of the input pulses 
because the different frequency components propagate 
at different velocities. The degree of distortion is 
proportional to the length of the dispersive line. 


account not only for the phase shift associated with the 
time delay, but also for the presence of reflected signals 
that may have been bounced back by the load toward 
the generator. Power loss on the line and dispersive 
effects may need to be considered as well. A dispersive 
transmission line is one on which the wave velocity is not 
constant as a function of the frequency f. This means 
that the shape of a rectangular pulse, which through 
Fourier analysis is composed of many waves of different 
frequencies, will be distorted as it travels down the 
line because its different frequency components will not 
propagate at the same velocity (Fig. 2-3). Preservation 
of pulse shape is very important in high-speed data 
transmission, both between terminals as well as in 
high-speed integrated circuits in which transmission-line 
design and fabrication processes are an integral part of 
the IC design process. At 10 GHz, for example, the 
wavelength A = 3 cm in air and is on the order of I cm in a 
semiconductor material. Hence, even connection lengths 


between devices on the order of millimeters become 
significant, and their presence has to be incorporated in 
the overall design of the circuit. 

2-1,2 Propagation Modes 

A few examples of common types of transmission 
lines arc shown in Fig. 2-4. Transmission lines may be 
classified into two basic types: 

• Transverse electromagnetic (TEM) transmission 
lines: Waves propagating along these lines are 
characterized by electric and magnetic fields that are 
entirely transverse to the direction of propagation. 
This is called a TEM mode. A good example is 
the coaxial line shown in Fig. 2-5: the electric 
field lines are in the radial direction between the 
inner and outer conductors, the magnetic field forms 
circles around the inner conductor, and hence neither 
has any components along the length of the line 
(the direction of wave propagation). Other TEM 
transmission lines include the two-wire line and 
the parallel-plate line, both shown in Fig. 2-4. 
Although the fields present on a microstrip line do 
not adhere to the exact definition of a TEM mode, 
the nontransverse field components are sufficiently 
small in comparison to the transverse components 
to be ignored, thereby allowing the inclusion of 
microstrip lines in the TEM class. A common 
feature among TEM lines is that they consist of two 
parallel conducting surfaces. 

• Higher-order transmission lines: Waves propagat¬ 
ing along these lines have at least one significant 
field component in the direction of propagation. 
Hollow conducting waveguides, dielectric rods, and 
optical fibers belong to this class of lines. 

Only TEM-mode transmission lines will be treated in 
this chapter. This is because less mathematical rigor is 
required for treating this class of lines than that required 
for treating waves characterized by higher-order modes 
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dielectric spacing 
(a) Coaxial line 


(b) Two-wire line 


^•dielectric spacing 
(c) Parallel-plate line 


dielectric spacing 


(d) Strip line 


-metal strip conductor 


/ metal ground plane 
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(e) Microstrip line 


TEM Transmission Lines 


(f) Rectangular waveguide 
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/ -4 metal ground plane 
* dielectric spacing 
(h) Coplanar waveguide 


Figure 2-4: A few examples of transverse electromagnetic (TEM) and higher-order transmission lines. 


and. in addition, TEM lines are more commonly used 
in practice. We start our treatment by representing the 
transmission line in terms of a lumped-element circuit 
model, and then we apply Kirchhoff’s voltage and current 
laws to derive a set of two governing equations known 
as the telegrapher’s equations. By combining these 


equations, we obtain wave equations for the voltage and 
current at any point on the line. Solution of the wave 
equations for the sinusoidal steady-state case leads to 
a set of formulas that can be used for solving a wide 
range of practical problems. In the latter part of this 
chapter we introduce a graphical technique known as 
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-Magnetic field lines 

-Electric field lines 



Cross section 


f igure 2-5: In a coaxial line, the electric field lines are in the radial direction between the inner and 
outer conductors, and the magnetic field forms circles around the inner conductor. 


the Smith chart, which facilitates the solution of many 
transmission line problems without having to perform 
laborious calculations involving complex numbers. 

2-2 Lumped-Element Model 

When we draw a schematic of an electronic circuit, we 
use specific symbols to represent resistors, capacitors, 
inductors, diodes, and the like. In each case, the symbol 
represents the functionality of the device, rather than its 
shape, size or other attributes. We shall do the same with 
regard to transmission lines; we shall represent a trans¬ 
mission line by a para lie I-wire configuration, as shown 
in Fig. 2-6(a), regardless of the specific shape of the line 
under consideration. Thus, Fig. 2-6(a) may represent a 
coaxial line, a two-wire line, or any other TEM line. 

Drawing again on our familiarity with electronic 
circuits, when we analyze acircuitcontainingatransistor, 
we represent the functionality of the transistor by 
an equivalent circuit composed of sources, resistors, 
and capacitors. We will apply the same approach 
lo the transmission line by orienting the line along 
the z-direction, subdividing it into differential sections 


each of length Az [Fig. 2-6(b)] and then representing 
each section by an equivalent circuit, as illustrated 
in Fig. 2-6(c). This representation, which is called 
the lumped-element circuit model, consists of four 
basic elements, which henceforth will be called the 
transmission line parameters. These are 

R The combined resistance of both conductors per 
unit length, in £2/m, 

L'\ The combined inductance of both conductors per 
unit length, in Fl/m, 

G'\ The conductance of the insulation medium per unit 
length, in S/m, and 

C': The capacitance of the two conductors per unit 
length, in F/m. 

Whereas the four line parameters have different 
expressions for different types and dimensions of 
transmission lines, the equivalent model represented by 
Fig. 2-6(c) is equally applicable to all transmission 
lines characterized by TEM-mode wave propagation. The 
prime superscript is used as a reminder that the line 
parameters are differential quantities whose units are per 
unit length. 
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(b) Differential sections each Az long 



Figure 2-6: Regardless of its actual shape, a TEM transmission line is represented by the parallel-wire configuration shown 
in (a). To analyze the voltage and current relations, the line is subdivided into small differential sections (b), each of which is 
then represented by an equivalent circuit (c). 


Expressions for the line parameters R', L', G', and C 1 
are given in Table 2-1 for the three types of TEM 
transmission lines diagrammed in parts (a) through (c) 
of Fig. 2-4. For each of these lines, the expressions 
are functions of two sets of parameters: (1) geometric 
parameters defining the cross-sectional dimensions of 
the given line and (2) electromagnetic constitutive 
parameters characteristic of the materials of which the 
conductors and the insulating material between them are 
made. The pertinent geometric parameters are as follows: 


Coaxial line [Fig. 2-4(a)J: 

a = outer radius of inner conductor, m 
b = inner radius of outer conductor, m 

Two-wire line. [Fig. 2-4(b)j: 

a = radius of each wire, m 
d = spacing between wires’ centers, m 

Parallel-plate line I Fig. 2-4(c)l: 

w — width of each plate, m 
d = thickness of insulation between plates, m 
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Table 2-1: Transmission-line parameters R', L', G\ and C' for three types of lines. 


Parameter 

Coaxial 


Two Wire 

Parallel Plate 

Unit 

R' 

fcf + n 


R s 

2R S 

Q/m 

2tt \a b) 


7t a 

w 

V 

■r- In (b/a) 

27T 

— In 
71 

(d/2a) + J(d/2a) 2 - lj 

fxd 

U) 

H/m 

C 

lit a 


Jta 

aw 

S/m 

In (b/a) 

'"l 

(d/2a) + ~J (d/2a) 2 — 1 ] 

d 

C' 

2ne 


Tie 

ew 

F/m 

In (b/a) 

‘"I 

(d/2a) + J (d/2a) 2 — l] 

d 

Notes: (1) Refer to Fig. 2-4 for definitions of dimensions. (2 ) /i,i 

and a pertain to the 

insulating material between the conductors. (3) R s = \fnf ix c /a c . (4) fx c and <j c pertain 
to the conductors. (5) If (d/2a) 2 » 1, then In \(d/2a) + ./(c//2a) 2 - ll ~ In {d/a). 


The constitutive parameters apply to all three lines and 
consist of two groups: fi c and <r c are the magnetic per¬ 
meability and electrical conductivity of the conductors, 
and £, /i, and a are the electrical permittivity, magnetic 
permeability, and electrical conductivity of the insulation 
material separating the conductors. Appendix B contains 
tabulated values for these constitutive parameters for 
various types of materials. For the purposes of the 
present chapter, we need not concern ourselves with the 
derivations responsible for the expressions given in Table 
2-1, The formulations necessary for computing R ', L', 
G‘, and C' will be made available in later chapters for 
the general case of any two-conductor configuration. 

The lumped-element model shown in Fig. 2-6(c) 
represents the physical processes associated with the 
currents and voltages on any TEM transmission line. 
Other equivalent models are available also and are equally 


applicable as well. All these models, however, lead to 
exactly the same set of telegrapher’s equations, from 
which all our future results will he derived. Hence, only 
the model described in Fig. 2-6(c) will be examined in 
the present treatment. It consists of two series elements, 
R and L\ and two shunt elements, G' and C'. By way of 
providing a physical explanation for the lumped-element 
model, let us consider a small section of a coaxial line, as 
shown in Fig. 2-7. The line consists of an inner conductor 
of radius a separated from an outer conducting cylinder of 
radius b by a material with permittivity e, permeability £t, 
and conductivity a. The two metal conductors are made 
of a material with conductivity cr c and permeability /x c . 
When a voltage source is connected across the two 
conductors at the sending end of the line, currents will 
(low through the conductors, primarily along the outer 
surface of the inner conductor and the inner surface of the 
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Figure 2-7: Cross section of a coaxial line with inner 
conductor of radius a and outer conductor of radius h. 
The conductors have magnetic permeability /x c , and 
conductivity er c , and the spacing material between the 
conductors has permittivity s, permeability ft, and 
conductivity o. 


outer conductor. The line resistance R' accounts for the 
combined resistance per unit length of the inner and outer 
conductors. The expression for R' is derived in Chapter 7 
and is given by Eq. (7.96) as 

*' = ^(- + 7) («/“). ( 2 - 5 > 

In \a b) 

where R s . which represents the surface resistance of the 
conductors, is called the intrinsic resistance and is given 
by Eq. (7.92a) as 

(S2). (2.6) 

The intrinsic resistance depends not only on the material 
properties of the conductors ( a c and /x c ), but on the 
frequency / of the wave traveling on the line as well. For 
a perfect conductor with a c = 00 or a high-conductivity 


material such that (fuJo c ) « L R s approaches zero, 
and so docs R'. 

Next, let us examine the inductance per unit length V. 
Application of Ampere's law in Chapter 5 to the 
definition of inductance leads to the following expression 
| Eq. (5.99) | for the inductance per unit length of a coaxial 
line: 

(Hlm) ■ (17 

The shunt conductance per unit length G' accounts 
for current flow between the outer and inner conductors, 
made possible by the material conductivity a of the 
insulator. Tt is precisely because the current flow is from 
one conductor to the other that G' is a shunt element 
in the lumped-element model. Tts expression is given by 
Eq. (4.76) as 


G’ — 


2n<j 


(S/m). 


( 2 . 8 ) 


\n(b/a) 

If the material separating the inner and outer conductors 
is a perfect dielectric with a = 0, then G‘ = 0. 

The last line parameter on our list is the capacitance 
per unit length C '. When equal and opposite charges are 
placed on any two noncontacting conductors, a voltage 
difference will be induced between them. Capacitance is 
defined as the ratio of charge to voltage difference. For 
the coaxial line, C ' is given by Eq. (4.117) as 

2tt p 

C ' = 77777 (F/m) - m 

1 n(b/a) 

All TEM transmission lines share the following useful 
relations: 


L'C' = ne, (2.10) 


and 


G' a 

— = -. ( 2 . 11 ) 

C e 
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If the insulating medium between the conductors is air, 
the transmission line is called an air line (e.g., coaxial 
air line or two-wire air line). For an air line, s - Eo = 
8.854 x 10~ 12 F/m, /u = /xq = 47T x 10~ 7 H/m, or = 0, 
and G' = 0. 


REVIEW QUESTIONS 

Q2.1 What is a transmission line? When should trans¬ 
mission-line effects he considered? 

Q2.2 What is the difference between dispersive and 
nondispersive transmission lines? What is the practical 
significance? 

Q2.3 What constitutes a TEM transmission line? 

Q2.4 What purpose does the lumped-element circuit 
model serve? How are the line parameters R', L', G'. 
and C' related to the physical and electromagnetic 
constitutive properties of the transmission line? 


EXERCISE 2.1 Use Table 2-1 to compute the line 
parameters of a two-wire air line whose wires are 
separated by a distance of 2 cm, and each is 1 mm in 
radius. The wires may be treated as perfect conductors 
with cr c — oo. 

Ans. R' = 0, L' = 1.20 (ix H/m), G' = 0, 
C' = 9.29 (pF/m). (See «) 

EXERCISE 2.2 Calculate the transmission line parame¬ 
ters at 1 MHz for a rigid coaxial air line with an inner 
conductor diameter of 0.6 cm and an outer conductor 
diameter of 1.2 cm. The conductors arc made of copper 
[see Appendix B for //. c and rr c of copper], 

Ans. R' = 2.08 x 10" 2 (£2/m), V = 0.14 (/xH/m), 
<7 =0, C' = 80.3 (pF/m). (See 


2-3 Transmission-Line Equations 

A transmission line usually connects a source on one 
end to a load on the other end. Before we consider the 
complete circuit, however, we need to develop equations 
that describe the voltage across the transmission line and 
the current carried by the line as a function of time r 
and spatial position z. Using the lumped element model 
described in Fig. 2-6(c), we begin by considering a 
differential length A,- as shown in Fig. 2-8. The quantities 
v(z. t) and i (z, t) denote the instantaneous voltage and 
current at the left end of the differential section (node N), 
and similarly v(z + Az, l) and iiz 4- Az, t) denote the 
same quantities at the right end (node N + 1). Application 
of Kirchhoff’s voltage law accounts for the voltage drop 
across the series resistance R'Az and inductance L'Az\ 

u(z, t) - R'Az i(z, t) 

-L' Az 9f( ;’ r) -u(z + Az,/) = ()■ (2.12) 

at 
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Upon dividing all terms by A? and rearranging terms, we 
obtain 


~u(; + Az,t)-vjz, t) 
Az 


+ (2.13) 

tit 


In the limit as Az 0, Eq. (2.13) becomes a differential 
equation: 


t) 

tiz 


R' i (z, t) + L' 


di(z, t) 

tit 


(2.14) 


Similarly, application of Kirchhoff’s current law at node 
N + 1 in Fig. 2-8 leads to 


i(z,t) - G'Az u(z + Az, 0 
-C'Az SviZ + Az,t) -i(z + Az,0 = 0. (2.15) 

dt 


Upon dividing all terms by Az and taking the limit 
as Az —*■ 0, Eq. (2.15) provides a second differential 
equation. 


tiijz, t) 
tiz 


G' v(z. t) + C 


, dv(z, t ) 
tit 


(2.16) 


The first-order differential equations given by Eqs. (2.14) 
and (2.16) are the time-domain form of the transmission 
line equations , otherwise called the telegrapher’s 
equations. 

Except for the last section, our primary interest in 
this chapter is in sinusoidal steady-state conditions. To 
this end, we shall make use of phasors with the cosine 
reference notation as outlined in Section 1-6. Thus, we 
define 


v(z,t) = 9\t[V(z)e jm ], (2.17a) 

i{z,t) = mi(z) e iM ], (2.17b) 

where V (z) and 7(z) are phasor quantities, each of which 
may be real or complex. Upon substituting Eqs. (2,17a) 
and (2.17b) into Eqs. (2.14) and (2.16) and utilizing the 


property given by Eq. (1.62) that 3/9/ in the time domain 
becomes equivalent to multiplication by jeo in the phasor 
domain, we obtain the following pair of equations: 


- - = (R' + jwL 1 ) 7(z), (2.18a) 

dz 

= (G' + ja>C')V(z ). (2.18b) 


These are the telegrapher’s equations in phasor form. 


2-4 Wave Propagation on a Transmission 
Line 


The two first-order coupled equations given by 
Eqs. (2.18a) and (2.18b) can be combined to give two 
second-order uncoupled wave equations, one for V (z) 
and another for 7(z). The wave equation for V(z) is 
derived by differentiating both sides of Eq. (2.18a) with 
respect to z, giving 


d 2 V(z) 

dz 2 


= (/?' + joL’) 


dHz) 

dz 


(2.19) 


and upon substituting Eq. (2.18b) into Eq. (2.19) for 
dl(z)/dz, Eq. (2.19) becomes 

d l V( t) _ 

- (R' + jwL‘)(G' + jcoC') Viz ) = 0. (2.20) 

or 


d 2 VU ) •> ~ 

— rf 1 - y 2 Viz) = 0, (2.21) 

dz- 


where 


y = 7(/?' + ja>L')iG' + jwC '). (2.22) 
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In later sections, we will apply boundary conditions at 
the load and at the sending end of the transmission line 
to obtain expressions for the remaining wave amplitudes 
V' 0 + and V 0 ~. In general, each will be a complex quantity 
composed of a magnitude and a phase angle. Thus, 


V 0 + = W 0 + \e J * + , 

V = me»~. 


(2.31a) 

(2.31b) 


Upon substituting these definitions in Eq. (2.26a) and 
replacing y with Eq. (2.24), we can convert back to 
the time domain to obtain an expression for v(z■ t), the 
instantaneous voltage on the line: 

v{z, 0 = me(V(z)e iM ) 

= SRe [(V 0 V + V^e yz ) e Ja, ‘] 

+ \Vo\e i ^e J<0 'e {a+jli)z ] 

= | V^\e~ az cos(<wr — fiz + (f> + ) 

+ | V~\e az cos (cot + pz + <p~). (2.32) 

From our review of traveling waves in Section 1 3, we 
recognize the first term in Eq. (2.32) as a wave traveling 
in the +z-direction (the coefficients of t and z have 
opposite signs) and the second term as a wave traveling 
in the —z-direction (the coefficients of t and z are both 
positive), both propagating with a phase velocity u p given 
by Eq. (1.30): 

“p = A = 7 • (2.33) 

P 

The factor e~ ai accounts for the attenuation of the 
—Z propagating wave, and the e az accounts for the 
attenuation of the — z propagating wave. The presence 
of two waves on the line propagating in opposite 
directions produces a standing wave. To gain a physical 
understanding of what this means, we shall first examine 
the relatively simple but important case of a lossless line 


(» = 0 ) and then extend the results to the more general 
case of lossy transmission lines (a 4- 0). In fact, we shall 
devote the next several sections to the study of lossless 
transmission lines because in practice many lines can be 
designed to exhibit very low-loss characteristics. 

Example 2-1 Air Line 

An air line is a transmission line for which air is the 
dielectric material present between the two conductors, 
which renders G' — 0. In addition, the conductors are 
made of a material with high conductivity so that R' 2 :0. 
For an air line with characteristic impedance of 50 Q 
and phase constant of 20 rad/m at 700 MHz, find the 
inductance per meter and the capacitance per meter of 
the line. 

Solution: The following quantities are given: 

Zo = 50 £2, p = 20 rad/m, 
f = 700 MHz = 7 x 10 8 Hz. 

With R' — G' = 0, Eqs. (2.25b) and (2.29) reduce to 

P = 3m (v 7 ij(vL')ijaiC ')) 

= Tm (jWL'C') = coVL'C ', 



The ratio is given by 


5 =<?c '- 


(i)Zq 

20 

“ In x 7 x 10 8 x 50 
= 9.09 x 10 -11 (F/m) = 90.9 (pF/m). 
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From Zo = -/L'/C ', 

U = z\c' 

= (50) 2 x 90.9 x 10~ 12 
- 2.27 x 10 -7 (H/m) = 227 (nH/m). ■ 


EXERCISE 2.3 Verify thatEq. (2.26a) is indeed a solution 
of the wave equation given by Eq. (2.21). (See ’"') 

EXERCISE 2.4 A two-wire air line has the following line 
parameters: R' = 0.404 (mS2/m), V = 2.0 (/xH/m), 
G = 0, and C' = 5.56 (pF/m). For operation at 
5 kHz, determine (a) the attenuation constant a, (b) the 
phase constant p, (c) the phase velocity « p , and (d) the 
characteristic impedance Zo. (See '") 

Ans. (a) a = 3.37 x 10~ 7 (Np/m), (b) p = 1.05 x 
10" 4 (rad/m), (c) u p = 3.0 x 10 s (m/s), (d) 
Z 0 = (600 - y'2.0) Q = bOO /-o.i9° Q. 


2-5 The Lossless Transmission Line 

According to the preceding section, a transmission 
line is characterized by two fundamental properties, its 
propagation constant)/ and characteristic impedance Z 0 , 
both of which arc specified by the angular frequency a> 
and the line parameters R L', G', and C'. In 
many practical situations, the transmission line can 
be designed to minimize ohmic losses by selecting 
conductors with very high conductivities and dielectric 
materials (separating the conductors) with negligible 
conductivities. As a result, R' and G' assume very small 
values such that R' aiL' and G <«C ojC ' . These 
lossless-line conditions allow us to set R‘ — G' = 0 
in Eq. (2.22), which then gives the result 

Y =a + jp = jcoVUC 7 , (2.34) 


which means that 


a = 0 

(lossless line). 

P =co-jL'C' 

(lossless line). (2.35) 


Application of the lossless-line conditions to Eq. (2.29) 
gives the characteristic impedance as 


[U 


Zo = V c 7 

(lossless line), (2.36) 


which is now a real number. Using the lossless-line 
expression for p given by Eq. (2.35), we obtain the 
following relations for the wavelength A. and the phase 
velocity u p : 




(2.37) 

0 

cojL'C ' 

CO 

Mp= r 

1 

(2.38) 

s/L'C' 


Upon using the relation given by Eq. (2.10), which is 
shared by all TEM transmission lines, Eqs. (2.35) and 
(2.38) may he rewritten as 


P = co^/Jie 

(rad/m), 

(2.39) 

1 

«p = ,— 

(m/s). 

(2.40) 


where /x and e are, respectively, the magnetic permeabil¬ 
ity and electrical permittivity of the insulating material 
separating the conductors. Materials used for this purpose 
are usually characterized by a permeability yt — /Xq, 
where /x o = 4n x 10 _/ H/m is the permeability of free 
space, and the permittivity is usually specified in terms 
of the relative permittivity e T defined as 

e r = e/eo- 


(2.41) 
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where £ () = 8.854 x 10 12 F/m ~ Cl/36 tt) x 10 -9 F/mis 
the permittivity of free space. Hence, Lq. (2.40) becomes 


1 

p V /T)£f£o 



1 _ c 

\/£r i/St 


(2.42) 


where c = 1 / v '/to«o = 3 x 10 s m/s is the velocity of 
light in a vacuum. If the insulating material between the 
conductors is air, then e, = 1 and u p = c. Tn view of 
Eq. (2.41) and the relationship between X and u p given 
by Eq. (2.33), the wavelength is given by 



where Xq = c/f is the wavelength in air corresponding to 
a frequency /. Note that, because both w p and X depend 
on e r , the choice of the type of insulating material used in 
a transmission line is dictated not only by its mechanical 
properties, but by its electrical properties as well. 

When the phase velocity of a medium is independent 
of frequency, the medium is called nondispersive, which 
clearly is the case for a lossless TF,M transmission line. 
This is an important feature for the transmission of digital 
data in the form of pulses. A rectangular pulse or a series 
of pulses is composed of many Fourier components with 
different frequencies. If the phase velocity is the same for 
all frequency components (or at least for the dominant 
ones), the pulse shape will remain the same as the pulse 
travels on the line. In contrast, the shape of a pulse 
propagating in a dispersive medium gets progressively 
distorted, and the pulse length increases (stretches out) 
as a function of distance in the medium, thereby imposing 
a limitation on the maximum data rate (which is related 
to the length of the individual pulses and the spacing 
between adjacent pulses) that can be transmitted through 
the medium without loss of information. 

Table 2-2 provides a list of the expressions for y, Zo, 
and M p for the general case of a lossy line and for several 


types of lossless lines. The expressions for the lossless 
lines are based on the equations for L' and C' given in 
Table 2-1. 


EXERCISE 2.5 For a lossless transmission line, 
X = 20.7 cm at 1 GHz. Find e, of the insulating material. 

Ans. e r = 2.1. (See-) 

EXERCISE 2.6 A lossless transmission line uses a 
dielectric insulating material with e, = 4. If its line 
capacitance is C' = 10 (pF/m), find (a) the phase 
velocity it p , (b) the line inductance L', and (c) the 
characteristic impedance Zy. 

Ans. (a) i/ p = 1.5 x 10 8 (m/s), (b) L' — 4.45 
(c) Z 0 = 667.1 Q. (See *-) 


2-5.1 Voltage Reflection Coefficient 

With y = jfi for the lossless line, the expressions given 
by Eqs. (2.26a) and (2.30) for the total voltage and current 
on the line become 


V(z) = Vfe~ m + Vq e it>z , 

Yi V, 

Zo Zo 


f(z) = 


(2.44al 

(2.44b) 


These expressions contain two unknowns, V' 0 : and 
the voltage amplitudes of the incident and reflected 
waves, respectively. To determine V 0 + and V’j", we need 
to consider the lossless transmission line in the context 
of the complete circuit, including a generator circuit at 
its input terminals and a load at its output terminals, as 
shown in Fig. 2-9. The line, of length /, is terminated 
in an arbitrary load impedance Z\ .For convenience, ill 
reference of the spatial coordinate z is chosen such that1 
z = 0 corresponds to the location of the load. At the 
sending end at z = -I, the line is connected to 
sinusoidal voltage source with phasor V g and an internal | 
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Table 2-2: Characteristic parameters of transmission lines. 



Propagation 

Constant 

Y = a 4- jfi 

Phase 

Velocity 

«p 

Characteristic 

Impedance 

Zo 

General case 

Y — -J(R' + j<oL')(C' + jcoC') 

up = <o/P 

1 (/?' + jtoL’) 

° V (G' + jcoC') 

Lossless 
(R' = G' = 0) 

or = 0, f}= co fFcJc 

Up = c/^/e , 

Zo = -Jl'/C’ 

Lossless coaxial 

a = 0, P = wje~tlc 

up - c/^/F, 

Zo = (60/v'er) ln(i/o) 

Lossless 

two wire 

o' — 0 , P = coJF x jc 

Up = 

z 0 = ( 120/757) 

• ln[(<//2a) + •/ (d/2a) 2 — 1] 




Z 0 — (120/^/ir) InW/a), 
if d » a 

Lossless 

parallel plate 

a = 0, p = ojfel/c 

Up = c/^/e, 

Z 0 = (IZOtt/^/sP) (d/w) 

Notes: (1) /1 = [X o, e = e,-eo, c = X/^/po^O, and VMo/A) — (120jt) Q, where s r is the relative 
permittivity of insulating material. (2) For coaxial line, a and b are radii of inner and outer conductors. 

(3) For two-wire line, a = wire radius and d = separation between wire centers. (4) For parallel-plate 
line, w = width of plate and d = separation between tile plates. 


impedance Z„. At the load, the phasor voltage across it, 
Vl, and the phasor current through it, It, are related by 
the load impedance Zl as follows: 

V L 

Z l = ■ (2.45) 

/l 

The voltage Vl is equal to the total voltage on the line 
V(z) given by Eq. (2.44a). and ft is equal to f(z) given 
by Eq. (2.44b), both evaluated at z — 0: 

V L = V(z=0) = V+ + Vf , (2.46a) 

k = nz=0) = (2.46b) 

*-0 t -0 


Upon using these expressions in Eq. (2.45), we obtain the 
result: 


Zl = 


< ^o + + M 

V v o - v o ) 


Zo- 


Solving for V 0 gives 


^o" = 


/ Zl-Z„ \ 
\ Zl + Z 0 / 


K- 


(2.47) 


(2.48) 


The ratio of the amplitude of the reflected voltage wave 
to the amplitude of the incident voltage wave at the load 
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is known as the voltage reflection coefficient F. From 
Eq. (2.48), this definition gives the result 



and in view of Hq. (2.28), the ratio of the current 
amplitudes is 


lo 

v~ 


17 + ‘ • (2 - 4yb) 

V 0 


We note that F is governed by a single parameter, the 
load impedance Zl, normalized to the characteristic 
impedance of the line, Z 0 . As indicated by Eq. (2.36), 
Zo of a lossless line is a real number. However, Z L is in 
general a complex quantity, as in the case of a series RL 
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circuit, for example, for which Zl = R + jcoL. Hence, 
in general F may be complex also: 



where |T | is the magnitude of T and i % is its phase angle. 
Note that |T| < 1. 

A load is said to he matched to the line if Zl = Zo I 
because then there will be no reflection by the load (F =0 I 

and Vf = 0). On the other hand, when the load is an open 
circuit (Zl = oo), T = 1 and Vf = l/ 0 + , and when it is 
a short circuit (Z L = 0), T = — 1 and V 0 ~ = — V , 0 + . 

Example 2-2 Reflection Coefficient 
of a Series RC Load 

A 100-£2 transmission line is connected to a load 
consisting of a 50-£2 resistor in series with a 10-pF 
capacitor. Find the reflection coefficient at the load for 
a 100-MHz signal. 

Solution: The following quantities are given [Fig. 2-10J: 
«l = 50£2, C l = 10pF= 10-" F, 

Zq = 100 £2, /= 100 MHz = 10 s Hz. 


The load impedance is 

Zl = Rl — j/(oC L 
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From Eq. (2.49a), the voltage reflection coefficient is 
given by 

Z|,/Z„ - 1 
Zl/Zo + 1 
0.5-71.59- 1 
~ 0.5-71.59+ 1 

-0.5-71.59 —\.61e> 12 - 6 ° _ , 19 . 3 » 


1-5-71-59 


2.19 e-J 46 - 7 " 


= —0.76e J 


This result may be converted into a form with positive 
magnitude for V by replacing the minus sign with e ■' l8u °. 
Thus, 

T = 0J6e jm - r e~ jm ° = 0.76e~ J(lO ' r = 0.76 /-^° . 


|T| = 0.76, 9, = -60.7°. 


Example 2-3 |T| for Purely Reactive Load 

Show that |r| = 1 for a purely reactive load. 

Solution: The load impedance of a purely reactive load 
is given by 

Zl = jX\.- 

From Eq. (2.49a), the reflection coefficient is 

r _ 2 l - Z 0 
Zl + Zo 
_ 7*1. ~ Zn 
7 -Xl + Zo 


-( Zp-jXQ 
(Z 0 + jX L ) 


= -e-* e , 


'Zl + ^ 


where 9 = tan 1 X^/Zq. Hence 

|r| = | - e~ j20 \ = l(e- j20 )(e- J20 )*]'' 2 = 1. 


EXERCISE 2.7 A 50-S2 lossless transmission line is 
terminated in a load impedance Zl = (30 — 7200) £2 . 
Calculate the voltage reflection coefficient at the load. 

Ans. T = 0.93(See m ) 

EXERCISE 2.8 A 150-fi lossless line is terminated in 
a capacitor whose impedance is Zl = —730 £2. 
Calculate F. 

Ans. r - 1 /- 1 57.4‘ . (See*) 


2-5.2 Standing Waves 

Using the relation = rV H + in Eqs. (2.44a) and (2.44b) 
gives the expressions 

V (z) = v 0 + (fi~ m + re m ), (2.51 a) 

i/+ 

Hz) = -2- (e~ jgz - (2.5 lb) 

Zo 

which now contain only one, yet to be determined, 
unknown, 7 0 + . Before wc proceed toward that goal, 
however, let us examine the physical meaning repre¬ 
sented by these expressions. We begin by deriving an 
expression for |V(z)|, the magnitude of V(z). Upon 
using Eq. (2.50) in (2.51a) and applying the relation 
|V(z)| = [V(z) VHz)\ u2 . where V*(z) is the complex 
conjugate of V (z), we have 

|V(z)l = {[V 0 + (e-^* + |r|^^)] 

■[(V 0 + )*(e^ + \r\e-*e-» z j]\' /z 

= |v 0 + |[i + |r| 2 

+ |r|(eW*-«t) ^_ e -j(20Z+0 r))J 1/, “ 

= |V 0 + | [1 + |r| 2 + 2|r|cos(2/9z + A-)] 1 ' 2 (2.52) 


where we have used the identity 


+ e JX — 2 cos a: 


(2.53) 
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IV(z)l 




Figure 2-11: Standing-wave pattern for (a) | V(z)| and 
(b) I/O I for a lossless transmission line of characteristic 
impedance Zo = 50 SI, terminated in a load with a 
reflection coefficient r = 0.3<P 30 ”. The magnitude of 
the incident wave | V'J 1 ' | = 1 V. The standing wave ratio 
is 5 = IPImax/I^Imm = 1 -3/0.7 = 1.86. 


for any real quantity x. By applying the same steps to 
Eq. (2.51 b), a similar expression can be derived for |/(z) |, 
the magnitude of the current l{z). 

The variations of | V (z) | and | / (z) | as a function of z, 
the position on the line relative to the load at z = 0, 
are illustrated in Fig. 2-11 for a line with |V 0 + | — 1 V, 
|r| = 0.3, 0, = 30°, and Z 0 = 50 £2. The sinusoidal 
pattern is called a standing wave , and it is caused by 
the interference of the two waves. The maximum value 
of the stunding-wave pattern of |V(z)| corresponds 


to the position on the line at which the incident and 
reflected waves arc in phase \2fiz + 6 r — -2nn 
F-q. (2.52)1 and therefore add constructively to give a 
value equal to (1 + |r|)|V’ 0 + | = 1.3 V. The minimum 
value of | Viz)! corresponds to destructive interference, 
which occurs when the incident and reflected waves are 
in phase opposition (2fiz. + 0, = -{In + l)rr). In 
this case, |V(z)| = (1 - |r|)|V 0 + | = 0.7 V. Whereas 
the repetition period is k for the incident and reflected 
waves individually, the repetition period of the standing- 
wave pattern is 1/2. The slandiug-wave pattern describes 
the spatial variation of the magnitude of V(z) as a 
function of z. If one were to observe the variations of 
the instantaneous voltage as a function of time at any 
location z, corresponding to one of the maxima in the 
standing-wave pattern, for example, that variation would 
be as cos cot and would have an amplitude equal to 1.3 V 
[i.e., v{t) would oscillate between -1.3 V and +1.3 V]. 
Similarly, the time oscillation of v(z, t) at any location r 
will have an amplitude equal to | V (z) | at that z. 

Close inspection of the voltage and current 
standing-wave patterns shown in Fig. 2-11 reveals 
that the two patterns are in phase opposition (when one 
is at a maximum, the other is at a minimum, and vice 
versa). This is a consequence of the fact that the second 
term in Eq. (2.51a) is preceded by a plus sign, whereas 
the second term in Eq. (2.5 lb) is preceded by a negative 
sign. 

The standing-wave patterns shown in Fig. 2-11 are for 
a typical situation with T = 0.3 e' 30 °. The peak-to-pcak 
variation of the pattern depends on |F|, which can vary 
between 0 and 1. For the special case of a matched line 
with Zl = Zo, we have |F| = 0 and |V(z)| = V 0 + | 
for all values of z, as shown in Fig. 212(a). With no 
reflected wave present, there will be no interference and 
no standing waves. The other end of the |T| scale, at 
|r| — 1 , corresponds to when the load is a short circuit 
(r = - I) or an open circuit (T — 1). The standing-wave 
patterns for these two cases are shown in Figs. 2-12(b) 






s 
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and (c), both of which have maxima equal to 21VJ 1- 1 and 
minima equal to zero, but the two patterns are shifted in z. 
relative to each other by a distance of A./4. 

Now let us examine the maximum and minimum 
values of the voltage magnitude. From Eq. (2.52), | V'(z) | 
is a maximum when the argument of the cosine function is 
equal to zero or multiples of 27r. Noting that the location 
on the line always corresponds to negative values of z 


(since the load is at z — 0), if we denote I mm = —z. as 
the distance from the load at which |T(z)| is a maximum, 
then 

\V(z)\ = |V| max = |V 0 + |[1 + |r|], (2.54) 

and this occurs when 


2pz + 0 r = — 2/i/ max +0, - -Inn. (2.55) 

with n = 0 or a positive integer. Solving Eq. (2.55) for 
/max, we have 


0 r -F Init 

0 r Ji nk 


Z — 1 max — ~ n 

2 P 

~4^ + Y ’ 


1 n = 1,2 ,... 

o 

V 

4h 


[ n = 0 , 1 , 2 ,... 

ifd r > 0 . 

(2.56) 


where we have used the relation (i = 2n/k. The 
phase angle of the voltage reflection coefficient, 0 r , 
is bounded between —tt and rt radians. If 9, > 0, 
the first voltage maximum occurs at / raax = d, X/4rr, 
corresponding to n = 0, but if 9 r < 0, the first physically 
meaningful maximum occurs at i max = (0 r \/4Tt) + a/ 2, 
corresponding to n = I. Negative values of ( max 
correspond to locations “beyond” the load at the end 
of the line and therefore have no physical significance. 
As was mentioned earlier, the locations on the line 
corresponding to voltage maxima also correspond to 
current minima, and vice versa. 

Similarly, the minimum values of \V{z)\ occur at 
distances / m j n — — z corresponding to when the argument 
of thecosine function in Eq. (2.52) is equal to —(2 n+ 1 )n, 
which gives the result 

IVImin = IVo+iri - |T|], 

when (0 r - 2 pi min ) = -(2 n + \)n, (2.57) 

with -Tt < 0 r < n. The first minimum corresponds to 
n = 0. The spacing between a maximum Z mas and the 
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adjacent minimum / min is a/4. Hence, the first minimum 
occurs at 



The ratio of I to | V | min is called the voltage 
standing-wave ratio S, which from Eqs. (2.54) and (2.57) 


is given by 


IVImax = I + in 

I V I min 1 — |T| 


(dimensionless). (2.59) 


This quantity, which often is referred to by its acronym, 
VSWR, or the shorter acronym SWR, provides a measure 
of the mismatch between the load and the transmission 
line; for a matched load with r = 0, we get 5=1, and 
fora line with | T| = 1, S = oo. 



REVIEW QUESTIONS 

02.5 The attenuation constant a represents ohmic 
losses. In view of the model given in Fig. 2-6(c), what 
should R' and G‘ be in order to have no losses? Verify 
your expectation through the expression for a given by 
Eq. (2.25a). 

Q2.6 How is the wavelength A. of the wave traveling 
on the transmission line related to the free-space 
wavelength Xo? 

Q2.7 When is a load matched to the line? Why is it 
important? 

02.8 What is a standing-wave pattern? Why is its 
period A./2 and not A.? 

Q2.9 What is the separation between the location of a 
voltage maximum and the adjacent current maximum on 
the line? 


Example 2-4 Standing-wave Ratio 

A 50-Ci transmission line is terminated in a load 
with Z[_ = (100 + y50) £2. Find the voltage reflection 
coefficient and the voltage standing-wave ratio (SWR). 

Solution: From Eq. (2.49a), r is given by 

r _ Z L -Z„ _ (100 + y 50) - 50 _ 50 + y'50 
Z L + Z 0 ” (100 + y 50) + 50 _ 150 + /50 ' 

Converting the numerator and denominator to polar form 
and then simplifying yields 


10.7e jiS ° 

158.1e7'8 4° 


= 0A5e JZ66 °. 


Using the definition lor 5 given by Eq. (2.59), we have 


1 + in _ 1 + 0.45 
1 - in ~ 1 -0.45 


= 2 . 6 . ■ 


Example 2-5 Measuring Z L 

A slotted-line probe is an instrument used to measure 
the unknown impedance of a load, Zl. A coaxial slotted 
line contains a narrow longitudinal slit in the outer 
conductor. A small probe inserted in the slit can be used 
to sample the magnitude of the electric field and, hence, 
the magnitude | V | of the voltage on the line (Fig. 2-13). 
By moving the probe along the length of the slotted 



Figure 2-13: Slotted coaxial line (Example 2-5). 
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line, it is possible to measure |Pi ma x and |V| m in and 
the distances from the load at which they occur. Use 
of Eq. (2.59) then provides the voltage standing-wave 
ratio S. Measurements with a 50-12 slotted line connected 
to an unknown load impedance determined that S = 3. 
The distance between successive voltage minima was 
found to be 30 cm, and the first voltage minimum was 
located at 12 cm from the load. Determine the load 
impedance Z l- 

Solution: The following quantities are given: 

Zq = 50 S2, S = 3, l m j n = 12 cm. 

Since the distance between successive voltage minima is 
equal to A/2, 


I = 2x0.3 = 0.6 m. 


and 

„ In In 1 07 T , ,, , 

? -T = oT6 = — (rad ' m) - 

From Eq. (2.59), solving for |F| in terms of 5 gives 


n 


5-1 3-1 

5+1 _ 3+1 


Next, we use the condition given by Eq. (2.57) for the 
location of a voltage minimum to find 9,: 


6. - 2,3/mir, = -nr, for n — 0 (first minimum), 


which gives 
d T = 2Pl m \n ~~ n 

= 2 x x 0.12 - :r = -0.2 n (rad) = -36°. 
Hence, 

T = \r\ei 6 ' = 0.5e _j36 ° = 0.405 - y'0.294. 


Solving Eq. (2.49a) for Zl, we have 


Zl = 


-7 r i+r i 

_0 Lr^rJ 


= 50 


1 + 0.405 - y'0.294" 
1 -0.405 + y'0.294 


= (85-y'67)J2. ■ 


EXERCISE 2.9 If T = 0.5 /-w and A = 24 cm, find the 
locations of the voltage maximum and minimum nearest 
to the load. 

Ans. / max = 10 cm, Z m j n = 4 cm. (See ,>N ) 

EXERCISE 2.10 A 140-H2 lossless line is terminated in a 
load impedance Zl = (280 + y’182) 12. If A = 72 cm, 
find (a) the reflection coefficient T, (b) the voltage 
standing-wave ratio S , (c) the locations of voltage 
maxima, and (d) the locations of voltage minima. 

Ans. (a) T = 0.57(221, (b) S = 3.0, (c) l max = 2.9 cm+ 

nX/2, (d) / min - 20.9 cm+nA/2, where n = 0. 1.2. 

(See «>) 


2-6 Input Impedance of the Lossless Line 


The standing-wave patterns indicate that for a mis¬ 
matched line the voltage and current magnitudes are os¬ 
cillatory with position on the line and in phase opposition 
with each other. Hence, the voltage to current ratio, called 
the input impedance Z- w , must vary with position also. 
Using Eqs. (2.5 la) and (2.51b), Z\ a is given by 


Zi„(z) = 


V(z) 

Hz) 


v^le~ JP: + rV^i z 

- fV«-] 0 


= z 0 


1 + rV 2 * 


( 12 ). 


1 - rV 2 ^ 


( 2 . 60 ) 
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Note that Z m (z) is the ratio of the total voltage 
(incident- and rejiected-wave voltages) to the total 
current at any point z on the line, in contrast With 
the characteristic impedance of the line Zq, which 
relates the voltage and current of each of the two waves 
individually (Zq = V+//+ = - V~/I~). 

Of particular interest in many transmission-line 
problems is the input impedance at the input of the line 
at z = —l, which is given by 


Zi„(—/) — Zq 


e W - re~W 


= z 0 


1 +r e~W 
1 _ re-iW 


(2.61) 


By replacing T with Eq. (2.49a) and using the relations 


e ifil — cos fl + j sin pi, (2.62a) 

e~^ 1 = cos pi — j sin pi, (2.62b) 

Eq. (2.61) can be rewritten in terms of Z L as 


Z in (-/) = Z 0 


= Zo 


/ Zl cos pi 4- /Zq sin pi \ 

VZ 0 cos^/ 4- j Zl sin pi J 
( Z L + y'Z 0 tan^/ \ 

V Z 0 + j Zl tan pi J ' 


(2.63) 


From the standpoint of the generator circuit, the 
transmission line can be replaced with an impedance Z m , 
as shown in Fig. 2-14. The phasor voltage across Z ln is 
given by 


Vi = /iZ in = Y’” , (2.64) 

but from the standpoint of the transmission line, the 
voltage across it at the input of the line is given by 
Eq. (2.51a) withz = -/: 

Vi = V(-0 = V+[e^‘ + T e~» l l (2.65) 



Equating Eq. (2.64) to Eq. (2.65) and then solving for V 0 
leads to the result 



This completes the solution of the transmission-line 
wave equations, given by Eqs. (2.21) and (2.23), 
for the special case of a lossless transmission line. 
We started out with the general solutions given by 
Eqs. (2.26a) and (2.26b), which included four unknown 
amplitudes, V 0 + , V(f, / 0 + , and If. We then found oul 
that Zo = V 0 '//+ — — Vf/lf, thereby reducing the 
unknowns to the two voltage amplitudes only. Upon 
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applying the boundary condition at the load, we were able 
to relate V 0 ~ to V 0 + through T, and, finally, by applying 
the boundary condition at the sending end of the line, we 
obtained an expression for F 0 + . 


M2.2-2.3 


Example 2-6 Complete Solution for v(z, r) 
and i(z,t) 

A 1.05-GHz generator circuit with series impedance 
Z g — 10 £2 and voltage source given by 


v e (t) = 10 sin (rat + 30°) (V) 


With reference to Fig. 2-14, the input impedance of the 
line, given by Eq. (2.63), is 


7 — 7 c 

'Z L + y'Zotan/l/' 


^in — 

_Zy + j Zl tan pi 
Z 1 ./Z 0 + j tan/ 

» 1 

— ^0 

— 50 

L1 + J (Zl/Zq) tan pi J 
' (2 + 71 ) + 7 tan 126° 

1 + j(2 + yl) tan 126 


= (21.9 + y17.4) Q. 


Rewriting the expression for the generator voltage with 
the cosine reference, we have 


is connected to a load Zl = (100 + y50) £2 through a 
50-£2, 67-cmTong lossless transmission line. The phase 
velocity of the line is 0.7c, where c is the velocity of light 
in a vacuum. Find v(z, t) and i(z- 1 ) on the line. 

Solution: From the relationship u p = Xf, we find the 
wavelength: 


v s (t) = 10 sin(atf + 30°) 

= 10cos(jr/2 - evt — 30°) 

— 10cos(co? - 60°) 

= 93c[10e- j6O V <u '] = 93c[Vg e jM ‘] (V) 
Hence, the phasor voltage V„ is given by 


k = 


f 


0.7 x 3 x 10 8 
"1.05 x 10 9 


= 0.2 m, 


V g = 10 e~ J6(r (V) = 10(V). 
Application of Eq. (2.66) gives 


and 


tan(/3/) = tan 



= tan 6.1tc = tan0.7.T = tan 126°, 


K 




_%Zu L _\ ( 1 \ 

Zg + Z m ) \eJf» + re-w) 

10c--' 60O (21.9 + j 17.4) ‘ 

10 + 21.9 + yl7.4 


- [e' 126 ° + 0.45e j26,6 °c _ -' 126 °] ’ 


= I0.2e j ' 59 ° (V) = 10.2 Aw (V). 


where we have subtracted multiples of 2rr. The voltage . .. „ 

f 6 The phasor voltage on the line is then 

reflection coefficient at the load is 


r = Z L - Zq = (100+ 750)-50 = () 45e j26.6° 
Z L + Z 0 (100+ 750)+50 


V{z) = V 0 + («"'* + rc^ ; ) 

= 10.2 + 0.45e' 26 - 6 V^), 
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and the instantaneous voltage i'(z, t) is 
v(z,t) = 9\e[V(z)e j0) ') 

— I0.2cos(mf — pz 4- 159°) 

4- 4.55 cos (cot + f)z + 185.6°) (V). 

Similarly, use of V () + in Eq. (2.51b) leads to 
I(,z)=0.20e il59 \e~ Jfiz - 0.45c-' 26<i V* u ), 


i(z, t) — 0.20cos(a)f - Pz + 159°) 


+ 0.091 cos (cot + fiz + 5.6°) (A). 


2-7 Special Cases of the Lossless Line 


We often encounter situations involving lossless trans¬ 
mission lines with particular terminations or lines whose 
lengths exhibit particularly useful properties. We shall 
now consider some of these special cases. 


2-7.1 


Short-Circuited Line 



M2. ID 


The transmission line shown in Fig. 2-15(a) is 
terminated in a short circuit, Zl = 0. Consequently, the 
voltage reflection coefficient defined by Eq. (2.49a) is 
F — —1, and the voltage standing-wave ratio given by 
Eq. (2.59) is 5 = oc. From Eqs. (2.51a) and (2.51b), 
the voltage and current on a short-circuited lossless 
transmission line arc given by 

V x (z) = Vj[e- JBz - e ,pz \ = -2j V+ sin (2.67a) 
y+ 2V + 

L(z) = + e® 1 ] = — 2- cos ffz. (2.67b) 

■cn Zo 

The voltage F sc (z) is zero at the load (z = 0), as it should 
be for a short circuit, and its amplitude varies as sin fiz, 
whereas the current l SL (z) is a maximum at the load and it 
varies as cos fiz. Both quantities are displayed in Fig. 2-15 
as a function of negative z. 



Figure 2-15: Transmission line terminated in a short 
circuit: (a) schematic representation, (b) normalized 
voltage on the line, (c) normalized current, and 
(d) normalized input impedance. 


short 

circuit 


Fsc(z) 


1 2jV 0 + 

- 1 


Voltage 
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The input impedance of the line at z = — l is given by 
Iheratio of V sc (—/) to l x (—/). Denoting Z{£ as the input 
impedance for a short-circuited line, we have 

z - = yr7? = /Zl,tan pl - (268) 


A plot of ZfJjZ, versus negative z is shown in 
Fig. 2-15(d). 

In general, the input impedance Z m may consist of a 
real part, or input resistance R\ n , and an imaginary part, 
or input reactance Xj„: 

Zin = Rin + jx in. (2.69) 


In the case of the short-circuited lossless line, the input 
impedance is purely reactive (R ln = 0). If tan pi > 0, the 
line appears inductive, acting like an equivalent inductor 
L cq whose impedance is equal to Z{£. Thus, 

jcoL eq — j Zo tan 01, ifian/l/>0, (2.70a) 


or 


I -eq — 


Zo tan pi 
co 


(H). 


(2.70b) 


The minimum line length / that would result in an 
input impedance ZjjJ equivalent to that of an inductor 
of inductance L cq is 


1 = ^ l3n 1 (m) ' ( 2 -70c) 


Similarly, if tan /?/ < 0, the input impedance is 
capacitive, in which case the line acts like an equivalent 
capacitor C eq such that 


jo>Ccq 


= jZotaaftt, if tan/3/ < 0, (2.71a) 


or 


Ceq = - 


I 


Zqm tan fil 


(F). (2.71b) 


Since / is a positive number, the shortest length/ for w hich 
tan pi < 0 corresponds to the range 7r/2 < pi < tc. 
Hence, the minimum line length / that would result in an 
input impedance Z? n c equivalent to that of a capacitor of 
capacitance C cq is 




7T — tan 


i 


1 


CoCcqZg 


(m). (2.71c) 


These results mean that, through proper choice of the 
length of a short-circuited line, we can make substitutes 
for capacitors and inductors with any desired reactance. 
Such a practice is indeed common in the design of 
microwave circuits and high-speed integrated circuits, 
because making an actual capacitor or inductor is often 
more difficult than making a shorted transmission line. 


Example 2-7 Equivalent Reactive Elements 

Choose the length of a shorted 50- Q lossless 
transmission line (Fig. 2-16) such that its input 
impedance at 2.25 GHz is equivalent to the reactance 
of a capacitor with capacitance C eq = 4 pF. The wave 
velocity on the line is 0.75c.' 


-►I 


Zn 


short 

circuit 


Zf„ c 





Figure 2-16: Shorted line as equivalent capacitor 
(Example 2-7). 












Solution: We are given 


u p = 0.75c = 0.75 x 3 x 10 8 = 2.25 x 10 s m/s, 
Z{) — 50 £2, 

/ = 2.25 GHz = 2.25 x 10 9 Hz, 
c eq = 4pF = 4 x nr 12 F. 


The phase constant is 


. _ 2 it _ 2 m f 2it x 2.25 x 10 y 

P ~ A Up ~ 2.25 x 10 s ' 


(rad/m) 


From Eq. (2.71a), 



The tangent function is negative when its argument is 
in the second or fourth quadrants. The solution for the 
second quadrant is 


fill — 2.8 rad or /, = ~ = = 4.46 cm, 

p 62.8 

and the solution for the fourth quadrant is 

5.94 

— 5.94 rad or h = - 9.46 cm. 

62.8 

We also could have obtained the value of/, by applying 
Eq. (2.71c). The length is greater than l] by exactly 
A/2. In fact, any length 1 — 4.46 cm + nX/2, where n is 
a positive integer, is also a solution. ■ 
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Open-Circuited Line 


With Zl = co, as illustrated in Fig. 2-17(a), we have 
T = 1, S = oo, and the voltage, current, and input 
impedance arc given by 

Voc(s) = V+[e~ JPl + e**] = 2V+cos f)z, (2.72a) 
Liz) = ^- «"*] = ^iL sin p Zt ( 2.72b) 


,oc Voc(-D 


z in = fr-r- = -JZ o cot fil. (2.73) 


Plots of these quantities are displayed in Fig. 2-17 as a 
function of negative z. 

2-7.3 Application of Short-Circuit and 
Open-Circuit Measurements 

A network analyzer is a radio-frequency (RF) instrument 
capable of measuring the impedance of any load 
connected to its input terminal. When used to measure 
Z,“, the input impedance of a lossless line terminated in 
a short circuit, and again Z“. the input impedance of the 
line when terminated in an open circuit, the combination 
of the two measurements can be used to determine the 
characteristic impedance of the line Z 0 and its phase 
constant f). The product of Eqs. (2.68) and (2.73) gives 
the result 


Zo = - < 2 - 74 ) 


and the ratio of the same equations leads to 
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0 - . o 

(a) Zj° C -► A) 

o o 

V 0 c(z) 



Figure 2-17: Transmission line terminated in an open 
circuit: (a) schematic representation, (b) normalized 
voltage on the line, (c) normalized current, and 
(d) normalized input impedance. 


Because of the n phase ambiguity associated with the 
tangent function, the length l should be less than or equal 
to A/2 to provide an unambiguous result. 


Example 2-8 Measuring Zo and p 

Find Zo and P of a 57-cm-long lossless transmis¬ 
sion line whose input impedance was measured as 
Z- — /40.42 £2 when terminated in a short circuit and 
as Z° c = — 7 121.24 £2 when terminated in an open 
circuit. From other measurements, we know that the line 
is between 3 and 3.25 wavelengths long. 

Solution: From F.qs. (2.74) and (2.75), 

2o = ^ = V O40.42)(—j 121.24) = 70 £2. 



Since l is between 3A and 3.25A, pi = ( 2nl/\) is 
between 6 jt radians and (13/r/2) radians. This places 
pi in the first quadrant (0 to ji/2) in a polar coordinate 
system. Hence, the only acceptable solution for the above 
equation is pi = tt/6 radians. This value, however, does 
not include the 2k multiples associated with the integer 
A multiples of l. Hence, the true value of pi is 

pi = 6k + = 19.4 (rad), 

6 

in which case 

19.4 

/l = — = 34 (rad/m). ■ 
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2-7.4 Lines of Length / - nx /2 

If / = «A/2, where n is an integer, 

tan pi = tan [(2 n/k) (nA/2)] = tan nz = 0. 
Consequently, Eq. (2.63) reduces to 


Zin = Zl, for / = nA/2, (2.76) 


which means that a half-wavelength line (or any integer 
multiple of A/2) does not modify the load impedance. 
Thus, a generator connected to a load through a 
half-wavelength lossless line would induce the same 
voltage across the load and current through it as when 
the line is not there. 

2-7.5 Quarter-Wave Transformer 

Another case of interest is when the length of the line is 
a quarter-wavelength (or A/4 + n A/2, where n — 0 or a 
positive integer), corresponding to pi — (27r/A)(A/4) = 
7r/2. From Eq. (2.63), the input impedance becomes 


Z 2 

Zj n = —, for / = A/4 + nk/2. (2.77) 

Zl 


The utility of such a quarter-wave transformer is 
illustrated by the problem in Example 2-9. 

Example 2-9 Quarter-Wave Transformer 

A 50-12 lossless transmission line is to be matched 
to a resistive load impedance with Z L = 100 Q 
via a quarter-wave section as shown in Fig. 2-18, 
thereby eliminating reflections along the feedline. 
Find the characteristic impedance of the quarter-wave 
transformer. 

Solution: To eliminate reflections at terminal AA'. the 
input impedance Z in looking into the quarter-wave line 
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Fecdlinc 

0 A 



A/4 transformer 


Zo, = 50Q 

Zin —► Zq2 

.1 

»z,,= ioon 


_1 <1 > 


yj / i 

h-A/4-H 

Figure 2-18: Configuration for Example 2-9. 


should be equal to Z w , the characteristic impedance of 
the feedline. Thus, Z- m = 50 Q. From Eq. (2.77), 


Z in = 


"02 

Z L 


or 


Z 02 = yZi,, Z L = V50 x 100 = 70.7 Si. 


Whereas this eliminates reflections on the feedline, it 
does not eliminate them on the A/4 line. However, since 
the lines are lossless, all the incident power will end up 
getting transferred into the load Zl- ■ 

2-7.6 Matched Transmission Line: z L = z 0 

For a matched lossless transmission line with Zl — Zo, 
(1) the input impedance Z, n = Z 0 for all locations z on the 
line, (2) T = 0. and (3) all the incident power is delivered 
to the load, regardless of the line length /. A summary of 
the properties of standing waves is given in Table 2-3. 


REVIEW QUESTIONS 

Q2.10 What is the difference between the characteristic 
impedance Z 0 and the input impedance Zj„? When are 
they the same? 
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Table 2-3: Properties of standing waves on a lossless transmission line. 


Voltage maximum 

Voltage minimum 

I^lmax = IVj+ILl -F ITU 

l' 7 lmin = |V 0 f |ll -il’IJ 

Positions of voltage maxima (also 
positions of current minima) 

Position of first maximum (also 
position of first current minimum) 

9,X nX „ 

/max — ~-h —, >1 — 0, 1, 2, ... 

4rr 2 

—. if 0 < 9 r < it 

/max = 47T 

9,X X „ 

_ + _, tf-*<0 r <O 

Positions of voltage minima (also 
positions of first current maxima) 

Position of first minimum (also 
position of first current maximum) 


Input impedance 

^ fZ L +jZ 0 tmfil\ 

°\Zo + jZ^tmfil) 

Positions at which Z\ a is real 

at voltage maxima and minima 

Zj n at voltage maxima 

Ifei 

Zj„ at voltage minima 

mm 

Zj„ of short-circuited line 

Z;“ = jZ ( tan fil 

Z in of open-circuited line 

z,°„ r = —y Zo cot pi 

Z j„ of line of length / = nX/2 

Zj n = Zl, n = 0, 1, 2, ,.. 

Z| n of line of length / = X/4 + nX/2 

Z, n of matched line 

Zi„ = Z^/Z L , n =0,1,2,... 

Zin = Zp 

|V' 0 | = amplitude of incident wave, f = |r|e-' @r with — 7t < 6 r < n: 0 T in radians. 
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Q2.11 What is a quarter-wave transformer? How is it 
used? 

Q2.12 A lossless transmission line of length l is 
terminated in a short circuit. If / < A/4, is the input 
impedance inductive or capacitive? 

Q2.13 Whatis the input impedance of an infinitely long 
line? 

Q2.14 If the input impedance of a lossless line is 
inductive when terminated in a short circuit, will it be 
inductive or capacitive when the line is terminated in an 
open circuit? 


EXERCISE 2.11 A 50-£2 lossless transmission line uses 
an insulating material with e r = 2.25. When terminated 
in an open circuit, how long should the line be for its 
input impedance to be equivalent to a 10-pF capacitor at 
50 MHz? 

Ans. / — 5.68 cm. (See 5f) 

EXERCISE 2.12 A 300 -Q feedline is to be connected to a 
3-m long, 150-S2 line terminated in a 150-Q resistor. Both 
lines are lossless and use air as the insulating material, 
and the operating frequency is 50 MHz. Determine 
(a) the input impedance of the 3-m long line, (b) the 
voltage standing-wave ratio on the feedline, and (c) the 
characteristic impedance of a quarter-wave transformer 
were it to be used between the two lines in order to achieve 
S = 1 on the feedline. (See ") 

Ans. (a) Z in = 150 J2, (b) 5 = 2. (c) Z 0 =212.1 £2. 


2-8 Power Flow on a Lossless 
Transmission Line 

Our discussion thus far has focused on the voltage and 
current aspects of wave propagation on a transmission 
line. Now we shall examine the flow of power carried 


by the incident and reflected waves. We begin by 
reintroducing Eqs. (2.51a) and (2.51b), the general 
expressions for the voltage and current phasors on a 
lossless transmission line: 


V (z) = V ++ fV*), (2.78a) 

Hz) = (e~ m - IV*). (2.78b) 

Zo 

In these expressions, the first terms represent the 
incident-wave voltage and current, and the terms 
involving T represent the reflected wave voltage and 
current. At the load (z = 0), the incident and reflected 
voltages and currents are 


V* = 

v r = rv+, 


p = 

Zo 

/' = -r£. 

Zo 


(atz = 0), (2.79) 
(at z = 0). (2.8 


2-8.1 Instantaneous Power 


The instantaneous power carried by the incident wave, 
as it arrives at the load, is equal to the product of the 
instantaneous voltage u 1 (?) and the instantaneous current 

m, 

p '(f) = v'(t) ■ i'(t) 

= 9te[vV*"] • IRe [/V 0 "] 


= mel|K+|e'>V <u '] IRc 
= |K + |cos(mr + 0 + ) 


V f 




I V + 

— I I/+I ivwtml -L . 1 0 1 i J.+ 


Zo 

cos (cot + rp + ) 


Wo + \ 2 

Zo 


cos 2 (wf + <f> + ) (W), 


(2.81) 


where use was made of Eq. (2.31 a) to express V 0 + in terms: 
of its magnitude | V' 0 + | and phase angle q> + . 

Similarly, upon replacing T in Eq. (2.80) with 
\r\e je ' and then following the same steps, we obtain 
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the following expression for the instantaneous power 
refected by the load: 

— — |r| 2 ^-L cos 2 (rwf + + 0,) (W). (2.82) 

Zo 

The negative sign in Eq. (2.82) signifies the fact that the 
reflected power flows in the —z-direction. 


2-8.2 Time-Average Power 

From a practical standpoint, we usually are more 
interested in the time-average power flow along the 
transmission line. P m , than in the instantaneous power 
P{t). To compute P av , we can use a time-domain 
approach or a computationally simpler phasor-domain 
approach. For completeness, we will consider both. 


Time-Domain Approach 


The time-average power flow is equal to the instantaneous 
power averaged over one time period T = 1 // = 

For the incident wave, the time-average power is 




P'(t)dt. (2.83) 


Upon inserting Eq. (2.81) for the incident power P (t) 
into Eq. (2.83) and performing Ihe integration, we oblain 
the result 



The factor of 1/2 is a consequence of the integration of 
cos 2 (<r>/ + (p + ) over one period. A similar treatment for 
the reflected wave gives 




Thus, the magnitude of the average reflected power 
is equal to the average incident power, reduced by a 
multiplicative factor of |T| 2 . 

The net average power delivered to the load shown in 
Fig. 2-19 is 



Phasor-Domain Approach 

For any propagating wave with voltage and current 
phasors V and I, a useful formula for computing the 
time-average power is 



where 7* is the complex conjugate of 7. Application of 
this formula to Eqs. (2.79) and (2.80) gives 

V + *’l | v + \- 

Pj, v = ifRe V+ • = (2-88) 

A) 
















72 


CHAPTER 2 TRANSMISSION LINES 



(2.89) 


which are, respectively, identical to the expressions given 
by Eqs. (2.84) and (2.85). 


EXERCISE 2.13 For a 50-£2 lossless transmission line 
terminated in a load impedance Z\_ — (100 + j 50) £2. 
determine the fraction of the average incident power 
reflected by the load. 

Ans. 20%. (See 

EXERCISE 2.14 For the line of Exercise 2.13, what is the 
magnitude of the average reflected power if | V n + 1 — 1 V? 

Ans. P r av = 2(mW). (See ®) 


REVIEW QUESTIONS 

Q2.15 According to Eq. (2.82), the instantaneous value 
of the reflected power depends on the phase of the 
reflection coefficient (9 r , hut the average reflected power 
given by Eq. (2.85) does not. Explain. 

Q2.16 What is the average power delivered by a 
lossless transmission line to a reactive load? 

Q2.17 What fraction of the incident power is delivered 
to a matched load? 

Q2.18 Verify that 



regardless of the value of <p. 


2-9 The Smith Chart 

Prior to the age of computers and programmable 
calculators, several types of charts were developed to 
assist in the solution of transmission-line problems. The 
Smith chart , which was developed by P. H. Smith in 
1939, has been and continues to be the most widely 
used graphical technique for analyzing and designing 
transmission-line circuits. Even though the original intent 
of its inventor was to provide a useful graphical tool for 
performing calculations involving complex impedances, 
the Smith chart has become a principal presentation 
medium in computer-aided design (CAD) software for 
displaying the performance of microwave circuits. As the 
material in this and the next section will demonstrate, use 
of the Smith chart not only avoids tedious manipulations 
of complex numbers, but it also allows an engineer to 
design impedance-matching circuits with relative case, 
The Smith chart can he used for both lossy and lossless 
transmission lines. In the present treatment, however, we 
will confine our discussion to the lossless case. 

2-9.1 Parametric Equations 

The reflection coefficient T is, in general, a complex 
quantity composed of a magnitude |T| and a phase 
angle 8 r or, equivalently, a real part T, and an imaginary 
part Tj, 

r = \r\e J ”' = r r + ./Ti, (2.90) 

where 

T r = |r|cosC r , (2.9 la) 

n = in sin Or. (2.91b) 

The Smith chart lies in the complex plane of F. It 
Fig. 2-20, point A represents a reflection coefficient 
F,, — 0.3 + j'0.4 or, equivalently, 

|r„| = [(0.3) 2 + (0.4) 2 l 1/2 = 0.5 
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r i 



Figure 2-20: The complex V plane. Point A is at T/i = 0.3 + j0.4 = 0.5e'^, and point B is at Tg = —0.5 — y'0.2 = 
|0.54|e- l2O? - .The unit circle corresponds to |T | = 1 . At point C. F = 1, corresponding to an open-circuit load, and at point D, 
F = -1, corresponding to a short circuit. 


and 

(9 r = tan -1 (0.4/0.3) = 53°. 

Similarly, point B represents P# = —0.5 — j0.2, 
or |r B | = 0.54 and 9, = 202° [or, equivalently, 
9 r = (360° - 202°) = -158"]. Note that when both P r 
and I’; are negative numbers 9, is in the third quadrant in 
the r r — Fi plane. Thus, when using 9 = tan^Tfi/ P r ) to 


compute 6 r , it may be necessary to add or subtract 180° 
to obtain the correct value of 6 C . 

The unit circle shown in Fig. 2-20 corresponds to 
|r| = 1. Because |T| < I for a transmission line, only 
that part of the r r -Tj plane that lies within the unit circle 
has physical meaning; hence, future drawings will be 
limited to the domain contained within the unit circle. 

Impedances on a Smith chart are represented by 
normalized values, with Zq, the characteristic impedance 







of the line, serving as ihe normalization constant. 
Normalized impedances are denoted by lowercase letters, 
as in z = Z/Zo. The normalized load impedance is then 
given by 

zl — Zl/Z 0 (dimensionless), (2.92) 

and the reflection coefficient T, defined by Eq. (2.49a), 
can be written as 


ZiTZ,^ = zlj-2 
Zl/Z 0 + 1 zl + 1 


(2.93) 


The inverse relation of Eq. (2.93) is 



The normalized load impedance zl is, in general, 
a complex quantity composed of a normalized load 
resistance r\ and a normalized load reactance x\;. 


ZL — 'I. + jx h . (2.95) 


Using Eqs. (2.90) and (2.95) in Eq. (2.94), we have 


f'L + jx L = 


(i + r r ) + j n 

(1 - r r ) - ;Ti ’ 


(2.96) 


which can be solved to obtain explicit expressions for 
n. and xl in terms of T r and Ti. This is accomplished 
by multiplying the numerator and denominator of the 
right-hand side of Eq. (2.96) by the complex conjugate 
of the denominator and then separating the result into real 
and imaginary parts. These steps lead to 


(i - r ,) 2 + r? ’ 

2r, 

XL - (i - r r) 2 + rf' 


(2.97a) 

(2.97b) 


These expressions state that for a given set of values for 


T, and Tj there corresponds a unique set of values for i\ 
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and xl- However, if we. fix the value of r L , say at 2, many 
possible combinations of values can be assigned to F r 
and n, each of which can give the same value of r L . For 
example, (T r , T,) = (0.33, 0) gives r L = 2, as does the 
combination (T r . Tj) - (0.5,0.29), as well as an infinite 
number of other combinations. In fact, if we were to plot 
in the T r -Ti plane all the possible combinations of T r and 
n corresponding to = 2, we would obtain the circle 
denoted by /[. — 2 in Fig. 2-21. Similar circles apply 
to other values of j*l, and within the |T| = 1 domain 
all these circles pass through the point (T r , Tj) = (1,0). 
After some algebraic manipulations, Eq. (2.97a) can be 
rearranged to give the following parametric equation for 
the circle in the T r -Fj plane corresponding to a given 
value of r^: 


1 +n. 


1 +I-L 


The standard equation for a circle in the x-y plane wiih 
center at (xo, yo) and radius a is given by 

(x - x 0 ) 2 + (y - yo) 2 = « 2 . (2.99) 

Comparison of Eq. (2.98) with Eq. (2.99) shows that the 
i*L circle is centered at T r = r L /(I + /'l) and Tj — 0, 
and its radius is 1/(1 + /-[,). The largest circle shown in 
Fig. 2-21 corresponds to r L = 0, which is also the unit 
circle corresponding to |F| = 1. This is to be expected, 
because when r L = 0, T| = 1 regardless of the 
magnitude of xl. 

A similar examination of the expression forxL given by 
Eq. (2.97b) also leads to an equation for a circle given by 


(T r l) 2 + ( Tj 


(2.100) 


but the xl circles in the Tr-Ti plane exhibit a 
different character from that for r L . To start with, the 
normalized reactance xl may assume both positive 
and negative values, whereas the normalized resistance 
cannot be negative (negative resistances are physically 
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Figure 2-21: Families of rj_ and X]_ circles within the domain |T| < 1 


meaningless). Hence, Eq. (2.100) can generate two 
families of circles, one family corresponding to positive 
values of X]_ and another corresponding to negative 
values of X[_. Furthermore, as shown in Fig. 2-21, only 
part of a given circle falls within the bounds of the unit 
circle. The families of circles of the two parametric 
equations given by Eqs. (2.98) and (2.100) plotted for 


selected values of r\, and x \. constitute the Smith chart 
shown in Fig. 2-22. A given point on the Smith chart, 
such as point P in Fig. 2-22, represents a normalized load 
impedance zl — 2 — jl , with a corresponding voltage 
reflection coefficient T = 0.45 cxp(— /26.6°). The 
magnitude |T| = 0.45 is obtained by dividing the length 
of the line between the center of the Smith chart and the 
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Figure 2-22: Point P represents a normalized load impedance zl = 2 — j 1. The reflection coefficient has a magnitude 
|r| = OP/OR = 0.45 and an angle 9 r — —26.6°. Point R is an arbitrary point on the r\ = 0 circle (which also is the 
|r| = 1 circle). 


point P by the length of the line between the center of 
the Smith chart and the edge of the unit circle (the radius 
of the unit circle corresponds to |T| = 1). The perimeter 
of the Smith chart contains three concentric scales. The 


innermost scale is labeled angle of reflection coefficient 
in degrees. This is the scale for 0 r . As indicated in 
Fig. 2-22, 6 r = -26.6° for point P. The meanings and 
uses of the other two scales are discussed next. 
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EXERCISE 2.15 Use the Smith chart to find the values 
of T corresponding to the following normalized load 
impedances: (a) zl = 2 + j 0, (b) zi_ — 1 — j], 
(c) = 0.5 - j 2, (d) zl = -_/3. (e) z L = 0 (short 

circuit), (f) zl = oo (open circuit), (g) zl = 1 (matched 
load). 

Ans. (a) T = 0.33, (b) r = 0.45ZJM!, 
(c)r = o.rs /- so-y , (d) r = i /- 369 ° (e) r = -i. 
(f) r = i, (g) r = o. (See 


The similarity in form suggests that, if T is transformed 
into T/, zl gets transformed into Zj n . On the Smith chart, 
transforming r into T/ means maintaining |T| constant 
and decreasing the phase 0 t by 2f)l, which corresponds 
to rotation in a clockwise direction on the Smith chart. 
Noting that a complete rotation around the Smith chart is 
equal to a phase change of In, the length / corresponding 
to such a change is obtained from 

2/8/= 2— 1 = 2jt, (2.106) 

A- 


2-9.2 Input Impedance 


From Eq. (2.61), the input impedance looking toward the 
load at a distance l from the load is given by 


Zin 


= z n 


i + r«-^' 

I _ re-JW 


(G). 


( 2 . 101 ) 


To use the Smith chart, we always normalize impedances 
to tiie characteristic impedance Z». Hence, the normal¬ 
ized input impedance is 

Z in 1 + Te-W tj . . , , 

Zin = — = -—-—rr- (dimensionless). 

Z u 1 — 1 e Jipi 

( 2 . 102 ) 

The quantity T = \T\e i6r is die voltage reflection 
coefficient at the load. Let us define 


H = re~ j2pl = \r\e j9c e-W = \r\e i(fi ‘~ 2p,) (2.103) 


as the phase-shifted voltage reflection coefficient, 
meaning that T; has the same magnitude as T, but the 
phase of T; is shifted by 2/3/ relative to that of T. In 
terms of T;, Eq. (2.102) can he rewritten as 

Sin = ! + p . (2.104) 

l - t / 

The form of Eq. (2.104) is identical with that for z L given 
by Eq. (2.94): 

1 + r 

ZL = Y3y. (2.105) 


or I = A/2. The outermost scale around the perimeter 
of the Smith chart (Fig. 2-22), called the wavelengths 
toward generator (WTG) scale, has been constructed 
to denote movement on the transmission line toward 
the generator, in units of the wavelength A. That is, / 
is measured in wavelengths, and one complete rotation 
corresponds to / — A/2. In some transmission-line 
problems, it may be necessary to move from some point 
on tlie transmission line toward another point closer to 
the load, in which case the phase is increased, which 
corresponds to rotation in a counterclockwise direction. 
For convenience, the Smith chart contains a third scale 
around its perimeter (in between the 9 r scale and the WTG 
scale) for accommodating such a need. It is called the 
wavelengths toward load (WTL) scale. 

To illustrate how the Smith chart is used to find Z in , let 
us consider a 50-S2 lossless transmission line terminated 
in a load impedance Zl = (100 — y'50) Q. Our objective 
is to find Z in at a distance / = 0.1A from the load. The 
normalized load impedance is zl — Zl/Z 0 = 2 - j 1, 
and it is denoted by point A on the Smith chart shown 
in Fig. 2-23. On the WTG scale, the location of point A 
is at 0.287A. Using a compass, a circle is drawn through 
point A, with the center of the circle being at the center 
of the Smith chart. Since the center of the Smith chart 
is the intersection point of the T r and Ti axes, all points 
on the drawn circle have the same value of |F|. This is 
called the const an t-\F\ circle, or more commonly the 







SWR circle. The reason for this second name is that the Thus, a constant value of |F| corresponds to a specific 

voltage standing-wave ratio (SWR) is related to |T| by value for S. As was stated earlier, to transform zl to z m , 

Eq. (2.59) as we need to maintain |F| constant, which means staying 

on the SWR circle, and to decrease the phase of F by 2)3/. 
] _|_ |f| This is equivalent to moving a distance l = 0.1 A toward 

s ~ | _ ipi • (2.107) t j, e generator on the WTG scale. Since the location 
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of point A is at 0.287A, wc need to move to location 
0.287A+0.1 A = 0.387A on the WTG scale. A radial line 
through this new position on the WTG scale intersects the 
SWR circle at point R. This point represents z; n , and its 
value is z jn = 0.6 - j 0.66. Finally, we unnormalize z\ n by 
multiplying it by Z 0 = f50 £2 to gel Z; n = (30 - y'33) £1. 
This result can be verified analytically using Eq. (2.101). 
The points between points A and B on the SWR circle 
represent different points along the transmission line. 


EXERCISE 2.16 Use the Smith chart to find the 
normalized input impedance of a lossless line oflength / 
terminated in a normalized load impedance zl for each of 
the following combinations: (a) l = 0.25k, z.l = 1 + j0, 

(b) l = 0.5A, zl = 1 + jh (c) l = 0.3A, z L = 1 - j 1, 

(d) / = 1.2X. z L = 0.5 - y 0.5, (e) / = 0 .U,zl = 0 (short 
circuit), (f) / = 0.4A, zl = j 3, (g) / = 0.2A, z L = oo 
(open circuit). 

Ans. (a) z in = 1 + j 0, (b) z in = l + jl, 

(c) Z in = 0.76 + ./'0.84, (d) zj„ = 0.59 + y'0.66. 

(e) z in = 0 + yO.73, (t) Zi„ = 0 + j 0-72, 
(g) Zi„ = 0 - J'0.32. (See *) 


2-9.3 SWR, Voltage Maxima, and Minima 

Consider a load with zl = 2 + j 1. Figure 2-24 shows 
a Smith chart with a SWR circle drawn through zl 
( point A). The SWR circle intersects the real axis (T,) 
at two points, designated P m:ix and P mm . Thus, at both 
points Tj = 0 and T — F,. Also, on the real axis, the 
imaginary part of the load impedance x\. = 0. From the 
definition of F, 

r = £k ^-, (2.108) 

zl + 1 

points P mm and P mm correspond to the special case 

r = T r = (for Ti = 0), (2.109) 

r L + i 


with P m j„ corresponding to the condition when r l < 1 
and /’max corresponding to the condition when r L > 1. 
Rewriting Eq. (2.107) for |T| in terms of 5, wc have 

l r| = f?7' (2 - 110) 

For points P lmK and P ni i„, |F| = F,; hence 


The similarity in form of Eqs. (2.109) and (2.111) 
suggests that S = r L . However, since by definition ,S' > 1. 
only point P max (for which i\ > 1) satisfies the similarity 
condition. In Fig. 2-24, r L — 2.6 at P mM ; hence S = 2.6. 
In other words, S i.s numerically equal to the value of n. 
o' /max. the point at which the SWR circle intersects the 
real V axis on the right-hand side of the chart’s center. 

The points P min and P mwi also represent the distances 
from the load at which the magnitude of the voltage on 
the line, | V\, is a minimum and a maximum,respectively. 
This statement is easily demonstrated by considering 
the definition of r, given by Eq. (2.103). At point 
flnax t the total phase of T ( , that is, (0, — 2/3/). is equal 
to zero (if 0 r > 0) or lit (if (9 r < 0), which is 
the condition corresponding to |F| max , as indicated by 
Eq. (2.55). Similarly, at /"min the total phase of T/ is 
equal to 7T, which is the condition for |F| m j n . Thus, 
for the transmission line represented by the SWR circle 
shown in Fig. 2-24, the distance between the load and 
the nearest voltage maximum is l m - dX = 0.037A, obtained 
by moving clockwise from the load at point A to point 
P max, and the distance to the nearest voltage minimum is 
/min = 0.287A, corresponding to the clockwise rotation 
from A to /’ m i„. Since the location of |Fin,ax i.s also the 
location of |/| m j„ and the location of | F| min is also the 
location of |/| m ax, the Smith chart provides a convenient 
way to determine the distances to all maxima and minima 
on the line (the standing-wave pattern has a repetition 
period of A/2). 







2-9.4 Impedance to Admittance Transformations 

in solving certain types of transmission line problems, 
it is often more convenient to work with admittances 
than with impedances. Any impedance Z is in general 


a complex quantity consisting of a resistance R and a 
reactance X : 

Z= R + jX (fl). (2.112) 
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The admittance Y corresponding to Z is the reciprocal Accordingly, using Eq. (2.105), the normalized load 
of Z: admittance y l is given by 



I 

R + j X 


« - jX 
R 1 + X 2 


(S). (2.113) 


The real part of Y is called the conductance G, and the 
imaginary part of Y is called the susceptance B. That is. 


Y = G + jB (S). (2.114) 


Comparison of Eq. (2.114) with Eq. (2.113) leads to 


G = 


R 

R 2 + X 2 


B = 


-X 

R 2 + X 2 


(S), 

(S). 


(2.115a) 

(2.115b) 


A normalized impedance z is defined as the ratio of 
Z to Zo, the characteristic impedance of the line. The 
same concept applies to the definition of the normalized 
admittance y; that is, 


Y G B 

y = — = — + j — - g + jb (dimensionless), 
*0 ‘o ‘o 

(2.116) 

where To = 1 / Z» is the characteristic admittance of the 
line and 


g = — = GZo (dimensionless), (2.117a) 
Yo 

B 

h — — = BZo (dimensionless). (2.117b) 
*o 


The lowercase quantities g and b represent the 
normalized conductance and normalized susceptance 
ofy, respectively. Of course, the normalized admittance y 
is the reciprocal of the normalized impedance z. 



(2.118) 


_ J_ 

ZL 


l - r 
i + r 


(dimensionless). (2.1 19) 


Now let us consider the normalized input impedance zm 
at a distance / = A./4 from the load. Using Eq. (2.102) 
with 2/1/ = 4 ttI/X = dnXJdX = tt gives 

1 + r er> n 1 - r 

= IT? = ^ (2 ' l20) 

Thus, rotation by A./4 on the Smith chart transforms 
cl into >•],. In Fig. 2-25, the points representing zi and 
vl are diametrically opposite to each other on the SWR 
circle. In fact, such a transformation on the Smith chart 
can be used to determine any normalized admittance from 
its corresponding normalized impedance, and vice versa. 

The Smith chart can be used with normalized 
impedances or with normalized admittances. As an 
impedance chart, the Smith chart consists of r\ and x\ 
circles, representing the normalized resistance and 
reactance of a normalized load impedance if When used 
as an admittance chart, the r L circles become gi circles 
and the circles become h\ circles, where £i. and h\ 
are the normalized coiiduotance and susceptance of the 
normalized load admittance jl, respectively. 

Example 2-10 Smith Chart Calculations 

A 50-S2 lossless transmission line is terminated in a 
load impedance Zj. = (25 4- ;50) f2. Use the Smith 
chart to find (a) the voltage reflection coefficient, (b) the 
voltage standing-wave ratio, (c) the distances of the first 
voltage maximum and first voltage minimum from the 
load, (d) the input impedance of the line, given that the 
line is 3.3A long, and (c) the input admittance of the line. 
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Figure 2-25: Point A represents a normalized load zl = 0.6 + j 1.4. Its corresponding normalized admittance is >l 
0.25 — y0.6, and it is at point B. 


Solution: (a) The normalized load impedance is 
Zl 25 + J50 ne 


zl = tt = 
A) 


= 0.5 +jl. 


which is marked as point A on the Smith chart in 


Fig. 2-26. Using a ruler, a radial line is drawn from the 
center of the chart at point O through point A. outware 
to the outer perimeter of the chart. The line crosses the 
scale labeled “angle of reflection coefficient in degrees" 
at 0 r = 83°. Next, a ruler is used to measure the length it 
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Figure 2-26: Solution for Example 2-10. Point A represents a normalized load zl = 0.5 + j 1 at 0.135A on the WTG scale. 
At A, 9, — 83 c and |T| = d A /d 0 ' — OA/OO' — 0.62. At B. the standing-wave ratio is S = 4.26. The distance from 
A lo B gives / ma x = 0.115a and from A to C gives ( mi!1 = 0.365X, Point D represents the normalized input impedance 
r, n = 0.28 — yO.40, and point E represents the normalized input admittance yj n = 1.15 + j 1.7. 


of Ihe line between points O and .4 and the length do 1 of 
theiine between points O and O', where O' is an arbitrary 
point on the r\. = 0 circle. Tire length do 1 is equal to the 
radius of the |T| = 1 circle. The magnitude of F is then 


obtained from |F| = d A /d 0 ' = 0.62. Hence 
T = 0.62e j83 ° = 0.62 


(b) Using a compass, the SWR circle with center at 
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point O is drawn through point A. The circle crosses 
the T r axis at points B and C. The value of n. at point B 
is 4.26, which also is equal to S. Thus, 

S = 4.26. 

(c) The first voltage maximum is at point B on the SWR 
circle, which is at location 0.25A on the WTG scale. The 
load, represented by point A, is at 0.135A on the WTG 
scale. Hence, the distance between the load and the first 
voltage maximum is 

/max = (0.25 - 0.135) A. = 0.115A. 

The first voltage minimum is at point C. Moving on the 
WTG scale between A and C gives 

/min = (0-5 — 0.135)A = 0.365A, 

which is 0.25A past l max . 

(d) The line is 3.3a long; subtracting multiples of 0.5A 
leaves 0.3A. From the load at 0.135A on the WTG scale, 
the input of the line is at (0.135+ 0.3) A = 0.435A.This is 
labeled as point D on the SWR circle, and the normalized 
impedance is read as 

Sin = 0.28 - y‘0.40, 

and therefore 

Z in = SinZu = (0.28 - y 0.40)50 = (14 - y20) £2. 

(c) The normalized input admittance yt n is found by 
moving 0.25 A on the Smith chart to the image point of Zi„ 
across the circle, labeled point E on the SWR circle. The 
coordinates of point E give 

yin = 1.15 + y 1.7, 

and the corresponding input admittance is 

Kin - y,nK(» = ^ = IA5 + Jlj = (0.023+y0.034) S. 

Zo 50 


Example 2-11 


Determining Z L 
Using the Smith Chart 


This problem is similar to Example 2-5, except now 
we demonstrate the solution using the Smith chart. 

Given that the voltage standing-wave ratio is S = 3 on 
a 50-£2 line, that the first voltage minimum occurs at 5 cm 
from the load, and that the distance between successive 
minima is 20 cm, find the load impedance. 

Solution; The distance between successive minima is 
equal to A/2. Hence, A = 40 cm. In wavelength units, ] 
the first voltage minimum is at 

/min = ^ = 0.125 A. 

Point A on the Smith chart in Fig. 2-27 corresponds 
to /’l = S = 3. Using a compass, the constant S 
circle is drawn through point A. Point B corresponds 
to the locations of voltage minima. Upon moving 
0.125A from point B toward the load on the WTL 
scale (counterclockwise), we arrive at point C, which 
represents the location of the load. The normalized load 
impedance at point C is 

z L - 0.6 - y'0.8. 

Multiplying by Zo = 50 £2, we obtain 

Z L = 50(0.6 - y'0.8) = (30 - y'40) £2. ■ 


REVIEW QUESTIONS 

Q2.19 The outer perimeter of the Smith cha 
represents what value of |r|? What point on the Smith 
chart represents a matched load? 

Q2.20 What is the SWR circle? What quantity is] 
constant at all points on the SWR circle? 
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A.vcr comi 


(R'Zoi, OR CONDI 


: com ton ent y<>> 1 


Q2.22 What points on the SWR circle correspond to 
the locations of the voltage maxima and minima on the 
line and why? 


Q2.21 What line length corresponds to one complete 
rotation around the Smith chart? Why? 


Q2.23 Given a normalized impedance zl, how do you 
use the Smith chart to find the corresponding normalized 
admittance yi. = 1 /zl? 


Figure 2-27: Solution for Example 2-11. Point A denotes that S = 3, point R represents the location of the voltage minimum 
and point C represents the load at 0.1252. on the WTL scale from point R. At C, zl = 0.6 — /O.8. 














Stirrer 


bar that had unintentionally been exposed to 
microwaves had melted in his pocket. The process 
of cooking by microwave was patented in 1946 
and by the 1970s, microwave ovens had become 
standard household items. 


TECHNOLOGY BRIEF: MICROWAVE OVENS 


Microwave Ovens 


Percy Spencer, while working for Raytheon in 
the 1940s on the design and construction of 
magnetrons for radar, observed that a chocolate 
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Metal Screen 
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TECHNOLOGY BRIEF: MICROWAVE OVENS 


Microwave Absorption 

A microwave is an electromagnetic wave whose 
frequency lies in the 300 MHz-300 GHz range. 
(See Fig. 1-15.) When a material containing water 
is exposed to microwaves, the water molecule 
reacts by rotating itself so as to align its own 
electric dipole along the direction of the electric 
field of the microwave. The rotation motion creates 
heat in the material, resulting in the conversion of 
microwave energy into thermal energy. Microwave 
absorption by water exhibits a spectrum with a peak 
that occurs at a “resonant frequency” whose value 
depends on the temperature of the water and on the 
concentration of dissolved salts or sugars present 
in the water. The frequency most commonly used 
in microwave ovens is 2.54 GHz, and the standard 
source for generating energy at this frequency is 
the magnetron. Whereas microwaves are readily 
absorbed by water, fats, and sugars, they can 
penetrate through most ceramics, glass, or plastics 
without loss of energy, thereby imparting no heat to 
those materials. 


Oven Operation 


To generate high-power microwaves (~ 700 watts) 
the microwave oven uses a magnetron tube, which 
requires the application of a voltage on the order 
of 4000 volts. The typical household voltage of 
115 volts is increased to the required voltage level 
through a high-voltage transformer. The microwave 
energy generated by the magnetron is transferred 
into a cooking chamber designed to contain the 
microwaves within it through the use of metal 
surfaces and safety Interlock switches. Microwaves 
are reflected by metal surfaces, so they can bounce 
around the interior of the chamber or be absorbed 
by the food, but not escape to the outside. If 
the oven door is made of a glass panel, a metal 
screen or a layer of conductive mesh is attached 
to it to ensure the necessary shielding; microwaves 
cannot pass through the metal screen if the mesh 
width is much smaller than the wavelength of the 
microwave (~ 12 cm at 2.5 GHz). In the chamber, 
the microwave energy establishes a standing-wave 
pattern, which leads to an uneven distribution. This 
is mitigated by using a rotating metal stirrer that 
disperses the microwave energy to different parts 
of the chamber. 
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2-10 Impedance Matching 

A transmission line usually connects a generator circuit 
at one end to a load at the other end. The load may 
be an antenna or any circuit with an equivalent input 
impedance Z\.. The transmission line is said to be 
matched to the load when its characteristic impedance 
Z» — Zl, in which case no reflection occurs at the load 
end of the line. Since the primary uses of transmission 
lines arc to transfer power and to transmit coded signals 
(such as digital data), a matched load ensures that the 
power delivered to the load is a maximum. 

The simplest solution to matching a load to a 
transmission line is to design the load circuit such that 
its impedance Zl — Zo. Unfortunately, this may not be 
possible in practice because the load circuit may have 
to satisfy other requirements. An alternative solution is 
to place an impedance-matching network between the 
load and the transmission line as illustrated in Fig. 2-28. 
The purpose of the matching network is to eliminate 
reflections at the juncture MM' between the transmission 
line and the network. This is achieved by designing 
the matching network to exhibit an impedance equal to 
Zo at MM' when looking into the network from the 
transmission line side. If the network is lossless, then all 
the power going into it will end up in the load. Matching 
networks may consist of lumped elements (and in order 
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to avoid ohmic losses only capacitors and inductors are 
used) or of sections of transmission lines w ith appropriate 
lengths and terminations. We will demonstrate the latter 
approach using a single-stub matching network. 

The matching network is intended to match a load 
impedance Z L = R L + jX l to a lossless transmission 
line with characteristic impedance Z 0 . This means that 
the network has to transform the real part of the load 
impedance from R\_ at the load to Z 0 at MM' in Fig. 2-28 
and to transform the reactive part from Xl at the load 
to zero at MM'. To achieve these two transformations, 
the matching network has to have at least two degrees 
of freedom; that is, at least two adjustable parameters. 
The single-stub matching network shown in Fig. 2-29 
consists of two transmission line sections, one of 
length d connecting the load to the feedline at MM' and 
another of length l connected in parallel with the other 
two lines at MM'. This second line is called a stub, and 
it is usually terminated in either a short circuit or open 
circuit. The stub shown in Fig. 2-29 has a short-circuit 
termination. 

The required two degrees of freedom are provided by 
the length / of the stub and the distance d from the load 
to the stub position. Because at MM' the stub is added in 
“parallel'’ to the line (and hence called a shunt stub), it is 
easier to work with admittances than with impedances. 
The matching procedure consists of two basic steps, in 
the first step, the distance d is selected so as to transform 
the load admittance Y L = 1/Z L into an admittance of 
the form T,; = To T jB, when looking toward the load 
at M M'. Then, i n the second step, the length I of the stub 
line is selected so that its input admittance F s at MM' is 
equal to —jB. The parallel sum of the two admittances at 
M M' yields Y 0 , the characteristic admittance of the line, 
The procedure is illustrated by Example 2-12. 

Example 2-12 Single-Stub Matching 

A 50-f2 transmission line is connected to an antenna 
with load impedance Z>. — (25 — j 50) (2. Find the 
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position and length of the short-circuited stub required 
to match the line. 

Solution: 

The normalized load impedance is 
Z L 25-,-50 Ae 

2 L= z^ = -so-" 0 - 5 -' 1 ’ 

which is located at point A in the Smith chart of Fig. 2-30. 
Next, wc draw the constant S circle through point A. 
To perform the matching task, it is easier to work with 
admittances than with impedances. The normalized load 


admittance yi_ is at point B, obtained by rotating 0.253., 
or equivalently by drawing a line from point A through 
the center to the image point on the S circle. The value 
of vl at B is 

yL = 0.4 + J0.8, 

and it is located at position 0.115A on the WTG scale. 
In the admittance domain, the n, circles become gi, 
circles, and the x\_ circles become circles. To achieve 
matching, wc need to move from the load toward the 
generator a distance cl such that the normalized input 
admittance y,i of the line terminated in the load (Fig. 2-29) 
has a real part equal to 1. This condition is satisfied by 
either of the two matching points C and D on the Smith 
charts of Figs. 2-30 and 2-31. respectively, corresponding 
to the intersections of the S circle with the gL = 1 circle. 
Points C and D represent two possible solutions for the 
distance cl in Fig. 2-29. 

Solution for Point C [Fig. 2-30]: At C, 
y d = l +J1.58, 

and it is located at 0.178A on the WTG scale. The distance 
between points B and C is 

d t = (0.178 — 0.115)3. = 0.063A. 

Looking from the generator toward the parallel com¬ 
bination of the line connected to the load and the 
short-circuited stub, the normalized input admittance at 
the juncture is 

Jin = )’s + yd, 

where y s is the normalized input admittance of the stub 
line. To match the feed line to the parallel combinations, 
we need to have yj,, = 1 + JO. Thus, 

1 + JO = y 5 + 1 + j 1 -58, 

or 

Js = —y*1.58. 
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y d = 1 -yl.58. 


dn = (0.322 - 0.115)A = 0.2072. 

The needed normalized inpul admittance of the stub is 
y s = +j 1 58, which is located at point G at position 
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0.16a oil the WTG scale. Rotating from point E to 
point G involves a rotation of 0.25 A. plus an additional 
rotation of 0.16A., or 

h = (0.25 + 0.16)A = 0.41A. ■ 


REVIEW QUESTIONS 

Q2.24 To match an arbitrary load impedance to a 
lossless transmission line through a matching network, 
what is the required minimum number of degrees of 
freedom that the network should provide? 

Q2.25 In the case of the single-stub matching network, 
what are the two degrees of freedom? 

Q2.26 When a transmission line is matched to a load 
through a single-stub matching network, no waves will 
be reflected toward the generator. What happens to the 
waves reflected by the load and by the shorted stub when 
they arrive at terminals MM' in Fig. 2-29? 


2-11 Transients on Transmission Lines 

Thus far, our treatment of wave propagation on transmis¬ 
sion lines has focused on the analysis of single-frequency, 
time-harmonic signals under steady-state conditions. The 
tools we developed—including the impedance-matching 
techniques and the use of the Smith chart—are useful for 
a wide range of applications, but they are inappropriate 
for dealing with digital or wideband signals on telephone 
lines or in a computer network. For such signals, we 
need lo examine their transient behavior as a function 
of time. The transient response of a voltage pulse on 
a transmission line is a time record of its back and forth 
travel between the sending and receiving ends of the line, 
taking into account all the multiple reflections (echoes) 
at both ends. 


Let us start by considering the simple case of a single 
rectangular pulse of amplitude V 0 and duration r, as 
shown in Fig. 2-32(a). The amplitude of the pulse is 
zero prior to t = 0, V 0 over the duration 0 < t < z, 
and again zero afterward. The pulse can be described 
mathematically as the sum of two unit step functions: 

V(t) = V l (t) + V 2 (t) 

= V 0 U(t)-V 0 U(l - r), (2.122) 

where the unit step funclion U (x) is defined in terms of 
its argument x as 


U(x) = 


for x > 0, 
forx < 0. 


(2.123) 


The first component, V\ (r) = VoU(t), represents a 
d-c voltage of amplitude V 0 that gets switched on at 
t - 0 and remains that way indefinitely, and the second 
component, V 2 {t) = —V Q U(t — t), represents a d-c 
voltage of amplitude — Vb that gets switched on at i = r 
and then remains that way indefinitely. As can be seen 
from Fig. 2-32(b), the sum of the two components is equal 
to Vb for 0 < t < x and equal to zero for t > r. This 
representation of a pulse in terms of two step functions 
allows us to analyze the transient behavior of the pulse nn 
a transmission line as the superposition of two d-c signals. 
Hence, if we can develop basic tools for describing the 
transient behavior of a single step function, we can apply 
the same tools for each of the two components of the 
pulse and then add the results appropriately. 


2-11.1 Transient Response 

The circuit shown in Fig. 2-33(a) consists of a generator 
composed of a d-c voltage source V g and a scries 
resistance R g connected to a lossless transmission line 
of length l and characteristic impedance Z 0 . The line is 
terminated in a purely resistive load Zl at z = I. Hence, 
all impedances in the circuit are real. 
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(a) Pulse of duration r 



Figure 2-32: A rectangular pulse V(i) of duration r can be represented as the sura of two step functions of opposite polarities 
displaced by r relative to each other. 



(a) Transmission-line circuit 



(b) Equivalent circuit at r=0 + 

Figure 2-33: At t = 0 4 , immediately after closing the 
switch in the circuit in (a), the circuit can be represented 
by the equivalent circuit in (b). 


The switch between the generator circuit and the 
transmission line is switched on at t = 0. At the instant 


the switch is closed, the transmission line appears to 
the generator circuit as a load with impedance Z 0 , the 
characteristic impedance of the line. This is because, in 
the absence of a signal on the line, the input impedance 
of the line is unaffected by the load impedance Z\_. The 
circuit representing the initial condition is shown in 
Fig. 233(b). The initial current / 4 and corresponding 
initial voltage F 4 at the inpul end of the transmission 
line are given by 


1 = 


V. 


R 


V, + = it 7.1, = 


g 

| f 2-o 


7?p + Zq 


(2.124a) 

(2.124b) 


The combination of V 4 and /| + constitutes a wave that 
starts to travel along the line with a velocity u v = , 

immediately after the instant at which the switch is 
closed. The plus-sign superscript denotes the fact that 
the wave is traveling in the 4-z-direction. The transient 
response of the wave is shown in Fig. 2-34 at each of 
three instances in time for a circuit with /?„ = 4Z 0 and 
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Hz. 772) 



(a) V(z) at f = 772 


7(z, T/ 2 ) 



L(z, 37/2) 


Vfc 5772) 



(b) l/(A atf = 3T/2 


(c) Vfe) at f = 57/2 


7(z, 3772) 



7(z, 5772) 



(e) 7(0 at t = 3772 


(I) 7(z) au= 5772 


Figure 2-34: Voltage and current distributions on a lossless transmission line at / = 7/2, t = 3772, and t = 57/2, due to a 
unit step voltage applied to a circuit with = 4 Zq and Zl = 2Z<). The corresponding reflection coefficients arc Fi =1/3 
and r g = 3/5. 


Zl = 2Zo. The first response is at time 7 , — 7/2, where 
T = l/itp is the time it takes the wave to travel the full 
length of the line. By time t,, the wave has traveled half¬ 
way down the line; consequently, the voltage on the first 
half of the line is equal to V, + , and the voltage on the 
second half is still zero [Fig. 2 34(a)]. At t = 7, the 
wave reaches the load at z = l , and because Z L 7 = Z 0 , 
the mismatch generates a reflected wave with amplitude 


y,~ = w 


(2.125) 


where 


r L = 


Zl - Z 0 


(2.126) 


Zl + Zo 

is the reflection coefficient of the load. For the specific 
case illustrated in Fig. 2-34, Z L = 2Z 0 , which results 
in T l = 1/3. After this first reflection, the voltage on 
the line consists of the sum of two waves, the initial 
wave V'+ and the reflected wave V/~. The voltage on the 
transmission line at i 2 = 37/2 is shown in Fig. 2-34(b); 
V(z, 37/2) is equal to l/, + on the first half of the line 
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(0 < z < 1/2), and it is equal to (V’ 1 + + V, ) on the 
second half (1/2 < z < /). 

Mi = IT, the reflected wave Vf arrives at the sending 
end of the line. If R g =/= Zq, the mismatch at the sending 
end generates a reflection at z. = 0 in the form of a wave 
with voltage amplitude V 2 + given by 

vf = r g v~ = r g r L Vj + , (2.127) 


where 


Rg — Zq 
Rg + Zq 


(2.128) 


is the reflection coefficient of the generator resistance Rg. 
For R s = 4Zo, we have T g = 0.6. As time progresses 
after i = 2 7, the wave V 2 + travels down the line toward 
the load and. as it does that, it adds to the previous voltage 
condition on the line. Hence, at / = 5T/2, the total 
voltage on the first half of the line is 


V(z, 57/2) = E, + + Vf + V+ 

= (i + r L + r L r g )v, + 

(0 < z < 1/2), (2.129a) 


and on the second half of the line the voltage is 

V(z. 57/2) - V, + + Vf 

= (1 +r L )V+ (//2<z</). (2.129b) 

The voltage distribution is shown in Fig. 2-34(c). 

So far, we have examined the transient response 
of only the voltage wave V(z,t). The associated 
transient response of the current I(z,t ) is shown 
in Figs. 2-34(d)-(f). The process is similar to that 
we described for the voltage V(z,t), except for one 
important difference. Whereas at either end of the line 
the reflected voltage is related to the incident voltage by 
the reflection coefficient at that end, the reflected current 
is related to the incident current by the negative of the 


reflection coefficient. This property of wave reflection is 
expressed by Eq. (2.49b). Accordingly, 

/f = -r L /, + , (2.130a) 

/+ = -r, /f = r s r L /+, (2.130b) 


and so on. 

The multiple-reflection process continues indefinitely, 
and the ultimate value that V(z, f) reaches as/approaches 
oo is the same at all locations on the transmission line and 
is given by 

Voo= V, + + Vf + V+ + Vf + V 3 + + Vf+- ■ ■ 

=y | + [i+r L +r L r g +r^r g +r£r g 2 +r^ + ...] 
=y, + [(i+r L )(i+r L r g +r^r 2 +-■ •)] 

=y, + (i+r L )[i +x + x 2 + ■■■], (2.i3i) 


where x — ir.r g . The series inside the square bracket is 
the binomial series of the function 

—^— = 1 + x + x 2 H- for \x 1 < 1. (2.132) 

1 - x 

Hence, Eq. (2.131) can be rewritten in the compact form 
y TO = , 1 + p F r • (2.! 33) 

1 _ 1 iT g 


Upon replacing l/, + , T L , and T g with the expressions 
given by Eqs. (2.124b), (2.126), and (2.128), respectively, 
and then simplifying the resulting expression, we obtain 


Foo = 


v s z L 

Rg + Zl 


(2.134) 


The voltage V x is called the steady-state voltage on the 
line, and its expression is exactly what we should expect 
on the basis of d-c analysis of the circuit in Fig. 2-33(a) 
if we were to treat the transmission line as simply a 
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connecting wire between the generator circuit and the 
load. The corresponding steady-state current is 



2-11.2 Bounce Diagrams 

Keeping track of the voltage and current waves as they 
bounce back and forth on the line is a rather tedious 
process. The bounce diagram is a graphical presentation 
that allows us to accomplish the same goal, but with 
relative ease. The horizontal axis in Figs. 2-35(a) 
and (b) represents position along the transmission 
line, and the vertical axis denotes time. Figure 2-35(a) 
pertains to V(z,t) and part (b) pertains to /(-. /). The 
bounce diagram in Fig. 2-35(a) consists of a zigzag line 
indicating the progress of the voltage wave on the line. 
The incident wave V' l + starts at z = t = 0 and travels 
in the -fz-direction until it reaches the load at z = 1 
at time t = T. At the very top of the bounce diagram, 
the reflection coefficients are indicated by F = F g at 
the generator end and by F = F L at the load end. At 
(he end of the first straight-line segment of the zigzag 
line, a second line is drawn to represent the reflected 
voltage wave Vy~ = Ft.V' l + . The amplitude of each 
new straight-line segment is equal to the product of the 
amplitude of the preceding straight-line segment and the 
reflection coefficient at that end of the line. The bounce 
diagram for the current !{z,, t) in Fig. 2-35(b) follows 
the same procedure as for the voltage except for the 
reversal of the signs of Ti. and T g at the top of the 
bounce diagram. 

Using the bounce diagram, the total voltage (or current) 
ai any point zi and time t\ can be determined by drawing a 
vertical line through the point zi, then adding the voltages 
(or currents) of all the zigzag segments intersected by 
that line between t = 0 and t = t\. To find the voltage 
at z = 1/4 and T — 47, for example, we draw a dashed 


vertical line in Fig. 2-35(a) through z — 1/4 and we 
extend it from t = 0 to t = 4T. The dashed line intersects 
four line segments. The total voltage at z = 1/4 and 
t — 4T is therefore given by 

v(//4. 4 T) = v+ + T L V7 + r g r L v+ + r g r£ 


- v+(i 


r L + r g r T , + r g r£). 


The time variation of V at a specific location z can be 
obtained by plotting the values of V along the (dashed) 
vertical line passing through z. Figure 2-35(c) shows the 
variation of V as a function of time at z = 1/4 for a circuit 
with f g = 3/5 and T L = 1 /3. 
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Example 2-13 Time-Domain Reflectomeler 

A time-domain reflectometer (TDR) is an instrument 
used to locate faults on a transmission line. Consider, for 
example, a long underground or undersea cable that gets 
damaged at some distance d from the sending end of the 
line. The damage may alter the electrical properties or the 
shape of the cable, causing it to exhibit an impedance Z u 
at the fault location that is different from its characteristic 
impedance, Zq. A TDR sends a step voltage down the 
line, and by observing the voltage at the sending end as a 
function of time, it is possible to determine the location 
of the fault and its severity. 

Tf the voltage waveform shown in Fig. 2-13(a) is seen 
on an oscilloscope connected to the input of a 75-12 
matched transmission line, determine (a) the generator 
voltage, (b) the location of the fault, and (c) the fault 
shunt resistance. The line’s insulating material is Teflon 
with e r = 2.1. 

Solution: (a) Since the line is properly matched, it means 
that R g = Z L = Z 0 . In Fig. 2-13(b), the fault located at 
distance cl from the sending end is represented by a shunt 
resistance R{. For a matched line, Eq. (2.124b) gives 




VgZo _ V’gZo 




Re + Zo 2 Zq 
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!-r L /," 


Wi 
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(a) Voltage bounce diagram 


(b) Current bounce diagram 


V(//4, 1 ) 


(i+r L +r g r L 4-r g r L 2 +r g 2 r L 2 )v, 


o+r L )Ti + 


(i+r L +r g r L +rgr L 2 )v, + 


\ (i+r,+r„r,)vr 
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E(0, t) 


6 V 
3 V 


—I— 

12 .us 


t 


(a) Observed voltage at the sending end 


r =0 



z = 0 z = d 


(b) The fault at z = d is represented by a 
fault resistance R; 


Figure 2-36: Time-domain reflectometer of Example 
2-13. 


For a fault at a distance d, the round-trip time delay of 
the echo is 



u p 

From Fig. 2-13(a), A t = 12 /tts. Hence, 


, At 12 x 10~ 6 

d=—u p =--- x 2.07 x 10 s = 1, 242 m. 

Zj z 

(c) The change in level of V (0, t) shown in Fig. 2-13(a) 
represents Ff. Thus, 


F, = r f Fj + = -3 V, 


or 


r f = -1 = -0.5, 

D 

where F t is the reflection coefficient due to the fault 
load Ztf that appears at z = d. 

From Eq. (2.49a), 

P _ Zli- - Z 0 
Zi_f + Z 0 

and it follows that Z Lr = 25 £2. This fault load 
is composed of the fault shunt resistance Rf and the 
characteristic impedance Z 0 of the line to the right of 
the fault: 


_l__ 1 1 

Z L f ~ Rf + Zo ’ 


so that the shunt resistance is 37.5 £2. ■ 
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REVIEW QUESTIONS 

Q2.27 What is transient analysis used for? 

Q2.28 The transient analysis presented in this section 
was for a step voltage. How does one use it for analyzing 
the response to a pulse? 

Q2.29 What is the difference between the bounce 
diagram for voltage and the bounce diagram for current? 


CHAPTER HIGHLIGHTS 

• A transmission line is a two-port network connect¬ 
ing a generator to a load. EM waves traveling on the 
line may experience ohmic power losses, dispersive 
effects, and reflections at the generator and load ends 
of the line. These transmission-line effects may be 
ignored if the line length is much shorter than A. 
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• TEM transmission lines consist of two conductors 
that can support the propagation of transverse 
electromagnetic waves characterized by electric and 
magnetic fields that are transverse to the direction 
of propagation. TEM lines may be represented by 
a lumped-element model consisting of four line 
parameters (/?', L', G', and C') whose values 
are specified by the specific line geometry, the 
constitutive parameters of the conductors and of the 
insulating material between them, and the angular 
frequency u>. 

• Wave propagation on a transmission line, which 
is represented by the phasor voltage V (z) and 
associated current l(z), is governed by the 
propagation constant of the line, y = ot + j/i. and 
its characteristic impedance Z u . Both y and Z :) are 
specified by co and the four line parameters. 

• If R 1 = G' = 0, the line becomes lossless (a = 
0). A lossless line is nondispersive, meaning that 
the phase velocity of a wave is independent of its 
oscillation frequency. 

• In general, a line supports two waves, an incident 
wave supplied by the generator and another wave 
reflected by the load. The sum of the two waves 
generates a standing-wave pattern with a period of 
A/2. The voltage standing-wave ratio S, which is 
equal to the ratio of the maximum to minimum 
voltage magnitude on the line, varies between 1 fora 
matched load (Zl = Zo) to oc for a line terminated 
in an open circuit, a short circuit, or a purely reactive 
load. 

• The input impedance of a line terminated in a 
short circuit or open circuit is purely reactive. This 
property can be used to design equivalent inductors 
and capacitors. 

• The fraction of the incident pow'er delivered to the 
load by a lossless line is equal to (1 — | T| 2 ). 


• The Smith chart is a useful graphical technique 
for analyzing transmission-line problems and for 
designing impedance-matching networks. 

• Matching networks are placed between the load 
and the feed transmission line for the purpose 
of eliminating reflections toward the generator. A 
matching network may consist of lumped elements 
in the form of capacitors or inductors, or it may 
consist of sections of transmission lines with 
appropriate lengths and terminations. 

• Transient analy sis of pulses can be performed using 
a bounce-diagram graphical technique that tracks 
reflections at both the load and generator ends of 
the transmission line. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

dispersive transmission line 
TEM transmission lines 
higher-order transmission lines 
lumped-element model 
transmission-line parameters 
intrinsic resistance R s 
perfect conductor 
perfect dielectric 
air line 

telegrapher’s equations 
complex propagation constant y 
attenuation constant a 
phase constant 
characteristic impedance Zo 
lossless line 
standing wave 
distortionless line 
voltage reflection coefficient F 
matched transmission line 
standing-wave pattern 
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in-phase 

phase opposition 

voltage maxima and minima 

current maxima and minima 

voltage standing-wave ratio (VSWR or SWR) S 

slotted line 

input impedance Z- m 

short-circuited line 

open-circuited line 

quarter-wave transformer 

Smith chart 

unit circle 

normalized impedance 
normalized load resistance r\_ 
normalized load reactance x\_ 

WTG and WTL 
SWR circle 
admittance Y 

conductance G and susceptance B 
impedance matching 
matching network 
single-stub matching 
transient response 
bounce diagram 

PROBLEMS 

Sections 2-1 to 2-4: Transmission-Line Model 

2.1* A transmission line of length / connects a load to a 
sinusoidal voltage source with an oscillation frequency /. 
Assuming that the velocity of wave propagation on the 
line is c, for which of the following situations is it 
reasonable to ignore the presence of the transmission line 
in the solution of the circuit: 

(a) l = 20 cm, / = 20 kHz 

(b) l = 50 km, / = 60 Hz 

*Answer(s) available in Appendix D. 

"T Solution available in CD-ROM. 
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(c) / = 20 cm, / = 600 MHz 

(d) l = 1 mm, / = 100 GHz 

li 

2.2 Calculate the line parameters R\ L', G\ and C' 
for a coaxial line with an inner conductor diameter of I 


0.5 cm and an outer conductor diameter of 1 cm, filled I 
with an insulating material where /i — Hq, s r = 4.5. 
and a = 10 - -’ S/m. The conductors are made of copper I 
with /i. c = /i 0 and rr c = 5.8 x 10" S/m. The operating I 
frequency is 1 GHz. 

2.3* A 1-GIIz parallel-plate transmission line con- I 
sists of 1,2-cm-wide copper strips separated by a I 
0.15-cm-thick layer of polystyrene. Appendix B gives I 
// c = // 0 = 4,t x 10 -7 (H/m) and <r c = 5.8 x 10 7 (S/m) I 
for copper, and £ r = 2.6 for polystyrene. Use Table 2-1 
to determine the line parameters of the transmission line. 
Assume that fx = /x 0 and a ~ 0 for polystyrene. 

2.4 Show that the transmission-line model shown ir 



2.5“ Find a, p, « p , and Zo for the coaxial line of 
Problem 2.2. 


IB m m H BHi WiWI 




PROBLEMS 


Section2-5: The Lossless Line 

2.6 In addition to not dissipating power, a lossless 
line has two important features: (1) it is dispersionlcss 
(i/ p isindependentoffrequency); and (2) its characteristic 
impedance Zo is purely real. Sometimes, it is not possible 
to design a transmission line such that R' o)L' and 
G' «; ojC but it is possible to choose the dimensions 
of the line and its material properties so as to satisfy the 
condition 

R'C' = L'G' (distortionless line) 

Such a line is called a distortionless line, because despite 
the fact that it is not lossless, it nonetheless possesses the 
previously mentioned features of the lossless line. Show' 
that for a distortionless line, 



2.7* For a distortionless line [see Problem 2.6] with 
Zo = 50 £2, a = 20 (mNp/m), and n p = 2.5 x 10 s (m/s), 
find the line parameters and X at 100 MHz. 

2.8 Find a and Z 0 of a distortionless line whose 
R' = 2 ST2/in and G' = 2x 10 -4 S/m. 

2.9* A transmission line operating at 125 MHz has 
Zo = 40 £2, a — 0.02 (Np/m), and /9 = 0.75 rad/m. 
Find the line parameters R', L', G', and C 

2.10 Using a slotted line, the voltage on a lossless 
transmission line was found to have a maximum 
magnitude of 1.5 V and a minimum magnitude of 0.6 V. 
Find the magnitude of the load’s reflection coefficient. 
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2.11* Polyethylene with s r = 2.25 is used as the 
insulating material in a lossless coaxial line with a 
characteristic impedance of 50 £2. The radius of the inner 
conductor is 1.2 mm. 

(a) What is the radius of the outer conductor? 

(b) What is the phase velocity of the line? 

2.12 A 50-12 lossless transmission line is terminated 
in a load with impedance Z± = (30 — y 50) 0. The 
wavelength is 8 cm. Find the following: 

(a) The reflection coefficient at the load. 

(b) The standing-wave ratio on the line. 

(c) The position of the voltage maximum nearest the 
load. 

(d) The position of the current maximum nearest the 
load. 

2.13* On a 150-12 lossless transmission line, the 
following observations were noted: distance of first 
voltage minimum from the load = 3 cm; distance of first 
voltage maximum from the load = 9 cm; S = 3. Find 
Z L . 

2.14 Using a slotted line, the following results were 
obtained: distance of first minimum from the load = 4 cm; 
distance of second minimum from the load = 14 cm; 
voltage standing-wave ratio = 1.5. If the line is lossless 
and Zo = 50 12, find the load impedance. 

2.15* A load with impedance Zl — (25 — j 50) 12 
is to be connected to a lossless transmission line with 
characteristic impedance Z 0 , w'ith Z 0 chosen such that 
the standing-wave ratio is the smallest possible. What 
should Zo be? 

2.16 A 50-12 lossless line terminated in a purely 
resistive load has a voltage standing-wave ratio of 3. Find 
all possible values of Zl- 
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H-/ = 0.35A-H 


Zjn Zo=100£2 r 

- _/-v_ 

] Z L = (60+730) £2 

Figure 2-38: Circuit for Problem 2.18. 


Section 2-6: Input Impedance 

2.17* At an operating frequency of 300 MHz, a lossless 
50-C2 air-spaced transmission line 2.5 m in length is 
terminated with an impedance Z\_ = (40+ 7 20) £ 2 . Find 
the input impedance. 

2.18 A lossless transmission line of electrical length 
I = 0.35/. is terminated in a load impedance as shown in 
Fig. 2-38. Find T, S, and Z; n . 

2.19 Show that the input impedance of a quarter- 
wavelength-long lossless line terminated in a short 
circuit appears as an open circuit. 

2.20 Show that at the position where the magnitude of 
the voltage on the line is a maximum, the input impedance 
is purely real. 

2.21* A voltage generator with 

v g (/) = 5cos(27r x 10°/) V 

and internal impedance Z g = 50 £2 is connected to a 50+2 
lossless air-spaced transmission line. The line length is 
5 cm and it is terminated in a load with impedance 
Zl = (100 — y 100) £2. Find the following: 

(a) F at the load. 

(b) Z; n at the input to the transmission line. 

(c) The input voltage Vi and input current I\. 


2.22 A 6 -in section of 150-£2 lossless line is driven by 
a source with 

u g (r) — 5 cos( 87 r x 10 7 i — 30°) (V) 

and Z g — 150 £2. If the line, which has a relative 
permittivity e r = 2.25, is terminated in a load 
Zl = (150 — y50) £ 2 , find the following: 

(a) \ on the line. 

(b) The reflection coefficient at the load. 

(c) The input impedance. 

(d) The input voltage Vj. 

(e) The time-domain input voltage v,(t). 

2.23* Two half-wave dipole antennas, each with an 
impedance of 75 £2, are connected in parallel through 
a pair of transmission lines, and the combination is 
connected to a feed transmission line, as shown in 
Fig. 2-39. All lines are 50 £2 and lossless. 
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(a) Calculate Zj n , , the input impedance of the antenna- 
terminated line, at the parallel juncture. 

(b) Combine Z- mi and Z m , in parallel to obtain Z(, the 
effective load impedance of the feedline. 

(c) Calculate Z m of the feed line. 

Section2-7: Special Cases 

2.24 At an operating frequency of 300 MHz, it is 
desired to use a section of a lossless 50-Q transmission 
line terminated in a short circuitto construct an equivalent 
load with reactance X — 40 £2. Tf the phase velocity of 
the line is 0.75c, what is the shortest possible line length 
that would exhibit the desired reactance at its input? 

2.25* A lossless transmission line is terminated in a 
short circuit. How long (in wavelengths) should the line 
be for it to appear as an open circuit at its input terminals? 

2.26 The input impedance of a 31-cm-long lossless 
transmission line of unknown characteristic impedance 
was measured at 1 MHz. With the line terminated 
in a short circuit, the measurement yielded an input 
impedance equivalent to an inductor with inductance of 
0.064 j/.H, and when the line was opcn-circuitcd, the 
measurement yielded an input impedance equivalent to 
a capacitor with capacitance of 40 pF. Find Z ( i of the 
line, the phase velocity, and the relative permittivity of 
the insulating material. 

2.27 1 A75-£2 resistive load is preceded by a X/4 section 
of a 50-£2 lossless line, which itself is preceded by another 
a/ 4 section of a 100-£2 line. What is the input impedance? 

2.28 A 100-MHz FM broadcast station uses a 
300-S2 transmission line between the transmitter and a 
tower-mounted half-wave dipole antenna. The antenna 
impedance is 73 £2. You are asked to design a quarter- 
wave transformer to match the antenna to the line. 



Figure 2-40: Transmission-line arrangement for Prob¬ 
lem 2.29. 


(a) Determine the electrical length and characteristic 
impedance of the quarter-wave section. 

(b) If the quarter-wave section is a two-wire line with 
d = 2.5 cm, and the spacing between the wires is 
made of polystyrene with e r = 2.6, determine the 
physical length of the quarter-wave section and the 
radius of the two wire conductors. 

2.29* A 50-MHz generator with Z„ = 50 £2 is 
connected to a load Zl = (50 — j25) £2. The Lime- 
average power transferred from the generator into the 
load is maximum when Z g = Zj\ where Z£ is the 
complex conjugate of Z L . To achieve this condition 
without changing Z g , the effective load impedance can 
be modified by adding an open-circuited line in series 
with Zl, as shown in Fig. 2-40. If the line’s Zo — 100 £2, 
determine the shortest length of line (in wavelengths) 
necessary for satisfying the maximum-power-transfer 
condition. 

2.30 A 50-£2 lossless line of length l — 0.375A 
connects a 300-MHz generator with IA = 300 V and 
Z g = 50 £2 to a load Zl- Determine the time-domain 
current through the load for: 
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(a) Z\. = (50 — j 50) £2 (d) Compute Vl, /l, and the time-average power 

_ delivered to the load, P L = i£Rc[V L /^]. How does 

Zl ~ ~ 0 “ Pin compare to P L ? Explain.’ 

(c) Zl = 0 (shot! circuit) (e) Compute the time-average power delivered by 

the generator, P g , and the time-average power 


Section 2-8: Power Flow on Lossless Line 

2.31' A generator with l/ g = 300 V and Z g = 50 (2 is 
connected to a load Zl — 75 S2 through a 50-£2 lossless 
line of length / — 0.15A. 

(a) Compute Z-,„, the input impedance of the line at the 
generator end. 

(b) Compute I\ and Vj. 


dissipated in Z g . Is conservation of power satisfied? 

2.32 If the two-antenna configuration shown in 
Fig. 2-41 is connected to a generator with V g = 250 V 
and Zg = 50 £2, how much average power is delivered to 
each antenna? 

2.33* For the circuit shown in Fig. 2-42, calculate the 
average incident power, the average reflected power, and 
thcaverage power transmitted into the infinite 100-£2 line, 
The A/2 line is lossless and the infinitely long line is 
slightly lossy. (Hint: The input impedance of an infinitely 


(cl Compute the time-average power delivered to the 
line, P in = 


long line is equal to its characteristic impedance so long 
as a =£ 0.) 
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2.34 An antenna with a load impedance 
Z L = (75 + 7 25) £2 

is connected to a transmitter through a 50-£2 lossless 
transmission line. If under matched conditions (50-£2 
load) the transmitter can deliver 20 W to the load, how 
much power can it deliver to the antenna? Assume that 
Z g = Zo. 

Section 2-9: Smith Chart 

2.35* Use the Smith chart to find the reflection 
coefficient corresponding to a load impedance of 

(a) Z L = 3Z 0 

* (b) Zl = (2 - 2j)Z 0 

(c) Z L = —2/'Zo 

Id) Zl = 0 (short circuit) 

2.36 Use the Smith chart to find the normalized load 
impedance corresponding to a reflection coefficient of 

(a) r = 0.5 

■'Mb) r = 0.5Z^I 

(c) r = -i 


(d) r = 0.3 /-30° 

(e) r = 0 

(f) r = j 

2.37' On a lossless transmission line terminated in a 
load Z L = 100 £2. the standing-wave ratio was measured 
to be 2.5. Use the Smith chart to find the two possible 
values of Zo. 

2.38 A lossless 50-£2 transmission line is terminated in 
a load with Zl = (50 + y 25) £2. Use the Smith chart to 
find the following: 

(a) The reflection coefficient T. 

(b) The standing-wave ratio. 

(c) The input impedance at 0.35A. from the load. 

(d) The input admittance at 0.35 a from the load. 

(e) The shortest line length for which the input 
impedance is purely resistive. 

t f) The position of the first voltage maximum from the 
load. 

2.39* A lossless 50-£2 transmission line is terminated in 
a short circuit. Use the Smith chart to find the following: 

(a) The input impedance at a distance 2 . 3 a from the 
load. 

(b) The distance from the load at which the input 
admittance is Y m = — J0.04 S. 

2.4(1 Use the Smith chart to find y L if Zl = 1.5 — jOJ. 
2.4V A lossless 100-£2 transmission line 3A/8 in length 
is terminated in an unknown impedance. If the input 
impedance is Zi„ = - j 2.5 £2, 

(a) Use the Smith chart to find Zl- 

(b) What length of open-circuit line could be used to 
replace Zl? 
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2.42 A 75-£2 lossless line is 0.61 long. If .S' = 1.8 and 
0 r = —60°, use the Smith chart to find |r|, Zl, and Zj„. 

2.43' Using a slotted line on a 50-£2 air-spaced lossless 
line, the following measurements were obtained: S = 1.6 
and 1V | max occurred only at 10 cm and 24 cm from the 
load. Use the Smith chart to find Z\_. 

2.44 At an operating frequency of 5 GHz, a 50-£2 
lossless coaxial line with insulating material having a 
relative permittivity r. t = 2.25 is terminated in an antenna 
with an impedance Zl = 150 £2. Use the Smith chart to 
find Zj„. The line length is 30 cm. 

Section 2-10: Impedance Matching 

2.45* A 50-£2 lossless line 0.61 long is terminated in a 
load with Zl = (50 + ,/25) £2. At 0.31 from the load, a 
resistor with resistance R = 30 £2 is connected as shown 
in Fig. 2-43. Use the Smith chart to find Z ia . 

2.46 A 50-£2 lossless line is to be matched to an antenna 
with Zl = (75 — y'20) £2 using a shorted stub. Use the 
Smith chart to determine the stub length and distance 
between the antenna and stub. 

2.47* Repeat Problem 2.46 for a load with 
Z L = (100 + j50) £2. 



Figure 2-43: Circuit for Problem 2.45. 
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2.48 


Use the Smith chart to find Z-,„ of the feed line 


shown in Fig. 2-44. All lines are lossless with Zo = 50 £2. 

2.49* Repeat Problem 2.48 for the case where all three 
transmission lines are 1/4 in length. 

Section 2-11: Transients on Transmission Lines 

2.50 Generate a bounce diagram for the voltage V(z, t) 
for a 1 -m-long lossless line characterized by Z 0 = 50 £2 
and Up = 2c/3 (where c is the velocity of light) if the line 
is fed by a step voltage applied at t = 0 by a generator 
circuit with V g = 60 V and /?„ = 100 £2. The line is 
terminated in a load Zl = 25 £2. Use the bounce diagram 
to plot V (l ) at a point midway along the length of the line 
from / = 0 to / = 25 ns. 


2.51 Repeat Problem 2.50 for the current I on the line 

2.52 In response to a step voltage, the voltage waveform 
shown in Fig. 2-45 was observed at the sending end of a 
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lossless transmission line with R„ = 50 £2, Z 0 = 50 £2, 
and £ r = 2.25. Determine the following: 

(a) The generator voltage. 

fb) The length of the line. 

(c) The load impedance. 


A 

5 V- 

A0, t) 

1-3 V 

i w- i 

0 6/rs 

Figure 2-45: Voltage waveform for Problems 2.52 and 
2.54. 


2.53* In response to a step voltage, the voltage 
waveform shown in Fig. 2-46 was observed at the sending 
end of a shorted line with Zq = 50 £2 and s r — 4. 
Determine V g , R s , and the line length. 

2.54 Suppose the voltage waveform shown in Fig. 2-45 
was observed at the sending end of a 50-£2 transmission 
line in response to a step voltage introduced by a 
generator with V g = 15 V and an unknown series 
resistance R s . The line is 1 km in length, its velocity 
of propagation is 1 x 10 8 m/s, and it is terminated in a 
load Zl — 100 £2. 

(a) Determine R g . 

(b) Explain why the drop in level of V(0, t) at t = 6 /as 
cannot be due to reflection from the load. 

(c) Determine the shunt resistance Rf and location of 
the fault responsible for the observed waveform. 


A 

12 V- 

AO, i) 


3 V i| 

1 -0.75 V 

Figu 

1-1-►- [ 

7 /AS 14 (AS 

re 2-46: Voltage waveform of Problem 2.53. 


2.55 A generator circuit with V g = 200 V and 
R & = 25 £2 was used to excite a 75 £2 lossless line with 
a rectangular pulse of duration z = 0.4 /as. The line is 
200 m long, its u p = 2 x 10 s m/s, and it is terminated in 
a load Z|, = 125 £2. 

(a) Synthesize the voltage pulse exciting the line as the 
sum of two step functions, Vg! (/) and V g? (/). 

(b) For each voltage step function, generate a bounce 
diagram for the voltage on the line. 

(c) Use the bounce diagrams to plot the total voltage at 
the sending end of the line. 

2.56 Forthe circuit of Problem 2.55, generate a bounce 
diagram for the current and plot its time history at the 
middle of the line. 

2.57-2.65 Additional Solved Problems — complete 
solutions on •. 
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Overview 


In our examination of wave propagation on a 
transmission line in Chapter 2, the primary quantities 
we worked with were voltage, current, impedance, and 
power. Each of these is a scalar quantity, meaning that 
it can be completely specified by its magnitude, if it is 
a positive real number, or by its magnitude and phase 
angle if it is a negative or a complex number (a negative 
number has a positive magnitude and a phase angle 
of n (rad)). A vector specifies both the magnitude and 
direction of a quantity. The speed of an object is a scalar, 
whereas its velocity is a vector. 

Starting in the next chapter and throughout the 
succeeding chapters in the book, the electromagnetic 
quantities we will deal with the most are the electric 
and magnetic fields, E and H. These, and many other 
related quantities, are vectors. Vector analysis provides 
the mathematical tools necessary for expressing and ma¬ 
nipulating vector quantities in an efficient and convenient 
manner. To specify a vector in three-dimensional space, it 
is necessary to specify its components along each of the 
three dimensions. Several types of coordinate systems 
are used in the study of vector quantities, the most 
common being the Cartesian (orrectangular), cylindrical, 
and spherical systems. A particular coordinate system is 
usually chosen to best suit the geometry of the particular 
problem under consideration. 

Vector algebra governs the laws of addition, 
subtraction, and multiplication of vectors in any given 
coordinate system. The rules of vector algebra and vector 
representation in each of the aforementioned orthogonal 
coordinate systems (including vector transformation 
between them) are two of the three major topics treated 



Figure 3-1: Vector A = aA has a magnitude A = |A| 
and unit vector a = A/A. 

in this chapter. The third topic is vector calculus, 
which encompasses the law's of differentiation and 
integration of vectors, the use of special vector operators 
(gradient, divergence, and curl), and the application of 
certain particularly useful theorems, most notably the 
divergence and Stokes’s theorems. 

3-1 Basic Laws of Vector Algebra 

A vector A has a magnitude A — |A| and a direction 
specified by a unit vector a: 

A = a|A| = aA. (3.1) 

The unit vector a has a magnitude of unity (|a| = I), and 
its direction is given by 


Figure 3-1 shows a graphical representation of the 
vector A as a straight line of length A with its tip pointing 
in the direction of a. 

In the Cartesian (or rectangular) coordinate system 
shown in Fig. 3-2(a), the directions of the a:, y. 
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z 



z 



(b) Components of A 

Figure 3-2: Cartesian coordinate system: (a) base vectors 
x, y, and z, and (b) components of vector A. 


and z coordinates are denoted by the three mutually 
perpendicular unit vectors x, y, and z, which are called 
the base vectors. The vector A in Fig. 3-2(b) may be 
represented as 

A = xA x 4 yA y 4 iA z , (3.3) 

where A x , A y . and A z are the components of A along the 
y-, and z-directions, respectively. The component A z 
is equal to the perpendicular projection of A onto the 
z-axis, and similar definitions apply to A x and A y . 


Application of the Pythagorean theorem, first to the right 
triangle in the x-y plane to express the hypotenuse A r in 
terms of A x and A y , and then again to the vertical right 
triangle with sides A r and A z and hypotenuse A, gives 
the following expression for the magnitude of A: 


A = |A| = +IA\ + A) + A\. 


(3.4) 


Since A is a nonnegative scalar, only the positive root 
applies. From Eq. (3.2), the unit vector a is given by 


„ _ A _ xA x 4 


yA y 4 iA z 




A? 


(3.5) 


Occasionally, we shall use the shorthand notation 
A = (A v , A y , Aj) to denote a vector with components 
A x , A y , and A, in a Cartesian coordinate system. 


3-1.1 Equality of Two Vectors 

Two vectors A and B are said to be equal if they have 
equal magnitudes and identical unit vectors. Thus, if 

A = aA = xA x 4 yA y 4 zA z , (3.6a) 

B - bfi = xB x 4 \B y 4 iB z , (3.6b) 


then A = B if and only if A = B and a = b, which 
requires that A x — B x , A y - B y , and A z = B.. Equality 
of two vectors does not necessarily imply that they ar. 
identical; in Cartesian coordinates, two displaced parallel 
vectors of equal magnitude and pointing in the same 
direction are equal, but they are identical only if they 
lie on top of one another. 
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3-1.2 Vector Addition and Subtraction 

The sum of two vectors A and B is a vector C given by 

C = A + B = B + A. (3.7) 

Graphically, vector addition is obtained by either the 
parallelogram rule or thehead-to-tail rule, as illustrated in 
Fig. 3-3. With A and B drawn from the same point, while 
keeping their magnitudes and directions unchanged, the 
vector C is the diagonal of the parallelogram found by A 
and B. With the head-to-tail rule, we may either add A 
to B or B to A. When A is added to B, it is positioned so 
that its tail starts at the tip of B, again keeping its length 
and direction unchanged. The sum vector C starts at the 
tail of B and ends at the tip of A. 

If A and B are given in a rectangular coordinate system 
by Eqs. (3.6a) and (3.6b), vector addition gives 


C = A + B 

= (xA. v + yA v -(- z A z ) + ( \B X + y B v + z B z ) 

— x(A. ,• + B x ) + y (A y + B y ) + 2(A Z + B ? ).(3.8) 
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Subtraction of vector B from vector A is equivalent to the 
addition of A to negative B. Thus, 

D = A — B 
= A + (-B) 

= x(A, - B x ) + y (A, - B y ) + z(A z - B z ).( 3.9) 

Graphically', the same rules used for vector addition are 
also applicable to vector subtraction; the only difference 
is that the arrowhead of (—B) is drawn on the opposite 
end of the line segment representing the vector B (i.e., 
the tail and head are interchanged). 

3-1.3 Position and Distance Vectors 

In a given coordinate system, the position vector of a 
point P in space is the vector from the origin to P 
Points Pi and P 2 in Fig. 3-4 are located at Gi, y,, ^) 



Figure 3-4: Position vector R 12 = P\ Pi = R 2 - R|. 
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and (x2, >' 2 . zi). respectively. Their position vectors are 

Ri = 0^1 = £*,+yyi+zzi, (3.10a) 

R 2 = 0~P 2 = kx 2 + yy z + zz 2 , (3.10b) 

where point O is the origin. The distance vector from P\ 
to Pi is defined as 


R,2 = K?2 

— R 2 — Ki 

= x(x 2 - X,) + y(>'2 - y,) + z(z 2 - Zi), (3.11) 

and the distance d between P\ and P 2 is equal to the 
magnitude of R| 2 : 

d = |R, 2 | 

= Kx 2 - x,) 2 + (y 2 - yi) 2 + (zi - Zi) 2 l' /2 . (3.12) 

Note that the first subscript of R i2 denotes the location 
of the tail of vector Ri; and the second subscript denotes 
the location of its head, as shown in Fig. 3-4. 


3-1.4 Vector Multiplication 

Three types of products can occur in vector calculus. 
These are the simple, scalar (or dot), and vector (or cross) 
products. 

Simple Product 

Multiplication of a vector by a scalar is called a simple 
product. The product of the vector A = aA by a scalar k 
results in a vector B whose magnitude is k A and whose 
direction is the same as that of A. That is, 

B = AA = a*A =x(kA. x ) + y(kA y ) + i(kA z ). (3.13) 


Scalar or Dot Product 

The scalar (or dot ) product of two vectors A and B, 
denoted by A • B and pronounced “A dot P,” is defined 
geometrically as the product of the magnitude of one of 
the vectors and the projection of the other vector onto the 
first one, or vice versa. Thus, 


AB — ABcosOab, (3.14) 


where 9a a is the angle between A and B, as shown in 
Fig. 3-5. The scalar product of two vectors yields a scalar 
whose magnitude is less than or equal to the products of 
the magnitudes of the two vectors (equality holds when 
Oah = 0) and whose sign is positive if 0 < Oar < 90° 
and negative if 90° < 0 AB < 180°. When Bad = 90°, 
the two vectors are orthogonal. The dot product of two 
orthogonal vectors is zero. The quantity A cos 0 AB is the 



Figure 3-5: t he angle 6ah is the angle between A and B, 
measured from A to B between vector tails. The dot 
product is positive if 0 < 0,\r < 90°, as in (a), and it 
is negative if 90° < 0 A b < 180°, as in (b). 
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component of A along B and is equal to the projection 
of vector A along the direction of vector B, and similarly 
B cos6) as is the component of B along A. 

If A = (A. v , Ay, A : ) and B - (B r , B y , B z ), then 

A B = (xA x +yA y +zA,)-(xB,+yB y + y,B z ). (3.15) 

Since the base vectors x, y, and z are each orthogonal to 
the other two. it follows that 


x-x = y-y = z-z= 1, 

(3.16a) 

x-y = y- z = Z'i = 0. 

(3.16b) 


Use of Eqs. (3.16a) and (3.16b) in Eq. (3.15) leads to 

A-B = A X B X + A y By + A Z B Z . (3.17) 

The dot product obeys both the commutative and 
distributive properties of multiplication; that is, 

A • B — B • A (commutative property), (3.18a) 
A -(B + C) = A • B + A • C (distributive property). 

(3.18b) 

The dot product of a vector with itself gives 

A ■ A = |A| 2 = A 2 . (3.19) 

If the vector A is defined in a given coordinate system, 
its magnitude A can be determined from 

A = |A| = -s/A- A . (3.20) 

Also, if vectors A and B are specified in a given coordinate 
system, then the smaller angle between them, 6ab , can 
be determined from 



Vector or Cross Product 

The vector (or cross) product of two vectors A and B, 
denoted by A x B and pronounced “A cross B .” yields a 
vector defined as 



where 0 AB is the angle between A and B, measured from 
the tail of A to the tail of B, and n is a unit vector normal 
to the plane containing A and B. The magnitude of the 
cross product is equal to the area of the parallelogram 
defined by the two vectors, as illustrated in Fig. 3-6(a), 
and its direction is specified by n in accordance with the 



A B 


(3.21) 
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following right-hand rule [Fig. 3-6(b)]: the direction of n 
points along the right thumb when the lingers rotate from 
A to B through the angle 9ab- We note that, since n is 
perpendicular to the plane containing A and B, it is also 
perpendicular to the vectors A and B. 

The cross product is anticommutative, meaning that 

A x B = -B x A (anticommutative). (3.23) 

This property can be verified by rotating the fingers of 
the right hand from B to A through the angle 0 AB . Other 
properties of the cross product include 

Ax(B4-C) — AxB4-AxC (distributive), (3.24a) 

A x A = 0. (3.24b) 

From the definition of the cross product given by 
Eq. (3.22), it is easy to verify that the base vectors x, 
y, and z of the Cartesian coordinate system obey ihe 
following right hand cyclic relations: 


xxy — z, y x z = x, z x x = y. (3.25) 
Note the cyclic order (xyzxyz ...). Also, 


xxx — yxy — zxz — 0. (3.26) 


If A = (A x -, A y , A z ) and B = ( B x , B y . B z ), use of 
Eqs. (3.25) and (3.26) leads to 

A x B = (xA x 4- y A y + zA,) x (xB x + y B, + zB z ) 

= x(A y B z - A,By) + y (A Z B X - A : B.) 

+ z(A x B y — AyB x ). (3.27) 

The cyclical form of the result given by Eq. (3.27) 
allows us to express the cross product in the form of a 
determinant: 


A x B = 

x y 7 , 
A x Ay A, 

(3.28) 


B x By B z 




Figure 3-7: Geometry for Example 3-1. 


Example 3-1 Vectors and Angles 

In Car tesian coordinates, vector A is directed from the 
origin to point P\ (2, 3, 3), and vector B is directed from 
P\ to point 7*2(1, —2, 2). Find 

(a) vector A, its magnitude A, and unit vector a, 

(b) the angle that A makes with the y-axis, 

(c) vector B, 

(d) the angle between A and B, and 

(e) the perpendicular distance from the origin to 
vector B. 

Solution: (a) Vector A is given by the distance vector 
from <2(0, 0, 0) to P\{2, 3, 3) as shown in Fig. 3-7. Thus, 

A = x2 + y3 + ?,3, 

A = |A| = V2 2 + 3 2 + 3 2 = V22 , 

a = - = (x2 + y3 + z3)/V22 . 

A 

(h) The angle fi between A and the y-axis is obtained 
from 

A-y = |A|cos/J, 
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or 

P = ft-* i y)= cos "‘ Gi )= 5or ■ 

(c) 

B = x(l — 2) + v(—2 — 3) + 2(2 — 3) = -\-y5-i. 



(e) The perpendicular distance between the origin and 
vector B is the distance | O P 3 1 shown in Fig. 3-7. From 
right triangle 0 P\ Pj, 


\0? 2 | = |A|sin(180° -9) 

= V22 sin(180° — 145.1°) = 2.68. ■ 



EXERCISE 3.1 Find the distance vector between 
Pi (1,2,3) and P 2 (- 1.-2, 3) in Cartesian coordinates. 

Ans. P ^2 = —x2 - y4. (See **) 

EXERCISE 3.2 Find the angle 6 between vectors A and B 
of Example 3-1 using the cross product between them. 

Ans. Q = 145.1°. (See '") 

EXERCISE 3.3 Find the angle that vector B of Example 3- 
1 makes with the z-axis. 


Ans. 101.1°. (See *) 


3-1.5 Scalar and Vector Triple Products 


When three vectors are multiplied, not all combinations 
of dot and cross products are meaningful. For example, 
the product 

A x (B • C) 

does not make sense because B ■ C gives a scalar, and the 
cross product of the vector A with a scalar is not defined 
under the rules of vector algebra. Other than the product 
of the form A(B • C), the only two meaningful products 
of three vectors are the scalar triple product and the vector 
triple product. 

Scalar Triple Product 

The dot product of a vector with the cross product of two 
other vectors is called a scalar triple product, so named 
because the result is a scalar. A scalar triple product obeys 
the following cyclic order: 

A-(B x C) = B-(C x A) = C-(A x B). (3.29) 

The equalities hold as long as the cyclic order 
(ABCADC ...) is preserved. The scalar triple product 
of vectors A = (A x , A y , A z ), B = (B x , B y , B,J, and 
C = (C x , C y , C z ) can be written in the form of a 3 x 3 
determinant: 

A, A y A z 

A'(BxC)= B x B y B, . (3.30) 

C X Cy C Z 

The validity of Eqs. (3.29) and (3.30) can be verified by 
expanding A, B, and C in component form and carrying 
out the multiplications. 
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Vector Triple Product 

The vector triple product involves the cross product of a 
vector with the cross product of two others, such as 

Ax(BxC). (3.31) 

Since each cross product yields a vector, the result of a 
vector triple product is also a vector. The vector triple 
product does not, in general, obey the associative law. 
That is, 


A x (B s C) / (A x B) x C. (3.32) 

which means that it is important to specify which cross 
multiplication is to be performed first. By expanding the 
vectors A, B, and C in component form, it can be shown 
that 


A x (B x C) = B(A • C) — C(A ■ B), (3.33) 


which sometimes is known as the “bac-cab” rule. 


Example 3-2 Vector Triple Product 

Given A = x-y+z2, B = y+z,andC = -x2+z3, 
find (A x B) x C and compare it with A x (B x C). 

Solution 


A x B = 


x y z 
1 -1 2 
0 1 1 


= -x3 - y + z 


and 


(A x B) x C = 


x y z 
-3 -1 1 
-2 0 3 


= —x3 + y7 — z2. 


A similar procedure gives Ax (B x C) = x2 + y4 + z. 
The fact that the results of two vector triple products are 
different is a demonstration of the inequality stated in 
Eq. (3.32). ■ 


REVIEW QUESTIONS 

Q3.1 When are two vectors equal and when are they 
identical? 

Q3.2 When is the position vector of a point identical to 
the distance vector between two points? 

Q3.3 If A ■ B = 0, what is 0 4B ? 

Q3.4 If A x B = 0, what is Oar? 

Q3.5 Is A(B • C) a vector triple product? 

Q3.6 If A - B = A C, does it follow that B = C? 


3-2 Orthogonal Coordinate Systems 

In electromagnetics, the physical quantities we deal 
with are, in general, functions of space and time. 
A three-dimensional coordinate system allows us to 
uniquely specify the location of a point in space or 
the direction of a vector quantity. Coordinate systems 
may be orthogonal or nonorthogonal. An orthogonal 
coordinate system is one whose coordinates are mutually 
perpendicular, whereas in a nonorthogonal system 
not all three coordinates are mutually peipendicular. 
Nonorthogonal systems are very specialized and seldom 
used in solving practical problems. Many orthogonal 
coordinate systems have been devised, but the most 
standard and commonly used are 

• the Cartesian (otherwise called the rectangular) 
coordinate system, 

• the cylindrical coordinate system, and 

• the spherical coordinate system. 

Why do we need more than one coordinate system? 
Whereas a point in space has the same location and an 
object has the same shape regardless of which specific 
coordinate system is used to describe them, the solution 
of a given practical problem can be greatly facilitated 
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by the proper choice of a coordinate system that best 
fits the geometry of the problem. Hence, in the following 
subsections we shall examine the properties of each of the 
aforementioned orthogonal systems, and in Section 3- 
3 we shall describe how a point or vector may be 
transformed from one coordinate system to another. 

3-2.1 Cartesian Coordinates 

lhe Cartesian coordinate system was introduced in 
Section 3-1. where we used it to illustrate many of the 
laws of vector algebra. In lieu of repeating these laws 
for the Cartesian system, we have summarized them for 
easy access in Table 3-1. In differential calculus, we often 
work with differential quantities. Differential length in 
Cartesian coordinates is a vector (Fig. 3-8) defined as 

d\ = x dl x + y dly + z dl- = xdx +ydy + idz, (3.34) 

where dl x = dx is a differential length along x, and 
similar definitions apply to dl y = dy and dl- = dz. 



Figure 3-8: Differential length, area, and volume in 
Cartesian coordinates. 


A differential surface area ds is a vector quantity with 
a magnitude ds equal to the product of two differential 
lengths (such as dl y and dl z ). and its direction is denoted 
by a unit vector along the third direction (such as x). Thus, 
for a differential area in the y—z plane, 

ds x = x dl y dl z = xdy dz ( y-z plane), (3.35a) 

with the subscript of ds denoting its direction. Similarly, 

ds y = ydxdz (x-z plane), (3.35b) 

ds z =zdx dy (x-y plane). (3.35c) 

A differential volume is equal to the product of all three 
differential lengths: 

dv = dx dy dz. (3.36) 

3-2.2 Cylindrical Coordinates 

A cylindrical coordinate system is useful for solving 
problems having cylindrical symmetry, such as cal¬ 
culating the capacitance per unit length of a coaxial 
transmission line. The location of a point in space is 
uniquely defined by three variables, r, <p, and z, as shown 
in Fig. 3-9. The coordinate r is the radial distance 
in the x-y plane, <p is the azimuth angle measured 
from the positive x-axis, and z is as previously defined 
in the Cartesian coordinate system. Their ranges are 
0 < r < oo, 0 < cp < 2n, and —oo < z < oo. Point 
P(r\ , <t>\ , Z]) in Fig. 3-9 is located at the intersection of 
three surfaces. These are the cylindrical surface defined 
by r = n, the vertical half-plane defined by 0 = <p\ 
(which extends outwardly from the z-axis), and the 
horizontal plane defined by z = Z\. The mutually 
perpendicular base vectors are r, 0, and z, with r pointing 
away from the origin along r, 0 pointing in a direction 
tangential to the cylindrical surface, and z pointing along 
the vertical. Unlike the Cartesian system, in which the 
base vectors x, y, and z are independent of the location 
of P, in the cylindrical system both r and 0 are functions 
of 0. 
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Table 3-1: Summary of vector relations. 


Cartesian 

Cylindrical 

Spherical 

Coordinates 

Coordinates 

Coordinates 



Coordinate variables 

x, y, z 

C 

R.d.ip 

Vector representation, A = 

xA. ( . + yAj, + zA z 

rAr+tpA^+zAz 

R A # + 0 Ag + 0 A 

Magnitude of A, |A| = 

*/Al + A* + Al 

Ja* + aI + a* 

\j A \ + A e + A \ 

Position vector OP\ = 

x*i + yyi +h i, 

for P(x[ , yi, j|) 

rri +zzi, 
for P(r\,tp\, z\) 

RR\, 

for P(R\,6\,tp\) 


Base vectors properties 


x • x = y ■ y = 2 ■ z = 1 r-r — <p-tp — i-i = 1 

x-y = y- z = z- x = 0 f-0=0z = z- r = O 


x x y = z 
y x z = x 


rx^ = z 
<P X z = ? 


R-R = 0-0 = <>-0 = 1 
R-6 = 0-0=^R = O 
Rx® = ^ 

8 x 0 = R 



Dot product, A • B = A X B X + A y B v + A z B, 

A r B r + A<p Bq, + A Z B : 

ArB k + A(/B() + A^B^ 

x y z 

r <p z 

R dP 

Cross product, A x B = A x A y A z 

A r Aq A z 

Ar Ag Aq 

B x By B z 

B r B<p B z 

Br By B# 

Differential length, d\= x dx + y dy + z dz 

r dr +tpr dip + 7, dz 

R dR + 6 R dO + pR sin 8 dip 


Differential surface areas 


Differential volume, rfv = 


ds x = x dy dz 
ds y = y dx dz 
d s, = 7. dx dy 

dx dy dz 


ds, = r r dip dz 
ds<f, = dr dz 
ds z = zr dr dip 

r dr dip dz 


dsR = R R 2 sin 9 dO dip 
dso = 0Rsin9 dR dip 
ds$ — ipR dR d6 
R- sin0 dR d6 dip 


The base unit vectors obey the following right-hand 
cyclic relations: 

rx^>=z, |xz = r, zxr = <^, (3.37) 

and like all unit vectors, r-r = <p-ip = 2,-i = 1 , and 
rxr = ^x^ = zxz-0. 

In cylindrical coordinates, a vector is expressed as 

A = a|A| = rA r + <j>A$ + zA z , (3.38) 


where A r , A,/„ and A z are the components of A along the 
r-, ip-, and z-directions. The magnitude of A is obtained 
by applying Eq. (3.20), which gives 

|A| - Va~A = fa + Al + Al . (3.39) 

The position vector ofr shown in Fig. 3-9 has 
components along r and z only. Thus, 


Ri = WP = 


rr, +zzi. 
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z 



Figure 3-9: Point P(r \, cp \, zi) in cylindrical coordinates; r\ is the radial distance from the origin in the x-y plane. <pi is the 
angle in the x-y plane measured from the x-axis toward the v-axis, and zi is the vertical distance from the x-y plane. 


The dependence of R| on <j>\ is implicit through the 
dependence of r on iji\. Hence, when using Eq. (3.40) 
to denote the position vector of point P(r t ,<p\,zi), it is 
necessary to specify that r is at <p\. 

Figure 3-10 shows a differential volume element in 
cylindrical coordinates. The differential lengths along r. 
Ip, and z are 

dl r = dr, dl$ = r dip, dl z = dz. (3.41) 

Note that the differential length along <j> is r dip, not just 
dip. The differential length dl in cylindrical coordinates 
is given by 

d\ = rdl r +0d/<j, +idl z = rdr +<prdip + idz. (3.42) 

As was stated previously for the Cartesian coordinate 
system, the product of any pair of differential lengths is 


equal to the magnitude of a vector differential surface 
area with a surface normal pointing along the direction 
of the third coordinate. Thus, 

d s,. = r dl,p dl z = rr dtp dz (<p-z cylindrical surface), 

(3.43a) 

ds# — ip dl, dl. — 4> dr dz ( r-z plane), (3.43b) 

ds z = i dl r dl<j, = zr dr dip (r-<p plane). (3.43c) 

The differential volume is the product of the three 
differential lengths, 

dv = dl r dl# dl. = r dr dip dz ■ (3.44) 

The preceding properties of the cylindrical coordinate 
system are summarized in Tabic 3-1. 
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Figure 3-10: Differential areas anti volume in cylindrical 
coordinates. 


Example 3-3 Distance Vector 

in Cylindrical Coordinates 

Find an expression for the unit vector of vector A 
shown in Fig. 3-11 in cylindrical coordinates. 

Solution: In triangle OP\ A, 

0~p 2 = OP, +A. 


Hence, 


and 


A = 0? 2 - OP\ = r/'o - ih, 


A _ r r 0 - z li 


z 



Figure 3-11: Geometry of Example 3-3. 

circle defined by r = ro in the x—y plane are equal in 
the cylindrical coordinate system. The ambiguity can be 
eliminated by specifying that A passes through a point 
whose </> = cf>o. ■ 

Example 3-4 Cylindrical Area 

Find the area of a cylindrical surface described by 
r = 5, 30° < <l> < 60°, and 0 < z < 3 (Fig. 3-12). 


Solution: The prescribed surface is shown in Fig. 3-12. 
Use of Eq. (3.43a) for a surface element with constant r 
gives 


,- 60 ° ,-3 

S = r I dtp / dz = 
Jd>= 30 ° J z=0 


50 


”/3 

jt/6 



Note that ip had to be converted to radians before 
evaluating the integration limits. ■ 


We note that the expression for A is independent of </> 0 . 
That is, all vectors from point P\ to any point on the 


EXERCISE 3.4 A circular cylinder of radius r — 5 cm 
is concentric with the z-axis and extends between 
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Figure 3-12: Cylindrical surface of Example 3-4._J 

= -3 cm and z = 3 cm. Use Eq. (3.44) to find the 
cylinder’s volume. 

Ans. 471.2 cm 3 . (Sec 


3-2.3 Spherical Coordinates 

In the spherical coordinate system, the location of a pent 
in space is uniquely specified by the variables R6 
and 0, as shown in Fig. 3-13. The coordinate R, which 
sometimes is called the range coordinate, describes a 
sphere of radius R centered at the origtn. The zenith 
angle 0 is measured from the positive z-axts and it 
describes a conical surface with its apex at the origin 
and the azimuth angle <P is the same as in the cylindrical 
coordinate system. The ranges of R, 9 and 0 are 
0 < * < oo, 0 < 6 < it, and 0 < <P < 2 *. The 
base vectors R, 6 , and 0 obey the following right-hand 
cyclic relations: 


6 = 0i 

conical 

surface 



Figure 3-13: Point />(*., 0i,*i) in spherical coordi- 


R*e = 0, 0 x 0 — r. 


x R = 9 . (3.45) 


lugiire 

nates. 


A vector with components A«, A e , and A* is written as 

A = a|A| =RA r +9 A„ +0A (/ „ (3-46) 

and its magnitude is given by 

|A| = VaTa = Ap + Al + Al- (3.47) 

The position vector of point P(R\. 6 \. 0i) 1S simp’y 

R, = Ufi = RRi, ( 3 - 48) 

while keeping in mind that R is implicitly dependent on 

°' As^shown in Fig. 3-14, the differential lengths along 
R.e, and 0 are 

dh = dR> dlo = RdO. dl<f> = R sin 0 dip. (3.49) 
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z 



Figure 3-14: Differential volume in spherical coordi¬ 
nates. 


Hence, the expressions for the vector differential length 
d\, the vector differential surface ds, and the differential 
volume dv are 

dl = R dl/i +9 dl 0 +<j> dh/, 

= R dR + OR d9 + 4>R sinO d<p, (3.50a) 

dSR — R die dl.fi = RR 7 sin 0 dO dtp 

(6-<b spherical surface), (3.50b) 
dse =6 dlu dl$ = OR sin 0 dR d<j> 

( R-d) conical surface), (3.50c) 
ds <l =4>dl R dl e =4>RdRdO (R-0 plane), (3.50d) 
dv — d/R din dl$ — R 2 sin0 dR dO d<(>. (3.50c) 

These relations are summarized in Table 3-1. 



The spherical strip shown in Fig. 3-15 is a section of a 
sphere of radius 3 cm. Find the area of the strip. 

Solution: Use of Eq. (3.50b) for the area of an elemental 
spherical area with constant radius R gives 

/ 60 ° 

sin 0 dO / dej) 

= 30 ” Jil >=0 


= 9(—cos 0) 


60 ” 


|2tt 


4 > 

SO” 0 


(cm 2 ) 


= 18rr(cos 30° - cos 60°) = 20.7 cm 2 . ■ 


Example 3-6 Charge in a Sphere 

A sphere of radius 2 cm contains a volume charge 
density p v given by 

/\=4cos 2 0 (C/m 3 ). 


Example 3-5 


Surface Area in Spherical Coordinates 


Find the total charge Q contained in the sphere. 




3-3 TRANSFORMATIONS BF.TWF.FN 


Solution 



Note that the limits on R were converted to meters prior 
to evaluating the integral on R. m 


3-3 Transformations between Coordinate 
Systems 

The position of a given point in space is invariant with 
respect to the choice of coordinate system. That is, 
its location is the same irrespective of which specific 
coordinate system is used to represent it. The same is 
true for vectors. In this section, we shall establish the 
relations between the variables ( x, y, z) of the Cartesian 
system, ( r,tp,z ) of the cylindrical system, and (R, 9, <p) 
of the spherical system. These relations will then be used 
to transform vectors expressed in any one of the three 
systems into vectors expressed in any of the other two. 


3-3.1 Cartesian to Cylindrical Transformations 

Point P in Fig. 3-16 has Cartesian coordinates (x, y, z) 
and cylindrical coordinates (r, </>, z). Both systems share 
the coordinate z, and the relations between the other two 
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pairs of coordinates can be obtained from the geometry 
in Fig. 3-16. They arc 

r = v'x 2 + y 2 , 0 = tan -1 (-), (3.51) 

and the inverse relations are 

x = /' cos tp , y = rsin<j>. (3.52) 
Next, with the help of Fig. 3-17, which shows the 



t- 
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directions of the unit vectors x, y, r, and in the x-y 
plane, we obtain the following relations: 

r-x = cos0, r-y = sin0, (3.53a) 

0x = -sin0, 0-y = cos0, (3.53b) 

To express r in terms of x and y, let us write ? as 

r = xa+yb, (3.54) 

where a and b are unknown transformation coefficients. 
The dot product r • x gives 

f-x = x-xo+y-xb = fl. (3.55) 

Comparison of Eq. (3.55) with Eq. (3.53a) leads to the 
conclusion that a = cosc/). Similarly, application of the 
dot product r • y to Eq. (3.54) gives b = sin 0. Hence, 


r = xcos0 + y sin0. (3.56a) 


Repetition of the procedure for 0 leads to 


<P = — xsin0 + ycos0. (3.56b) 


The third base vector z is the same in both coordinate sys¬ 
tems. By solving Eqs. (3.56a) and (3.56b) simultaneously 
for x and y, we obtain the following inverse relations: 


x = rcos0 - 0 sin0. 

(3.57a) 

y = r sin 0 + 0 cos 0. 

(3.57b) 


The relations given by Eqs. (3.56a) to (3.57b) arc not 
only useful for transforming the base vectors (x, y) 
into (?, ip), and vice versa, they can also be used to 
transform the components of a vector expressed in either 
coordinate system into its corresponding components 
expressed in the other system. For example, a vector 
A = xA x + y A y + 7.A- in Cartesian coordinates can be 


transformed into A = rA,. -I- tpA, p + zA z in cylindrical 
coordinates by applying Eqs. (3.56a) and (3.56b). Thatis, 


A r = A x cos 0 + A v sin 0, 

(3.58a) 

A(, = —A x sin 0 + A y oos0, 

(3.58b) 


and, conversely. 


A x = A r cos0 — A$ sin0, 

(3.59a) 

A y = A r sin ip + cos0. 

(3.59b) 


The transformation relations given in this and the 
following two subsections arc summarized in Table 3-2. 

Example 3-7 Cartesian to Cylindrical Transformations 

Given point/’, (3, -4, 3)andvectorA - x2-y3+z4. 
defined in Cartesian coordinates, express P, and A in 
cylindrical coordinates and evaluate A at Pi. 

Solution: For point P\, x — 3, y = —4, and z — 3. 
Using Eq. (3.51), we have 

r = I'x 1 + y 2 = 5, <P = tan -1 - = -53.1° = 306.' 

x 

and z remains unchanged. Hence, P\ — P, (5, 306.9°, 3) 
in cylindrical coordinates. 

For vector A = rA, + ipA^ + iA z in cylindrical 
coordinates, its components can be determined by 
applying Eqs. (3.58a) and (3.58b): 

A r — A x cos i p + A y sin 0 = 2 cos (p — 3 sin 0, 

A# — —A x sin <p -I- A y cos 0 = — 2sin0 - 3cos0. 
A : =4. 

Hence, 

A = r(2cos (p — 3sin0) —0(2 sin <p + 3 cos <p) + z4. 
At point P, <p — 306.9°, which gives 

A = ?3.60 — 00.20 4- z4. ■ 
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Tabic 3-2: Coordinate transformation relations. 


Transformation 

Coordinate Variables 

Unit Vectors 

Vector Components 

Cartesian to 
cylindrical 

r = (/x 2 + y 2 
<l> = tan-'(.vA) 
z.=z 

r = xcos0 + ysin0 

0 = —x sin 0 + y cos 0 

z = z 

A r = A x cos 0 4- A y sin ip 

A# = — A x sin 0 + Ay cos 0 

A z = A ? 

Cylindrical to 
Cartesian 

x = r cos 0 
y = r sin 0 

z = z 

x = r cos 0—0 sin0 
y = rsin0 + 0cos0 

z = z 

A x = A r cos 0 — A<j, sin 0 

A,. = A r sin0 4- A^ cos0 

A z = A, 

Cartesian to 
spherical 

R — fc 2 + y 2 + z 2 

6 = tan _1 [ tjx 2 + y 2 /zl 

0 = tan _l (y/j:) 

R = xsindcos0 

+ y sin 6 sin 0 + z cos 6 

0 = x cos 0 cos 0 

+ y cos d sin rp - z sin 6 

0 = —x sin 0 + y cos 0 

Ar = A x sin 9 cos0 

+ Ay sin 9 sin 0 4- A z cos d 

Ap = Aj-cos0cos0 

+ Ay cos 6 sin 0 - A z sin 6 

A# = — A x sin 0 + Ay cos 0 

Spherical to 
Cartesian 

x = R sin 9 cos rj> 

y — R sin 9 sin 0 

Z = R cos (9 

x = R sin 6) cos 0 

+ d cos 0 cos 0 — 0 sin 0 
y = R sin d sin 0 

+ d cos d sin 0 + 0 cos 0 
z = R cos d -dsind 

A x = Ar sind cos0 

+ Ao cos d cos 0 — A^ sin 0 
Ay = Ar sin6 sin0 

+ A» cos d sin 0 + Ap, cos 0 
A. = Ar cosd — As sin d 

Cylindrical to 
spherical 

R= Vr 2 + z 2 

6 = tan"'(r/z) 

0 = 0 

R = r sind -Fzcosd 

9 — r cos 9 — x sin 9 

0=0 

Ar = A r sind -F A- cosd 

As = A,- cosd — A. sind 

A* — A,j> 

Spherical to 
cylindrical 

/ = ft sin (9 

0 = 0 
z = R cos 6 

r = Rsind +6 cosO 

0=0 

z = R cos 9—9 sin 0 

A r = Ar sind -F Ap cos 0 

A$ = A $ 

A 2 = Ar cos d — Ag sin 9 


3-3.2 Cartesian to Spherical Transformations 
From Fig. 3-18, we obtain the following relations 
between the Cartesian coordinates (.*,)’,<) and the 
spherical coordinates (R, 9. 0): 


R=y X i + y 2 +Z 2 , 




9 - tan 


-i 




(3.60a) 

(3.60b) 

(3.60c) 


and the converse relations are 

x = ft sin (9 cos 0, (3.61a) 

y = R sin# sin0, (3.61b) 

z — R cos#. (3.61c) 

The unit vector R lies in the r-z plane. Hence, it can be 
expressed as a linear combination of r and z as follows: 

R = ? a + zb, (3.62) 
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where a and b arc transformation coefficients. Since r 
and z are mutually perpendicular, 

Rr = rr, (3.63a) 

Rz = b. (3.63b) 

From Fig. 3-18, the angle between R and r is the 
complement of 6 and that between R and z is 9. Hence, 
a = R ■ if = sin 9 and b — R • z = cos 9. Upon inserting 
these expressions for a and b in Eq. (3.62) and replacing 
f with Eq. (3.56a), we have 


R = xsin0cos$ + y sin# sin 0 + zcosfl. (3.64a) 


A similar procedure can he followed to obtain the 
following expression for 9: 


9 = x cos 9 cos (p + ycos 6 sirup - zsin#, (3.64b) 


and the expression for<ji is given by Eq. (3.56b) as 


<f> = —xsirup + ycos <p. (3.64c) 


Equations (3.64a) through (3.64c) can be solved 
simultaneously to give the following expressions for 
(x, y, 7.) in terms of (K, 6 , <p)\ 

x = Rsin 9 cos<p A-6 cos 9 cos cp — <f> sirup, (3.65a) 
y = Rsin 0 sin cp + 9 cos 6 sin <p + $ cos <p. (3.65b) 

i— Rcostf -0sin£). (3.65c) 

Equations (3.64a) to (3.65c) can also be used to 
transform (A x , A y , A z ) of vector A into its spherical 
components (A«. An, A 0 ), and vice versa, by replacing 
(x, y, z. R, 9,4>) with (A x , A y , A z , A K , A g , A 0 ), respec 
tively. 

Example 3-8 Cartesian to Spherical Transformation 

Express vector A = x(x + y) + y(y - x) + zz in 
spherical coordinates. 

Solution: Using the transformation relation for Ar given 
in Table 3-2, we have 

Ar = A x sin 0 cos <p + A y sin 9 sin cp + A z cos6 

= (x + y) sin 6 cos (p + (y - x) sin 9 sin ip + z cos 6. 

Using the expressions for a, y, and z given by Eq. (3.61c), 
we have 

Ag = ( R sin6 cos p + Rsin 9 sin cp) s\n9cos<p 

+ (R sin 6 sin ip - R sin 9 cos </;) sin 6 sin cp + R cos 2 « 
= R sin 2 6 (cos 2 <p 4- sin 2 <p) + R cos 2 9 
= R sin 2 6 + R cos 2 9 = R. 
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Similarly, 

A$ = (x 4- >’) cos 6 cos 0 4- (y - x) cos 0 sin 0 — z sin 6 , 
A 6 = —(x 4 y) sin 0 + (y - x) cos 0, 

and following the procedure used with A />, we obtain the 
results 

A„ = 0, 

A<p = —R sin#. 

Hence, 

A = RA r + 6A 9 4-0-4* = RR -tj>R sin0. ■ 

3-3.3 Cylindrical to Spherical Transformations 

Transformations between cylindrical and spherical coor¬ 
dinates can be realized by combining the transformation 
relations of the preceding two subsections. The results 
are given in Table 3-2. 

3-3.4 Distance between Two Points 

In Cartesian coordinates, the distance d between two 
points Ri(xi,yi,Zi) and P 2 (*2> }> 2 < Zz) is given by 
Eq. (3.12) as 

d=|Rial 

= [(*2 - -D) 2 + (,V2 - yt) 2 + (22 - Zt) 2 ] 1/2 . (3.66) 

Upon using Eq. (3.52) to convert the Cartesian 
coordinates of P\ and Pi into their cylindrical 
equivalents, we have 

d = [(x 2 cos 02 — r\ cos 0i ) 2 

+ (r 2 sin02 - r , sin0,) 2 4- (z 2 - Zi) 2 ]' ;2 

= [ r 2 +r i -2r,r 2 co.s(0 2 -0i)+(Z2-2i) 2 ] l/ " 

(cylindrical). (3.67) 


A similar transformation using Eqs. (3.61 a-c) leads to an 
expression for d in terms of the spherical coordinates of 
7*1 and P 2 : 

d = j R\ 4- Rf - 2R | R 2 Icos 0 2 cos 0, 

+ sin 0 i siny 2 cos (02 - 0 i )]}' /2 

(spherical). (3.68) 


REVIEW QUESTIONS 

Q3.7 Why do we use more than one coordi nate system? 

Q3.8 Why is it that the base vectors (x, y, z) are 
independent of the location of a point, but r and 0 are 
not? 

Q3.9 What are the cyclic relations for the base vectors 
in (a) Cartesian coordinates, (b) cylindrical coordinates, 
and (c) spherical coordinates? 

03.10 IIow is the position vector of a point in 
cylindrical coordinates related to its position vector in 
spherical coordinates? 


EXERCISE 3.5 Point P (2V3, tt/ 3, —2) is given in cylin¬ 
drical coordinates. Express P in spherical coordinates. 

Ans. P(4, 2?r/3, nr/3). (See *t) 

EXERCISE 3.6 Transform vector 

A = x(x -4- y) 4 y(y - x) + zz 

from Cartesian to cylindrical coordinates. 

Ans. A = fr - 4>r + zz. (See ") 
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A. GPS nominal satellite constellation 

4 Satellites in eacli Plane 
20,200 km Altitudes, 55 Degree inclination 


Global Positioning System 

The Global Positioning System (GPS), initially 
developed in the 1980s by the U S. Department 
of Defense as a navigation tool for military use, 
has evolved into a system with numerous civilian 
applications, including vehicle tracking, aircraft 
navigation, map displays in automobiles, and 
topographic mapping. The overall GPS is comprised 
of three segments. The space segment consists 
of 24 satellites (A), each circling Earth every 
12 hours at an orbital altitude of about 12,000 
miles and transmitting continuous coded time 
signals. The user segment consists of hand-held 
or vehicle-mounted receivers that determine their 
own locations by receiving and processing multiple 
satellite signals. The third segment is a network of 
five ground stations, distributed around the world, 


that monitor the satellites and provide them with 
updates on their precise orbital information. GPS 
provides a location inaccuracy of about 30 m, both 
horizontally and vertically, but it can be improved to 
within 1 m by differential GPS. (See final section.) 


Principle of Operation 

The triangulation technique allows the determina¬ 
tion of the location (x 0 , y 0 , zo) of any object in 3-D 
space from knowledge of the distances d\, <h, and 
ch between that object and three other independent 
points in space of known locations (jci , yi, zi) to 
(x 3 ,y 3 ,z 3 ). In GPS, the distances are established 
by measuring the times it takes the signals to 
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SAT4 

(*4,y 4 ,zt) 


SAT 3 
(*30'3-Z3) 


SAT 2 
fe->'2-Z2) 

i d 2 

; SAT 1 

i W>'i'Zi) 


Time Delay 


Automobile GPS 
receiver at location 

(*0> >’0. A)) 


travel from the satellites to the GPS receivers, 
and then multiplying them by the speed of light 
(=3x10* m/s. Time synchronization is achieved by 
using atomic clocks. The satellites use very precise 
clocks, accurate to 3 nanoseconds (3 x 10~ 9 s), but 
receivers use less accurate, inexpensive, ordinary 
quartz clocks. To correct for the time error of a GPS 
receiver, a signal from a fourth satellite is needed. 

The GPS receiver of the automobile in (B) is at 
distances d x to d A from the GPS satellites. Each 
satellite sends a message identifying its orbital 
coordinates Ui,yi,zi) for satellite 1, and so on 
for the other satellites, together with a binary- 
coded sequence common to all satellites. The GPS 
receiver generates the same binary sequence, and 
by comparing its code with the one received from 
satellite 1, it determines the time q corresponding 
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to travel time over the distance d \. A similar process 
applies to satellites 2 to 4, leading to four equations: 

d] = (ai - a 0 ) 2 + (>'i - yo) 2 + (zi - zo) 2 - c \{h + ?o)f 

d\ = (a 2 - A 0 ) 2 + (>-2 - 3’o) 2 + (42 - Zo) 2 = C Yih + k)\ 2 

d\ = (a 3 - Ay) 2 + (>'3 - y 0 ) 2 + (Z3 - Zo) 2 = C t(?3 + f 0 )] 2 

dl = (A 4 - A 0 ) 2 + (y 4 - yo) 2 + (Z4 - Zo) 2 = c [<r 4 + to)f ■ 


The four satellites report their coordinates 
(Ai,yi,zi) to (a 4 ,v 4 ,z 4 ) to the GPS receiver, and 
the time delays t, to t\ are measured directly by it. 
The unknowns are (A 0 ,y 0 , zo). the coordinates of 
the GPS receiver, and the time offset of its clock 
f 0 . Simultaneous solution of the four equations 
provides the desired location information. 


Differential GPS 


The 30-m GPS position inaccuracy is attributed to 
several factors, including time-delay errors (due to 
the difference between the speed of light and the 
actual signal speed in the troposphere) that depend 
on the receiver’s location on Earth, delays due to 
signal reflections by tall buildings, and satellites’ 
locations misreporting errors. Differential GPS, or 
DGPS, uses a stationary reference receiver at a 
location with known coordinates. By calculating the 
difference between its location on the basis of the 
GPS estimate and its true location, the reference 
receiver establishes coordinate correction factors 
and transmits them to all DGPS receivers in 
the area. Application of the correction information 
usually reduces the location inaccuracy down to 
about 1 m. 
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3-4 Gradient of a Scalar Field 


When dealing with a scalar physical quantity whose 
magnitude depends on a single variable, such as the 
temperature T as a function of height z, the rate of 
change of T with height can be described by the derivative 
iIT/dz .. However, if T is also a function of x and y in 
a Cartesian coordinate system, its space rate of change 
becomes more difficult to describe because we now have 
to deal not only with three separate variables, but also do 
it in a unified arrangement. The differential change in T 
along x, y, and z can be described in terms of the partial 
derivatives of T with respect to the three coordinate 
variables, but it is not immediately obvious as to how 
wc should combine the three partial derivatives so as to 
describe the space rate of change of T along a specified 
direction. Furthermore, many of the quantities we deal 
with in electromagnetics are vectors, and therefore both 
their magnitudes and directions may vary with spatial 
position. In vector calculus, we use three fundamental 
operators to describe the differential spatial variations of 
scalars and vectors; these are the gradient, divergence, 
and curl operators. The gradient operator applies to scalar 
fields and is the subject of the present section. The other 
two operators, which apply to vector fields, are discussed 
in succeeding sections. 

Suppose that T\{x,y,z) is the temperature at 
point P\(x,y, j) in some region of space, and 
7o(x + dx, y + dy, z + dz) is the temperature at a nearby 
point Pi, as shown in Fig. 3-19. The differential distances 
dx, dy, and dz are the components of the differential 
distance vector d\. That is, 

dl = x dx + y dy + z dz. (3.69) 


From differential calculus, the differential temperature 
dT = T 2 — 7j is given by 



(3.70) 



Figure 3-19: Differential distance vector dl between 
points P\ and Pi- 


and since by definition dx = x • d\, dy = y • dl, and 
dz = i • dl, Eq. (3.70) can be rewritten as 


dx dy dz 


\dT „37 


,97 


■dl 


(3.71) 


8 x ' dy dz 

The vector inside the square brackets in Fq. (3.71) defines 
the change in temperature dT corresponding to a vector 
change in position dl. This vector is called the gradient 
of T, or grad T for short, and it is usually written 
symbolically as V T. That is. 


, . 9 T A dT A dT 


VT = grad T = x-—1- y-—b z— , 
dx dy dz 

(3.72) 


and F.q. (3.71) can be expressed in the form 
dT = VT-rfl. 


(3.73) 


The symbol V is called the del or gradient operator and 
is defined as 


a . 9 .9 . 9 


v = x-by-bz— 

dx dy dz 

(Cartesian). (3.74) 






s 

if 

1 

n 
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We note that, whereas the gradient operator has no 
physical meaning by itself it attains a physical meaning 
once it operates on a scalar physical quantity ’ and the 
result of the operation is a vector whose magnitude is 
equal to the maximum rate of change of the physical 
quantity per unit distance and whose direction is along 
the direction of maximum increase. With c/I = nidi. 
where a, is the unit vector of c/1, the directional derivative 
of T along the direction a, is given by 



If VT is a known function of the coordinate variables 
of a given coordinate system, we can find the difference 
(73 - Ti). where 7'i and 73 are the values of T at points 
P\ and P?, respectively, by integrating both sides of 
Eq. (3.73). Thus, 


rP, 

73 - T\ = 

Jr, 


VT • c/1. 


Example 3-9 Directional Derivative 


(3.76) 


Find the directional derivative of T = x 2 + y 2 z along 
the direction x.2 + y3 - 22 and evaluate it at (1, -1,2). 

Solution: The directional derivative dTjdl is given by 
Eq. (3.75). First, we find the gradient of T : 

= x2x + ylyz + iy 1 . 

We denote 1 as the given direction, 

1 = 52 -f y3 — z2. 

Its unit vector is 

x2 -f y3 — z2 


1 \2 + y3 — z2 

d/ _ HI _ V2 2 + 3- + 2 2 


vT7 


Application of Eq. (3.75) gives 
— = VT • n, = (x2x + ylyz + zy 2 ) ■ 
Ax + 6yz - 2y 2 


x2 + y3 — z2 
v/17 


At (1,-1. 2), 
dT 
~dl 


Vl7 


4-12-2 -10 


( 1 .- 12 ) 


Vl7 


■/i7 " 


3-4.1 


Gradient Operator in Cylindrical 
and Spherical Coordinates 


Even though Eq. (3.73) was derived using Cartesian 
coordinates, it should be equally valid in any orthogonal 
coordinate system. In order to apply the gradient 
operator to a scalar quantity expressed in cylindrical 
or spherical coordinates, we need expressions for V in 
those coordinate systems. To convert Eq. (3.72) into the 
cylindrical coordinates {r,cp, z), we start by restating the 
coordinate relations 


r = yfx 2 + y 1 , 


tan0 = — . 
x 


From differential calculus, 
dT 

Jx 


dT dr dT dip 
dr dx ^ dtp dx 


dT dz 
dz dx 


(3.77) 


(3.78) 


Since z is orthogonal to x, the last term is equal to zero 
because dz/dx = 0. Using the coordinate relations given 
by F,q. (3.77), it is easy to show that 


Hence, 


dr 

X 

= coscp. 

(3.79a) 

dx 

yjx 2 + y 2 

d</> 

dx 

= — - sinqL 
r 


(3.79b) 

dT 

cosd-—- 

sin cp dT 

(3.80) 

dx 

- CVS 

dr 

r dtp 
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This expression can be used io replace the coefficient of x 
in Eq. (3.72), and a similar procedure can be followed to 
obtain an expression for dT/dy in terms of r and <p. If, in 
addition, we use the relations x = r cos 0 sin and 
y = r sin 0 + 0 cos 0 [from Eqs. (3.57a) and (3.57b)], 
Eq. (3.72) becomes 

(3.81) 

or r dtp dz 

and therefore the gradient operator in cylindrical 
coordinates can be defined as 


„ „ 0 .13 „ 3 

V ~ r - h 0 - b z— 

dr r dip dz 


(cylindrical). (3.82) 


A similar procedure leads to the following expression for 
the gradient in spherical coordinates: 


V = R 


aiA 

R 36 


R sin (9 30 


(spherical). 


3-4.2 Properties oi the Gradient Operator 

For any two scalar functions U and V, the following 
relations apply: 

(1) V(t/ + V) = VU + VV. (3.84a) 

(2) V(t/V) = U VV + VVH, (3.84b) 

(3) VV" = nV"~ l VV, for any/!. (3.84c) 

The gradient of a vector is meaningless under the rules 
of vector calculus. 

Example 3-10 Calculating the Gradient 

Find the gradient of each of the following scalar 
functions and then evaluate it at the given point. 

(a) V| - 24Vy cos (rty/3) sin (2n - z/3) at (3,2,1) in 
Cartesian coordinates, 

(b) Vi = Vo^ 2r sin 30 at (l.jr/2, 3) in cylindrical 
coordinates, 


(c) Vs = Vo (a/R) cos 26 at (2a. 0 . .t) in spherical 
coordinates. 

Solution: (a) In Cartesian coordinates, 

JV, JV! 9V, 

VV,=x—+y—+z— 
ox ay dz 

. Tty 2nz . Tty 2n, 

=—y8/r V(, sin — sin +zl6 it V 0 cos — cos — 

f „ rty 2nz „ Tty 2 nz 
=an Vy —y sin sin —— +z2 cos cos —— . 

At (3, 2, 1), 


VV, = 877 V 0 ysin- ^+22cos' — J 

= TT Vo [—y6 + z4j. 

(b) The function V? is expressed in terms of cylindrical 
variables. Hence, we need to use Eq. (3.82) for V: 

VV 2 = v ° e ~ 2r sin3< £ 

\ dr r 30 oz / 

= —f2V ( )C -2 ' sin + 0(3V^e~ lr cos 30) /r 

~ „ , - 3cos3d>l , lr 

= -r2sin3f/) + <p - V 0 e . 

r 

At (1,7r/2, 3), r = 1 and 0 — jt/2. Hence, 

VV 2 = — r2 sin + 03 cos Vqc~ 2 

— — 

= r2Voe 2 = r0.27Vy. 

(c) As V 3 is expressed in spherical coordinates, we apply 
Eq. (3.83) to V 3 : 

VV 3 =(r — +e-^-+0 — 2-'] Vo (—^cos 29 
V 3R R30 v Rsin9d0/ °\R/ 

* Vna — v«a 

= -Rcos 26 -6 sin 28 
= -[Rcos2(?+(92sin2(?j^ . 
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A1 (2a, 0, 7 T ), R =2a and 0 = 0, which gives 


VV 3 = -R— 
4a 


M3.5-3.6 


EXERCISE 3.7 Given V = x 2 y + xy 2 + xz 2 , (a) find the 
gradient of V, and (b) evaluate it at (1, —1,2). 

Ans. (a) VV = \(2xy+y 2 + z 2 )+y(x 2 +2xy)-\-z2xz, 

( b > vv la.-u) = i3 -y +i4 - < See *) 

EXERCISE 3.8 Find the directional derivative of 
V — rz 2 cos 2<j) along the direction A — r2 — i and 
evaluate it at [\,n/2, 2). 

Ans. (dV/dl )| (lijr/2>2) - -4/V5. (See *) 


D3.1-3.9 


3-5 Divergence of a Vector Field 

From our brief introduction of Coulomb’s law in 
Chapter 1, we know that an isolated, positive point 
charge q induces an electric field F, in the space around it, 
with the direction of E being along the outward direction 
away from the charge. Also, the strength (magnitude) 
of E is proportional to q and decreases with distance R 
from the charge as 1 /R 2 . In a graphical presentation, a 
vector field is usually represented by field lines, as shown 
in Fig. 3-20. The arrowhead denotes the direction of the 
field at the point where the field line is drawn, and the 
length of the line provides a qualitative depiction of the 
field’s magnitude. 

Even though the electric field vector does not actually 
move, we regard its presence as a flux flowing through 
space, and wc refer to its field lines as flux lines. At a 
surface boundary, flux density is defined as the amount 
of outward flux crossing a unit surface els: 

E -ds E • n ds 

Flux density of E = ; , - = —- -, (3.85) 


Ws\ 


ds 



1 

Figure 3-20: Flux lines of the electric field F, due to a 
positive charge ej. 


where n is the outward surface normal of ds. The total 
flux crossing a closed surface A, such as the enclosed 
surface of the imaginary sphere outlined in Fig. 3-20, is 

Total flux = £ E • ds. (3.86) 

Let us now consider the case of a differential 
rectangular parallelepiped, such as a cube, whose edges 
are lined up with the axes of a Cartesian coordinate 
system as shown in Fig. 3-21. The lengths of the edges 
are Ax along x, Ay along y, and Az along z. A vector 
field E(x, y, z) exists in the region of space containing 
the parallelepiped, and we wish to determine the flux of E 
through its total surface S. Since S includes six faces, we 
need to sum up the fluxes through all of them, and by 
definition the flux through any face is the outward flux 
from the volume Av through that face. 

Let E be defined as 


E = xE x + yE y 4- zE.. (3.87) 

The area of the face marked 1 in Fig. 3-21 is Ay Az, 
and its unit vector h| = —x. Hence, the outward flux F\ 
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E 



Fi gu re 3-21: Flux 1 i ties of a vector field E passing through 
a differential rectangular parallelepiped of volume At; = 
Ax Ay Az- 


through face I is 


F\ 


-X 


E - fii ds 


Face 1 


= / (x£* + y Ey + iE z ) • (—x) dy dz 

J Face 1 


= -£,(!) Ay A Z , 


(3.88) 


where E v (l) is the value of E x at the center of face 1. 
Approximating E x over face 1 by its value at the center 
is justified by the assumption that the differential volume 
under consideration is very small. 

Similarly, the flux out of face 2 (with n ? = x) is 


Fz = E x {2) Ay Az, (3.89) 

where E x (2) is the value of E x at (he center of face 2. Over 
a differential separation Ax, E x ( 2) is related to E x (1) by 

dE 

E x (2) = E x (1) + —4Ax, (3.90) 


where we have ignored higher-order terms involving 
(Aar) 2 and higher powers because their contributions are 
negligibly small when Ax is very small. Substituting 
Eq. (3.90) intoEq. (3.89) gives 


dE x 

F 2 = EAD + —1 
dx 


Ax 


Ay Az. 


(3.91) 


The sum of the fluxes out of faces 1 tuid 2 is obtained by 
adding Eqs. (3.88) and (3.91), 


F\ + F 2 = 


!>E X 

dx 


Ax Ay Az. 


(3.92a) 


Repeating the same procedure to each of the other pairs 
of faces leads to 


F 3 + F 4 = 


dEy 

8 y 

dE. 


Ax Ay Az, 


F 5 + F 6 = 2 — l - Ax Ay Az. 
dz 


(3.92b) 

(3.92c) 


The sum of fluxes F, through F (l gives the total flux 
through surface S of the parallelepiped: 


. (dE x dEy dE. 

E • d s = ( —- + —- + —^ 
s \ dx dy dz 

= (div E) Av, 


Ax Ay Az 

(3.93) 


where Av = Ax Ay Az and div E is a differential 
function called the divergence of E and is defined in 
Cartesian coordinates as 


,. _ 3 E x dE y dE 

div E = —- + —a + —: 
3x dy dz 


-rr 1 - (3-94) 


By shrinking the volume Av to zero, we define the 
divergence of E at a point as the net outward flux per unit 
volume over a closed incremental surface. Thus, from 
Eq. (3.93), we have 


£ 


E • ds 


div E = lim Js 

Av-*0 


Av 


(3.95) 
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where S encloses the elemental volume Av. Instead of 
denoting the divergence of E by div E, it is common 
practice to denote it as V • E. That is. 



fora vectorE in Cartesian coordinates. Furtherdiscussion 
of these two forms of notation is given in Section 3-5.2. 

From the definition of the divergence of E given by 
Eq. (3.95), the field E has positive divergence if the net 
flux out of surface S' is positive, which may be viewed 
as if the volume Av contains a source of flux. If the 
divergence is negative, Av may be viewed as a sink 
because the net flux is inward into Av. For a uniform 
field E, the same amount of flux enters Av as leaves 
from it; hcncc, its divergence is zero and the field is 
said to be divergenceless. The divergence is a differential 
operator, it can operate only on vectors, and the result 
of its operation is a scalar. This is in contrast with the 
gradient operator, which can operate only on scalars and 
the result is a vector. Expressions for the divergence of a 
vector in cylindrical and spherical coordinates arc given 
on the inside back cover of this book. 

The divergence operator is distributive. That is, for any 
pair of vectors E| and E>, 

V-(E 1 +E 2 ) - V-E,+V-E 2 . (3.97) 

If V • E = 0, the vector field E is called solenoidal. 


3-5.1 Divergence Theorem 

The result given by Eq. (3.93) for a differential 
volume Av can be extended to relate the volume integral 


of V • E over any volume v to the flux of E through the 
closed surface 5 that bounds v. That is, 



This relationship, known as the divergence theorem , is 
used extensively in electromagnetics. 

(• c- ; I , m I|j3n3 

3-5.2 Remarks on Notation 

Books on vector analysis use one or both of the following 
two notations for denoting the gradient, divergence, and 
curl operators. In the linguistic notation, the gradient of 
a scalar T is written as “grad T” and the divergence and 
curl of a vector E are written as “div E” and “curl E.” 
A few years after James Clerk Maxwell published his 
classic treatise on electricity and magnetism in 1873, at 
which time vector analysis was not yet available, the 
American mathematician J. Willard Gibbs published a 
pair of pamphlets entitled Elements of Vector Analysis, 
in which he established the field of vector analysis as 
we know it today. In his presentation, he introduced 
a new notation for the divergence and curl operations: 
“V • E” for div E and “V x E” for curl E. Because of 
its symbolic simplicity, Gibbs’s notation was quickly 
adopted and is now used in the overwhelming majority 
of books on electromagnetics. The problem with Gibbs’s 
notation, however, is that it is prone to misinterpretation. 
In Gibbs’s notation, V -E stands for the divergence of 
vector E. This is commonly misinterpreted as the dot 
product of the operator V with the vector E, although 
Gibbs himself did not call it that. Tiic reason for the 
misinterpretation is that algebraically the dot product 
of V, as given by Eq. (3.74), with E, as given by 





X-Ray Computed Tomography 

Tomography is derived from the Greek words tome 
(meaning section or slice) and graphia (meaning 
writing). Computed tomography, also known as CT 
scan or CAT scan (for computed axial tomography), 
refers to a technique capable of generating 3-D 
images of X-ray attenuation (absorption) properties 
of an object. This is in contrast to the traditional, X- 
ray technique that produces only a 2-D profile of the 
object. CT was invented in 1972 by British electrical 
engineer Godfrey Hounsfeld and independently by 
Allan Cormack, a South African-born American 
physicist. The two inventors shared the 1979 Nobel 
prize for Physiology or Medicine. Among diagnostic 
imaging techniques, CT has the decided advantage 
in having the sensitivity to image body parts on a 
wide range of densities, from soft tissue to blood 
vessels and bones. 


Principle of Operation 


A CT scanner uses an X-ray source with a narrow 
slit that generates a fan-beam, wide enough to 
encompass the extent of the body, but only a 
few mm in thickness (A). Instead of recording the 
attenuated X-ray beam on film, it is captured by 
an array of some 700 detectors. The X-ray source 
and the detector array are mounted on a circular 
frame that rotates in steps of a fraction of a degree 
over a full 360° circle around the patient, each 
time recording an X-ray attenuation profile from a 
different angular perspective. Typically, 1,000 such 
profiles are recorded per each thin traverse slice 
of anatomy. In today's technology, this process is 
completed in less than 1 second. To image an entire 
part of the body, such as the chest or head, the 
process is repeated over multiple slices (layers), 
which typically takes about 10 seconds to complete. 
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Detector measures integrated attenuation 
along anatomical path 


Image Reconstruction 


For each anatomical slice, the CT scanner gener¬ 
ates jon the order of 7 x 10 5 measurements (1,000 
angular orientations x700 detector channels). 
Each measurement represents the integrated path 
attenuation for the narrow beam between the 
x-ray source and the detector (B), and each 
volume element (voxel) contributes to 1,000 such 
measurement beams. Commercial CT machines 
use a technique called filtered back-projection to 
"reconstruct" an image of the attenuation rate 
of each voxel in the anatomical slice and, by 
extension, for each voxel in the entire body organ. 
This is accomplished through the application of a 
sophisticated matrix inversion process. A sample 
CT image of the brain is shown in (C). 
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Eq. (3.87), gives the same result as the expression for 
the divergence of E given by Eq. (3.96). However, 
the “dot product" interpretation is incorrect on two 
grounds. First, the operator V is treated as if it were 
a vector quantity, which it is not. As we mentioned 
earlier, a differential operator has no physical meaning 
in itself and only attains a meaning after it operates on 
a physical quantity. This may be a subtle point, but it is 
nonetheless fundamental. The second criticism of thedot- 
product interpretation is that it can lead to invalid results 
under coordinate transformations, which is unacceptable 
because the divergence of a physical quantity should be 
the same regardless of the choice of coordinate system. 
Similar criticisms apply to the interpretation of V x E as 
the cross product of V and E. 

To avoid the misinterpretation problems associated 
with Gibbs’s notation, Tai* introduced the notation V E 
for the divergence of E and VE for the curl of E. Tai's 
proposed notation, however, is relatively new, and it will 
take some time before its logical foundation is properly 
appreciated. Hence, in keeping with the established tradi¬ 
tion, we will still adopt Gibbs’s notation in this book, but 
we reiterate that “V •” and “Vx” should not be regarded 
as the del operator followed with a dot or cross product. 

Example 3-11 Calculating the Divergence 

Determine the divergence of each of the following 
vector fields and then evaluate it at. the indicated point: 

(a) E = x3x 2 + y2s 4- zx 2 z at (2, -2, 0); 

(b) E = R(« 3 cos 9/R 2 ) - 6(a? sin 9/R 2 ) at 

(a/2, 0, n). 


Solution 

, . _ 9E X 9Ey 9E Z 
(a) V • E = — b —+ —2- 
ox dy dz 

= ~Ox 2 ) + j-(2z) + j~(x 2 z) 

3x dy 3 z 

= 6x + 0 + x 2 = x 2 + tx. 


*C. T. Tai, Generalized Vector and Dyadic Analysis. IEEE Press. 
New York. 1992. pp. 41-44. 


At (2,-2,0), V-E 


( 2 .- 2 . 0 ) 


= 16. 


(b) Using the expression given on the inside of the 
back cover of the hook for the divergence of a vector in 
spherical coordinates, wc have 


V-E =-\- d -(R 2 E K ) + — l -— — 
R 2 9R k kj K sin 0 90 


(En sin 0) 


+ 


_J_ dE± 

RsinG dtp 


19, , 1 0 

—r — (a cos 0) H- 

R-dR R sin 9 86 


a 2 sin 2 1 


= 0 — 


2a? cos ( 
Ri~ 


2a 2 cos 9 
R 3 


At R = a 12 and 0=0, V-E 


M3.7-3.ll 


(«/2,0,jr) 


= -16. 


EXERCISE 3.9 Given A = e 2 -'(x sin 2x +y cos 2x), find 
V-A. 


Ans. V • A = 0. (See 

EXERCISE 3.10 Given A = rrcos <p + <t>r si ntp + 23 z, 
find V-A at (2,0, 3). 


Ans. V-A = 6. (See *) 

EXERCISE 3.11 If E = R AR in spherical coordinates, 
calculate the flux of E through a spherical surface of 
radius a, centered at the origin. 



EXERCISE 3.12 Verify the divergence theorem by 
calculating the volume integral of the divergence of the 
field E of Exercise 3.11 over the volume bounded by the 
surface of radius a. 
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3-6 Curl of a Vector Field 


So far wc have defined and discussed two of the 
three fundamental operators used in vector analysis, the 
gradient of a scalar' and the divergence of a vector. 



Now we introduce the curl operator. The curl of a 
vector field B describes the rotational property, or the 
circulation , of B. For a closed contour C, the circulation 
of B is defined as the line integral of B around C. That is, 


Circulation = <p B -d\. (3.99) 

To gain some physical understanding for this definition, 
we consider two examples. The first example is for a 
uniform field B = xfi 0 . whose field lines are as depicted 
in Fig. 3-22(a). For the rectangular contour abed shown 
in the figure, we have 


Circulation 


ion = J xB 0 • x dx + J x£q ■ y dy 

+ ^ xB„ - x dx + J xBi, ■ y dy 


— B{\ Ax — Bq Ax — 0. 


(3.100) 


where Ax = b — a = c — d and, because x • y — 0, 
the second and fourth integrals are zero. According to 
Eq. (3.100), the circulation of a uniform field is zero. 

Next, we consider the magnetic field B induced by an 
infinite wire carrying a d-c current I. If the current is in 
free space and it is oriented along the ^-direction, then, 
from Eq. (1.13), 

B = ,3.101) 

where /x 0 is the permeability of free space and r is the 
radial distance from the current in the x-y plane. The 
direction of B is along the azimuth direction fi. The 
field lines of B are concentric circles around the current 
source, as shown in Fig. 3-22(b). For a circular contour 
of radius r, the differential length vector d\ = fir dtp. and 
the circulation of B around C is 

Circulation = <£ B • d\ 


firdfi = /j. 0 I. (3.102) 


=r^ 

Jo 2 nr 
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In this case, ihe circulation is not zero, but had the 
contour C been in any plane perpendicular to the x-y 
plane, dl would not have had a tf> component, and the 
integral would have yielded a net circulation of zero. 
In other words, the magnitude of the circulation of B 
depends on the choice of contour. Also, the direction of 
the contour determines whether the circulation is positive 
or negative. If we are trying to describe the circulation 
of a tornado, for example, wc would like to choose our 
contour such that the circulation of the wind field is 
maximum, and we would like the circulation to have 
both a magnitude and a direction, with thedirection being 
toward the tornado’s vortex. The curl operator has been 
defined to accommodate those properties. The curl of a 
vector field B, denoted curl B or V x B, is defined as 


V x B = curl B = lint — 

A . S--.0 As 


B • d\ 

C Jmax 


(3.103) 


Thus, curl B is the circulation of B per unit area, with 
the area As of the contour C being oriented such that the 
circulation is maximum. The direction of curl B is n, the 
unit normal of As, defined according to the right-hand 
rule: with the four fingers of the right hand following the 
contour direction dl. the thumb points along n (Fig. 3-23). 
The curl of a vector is defined at a point; this follows 


from the definition given by Eq. (3.103) in which the 
circulation is normalized to the area A.s, and As is made 
to approach zero. As was mentioned earlier in Section 3- 
5.2, when we use the notation V x B to denote curl B, it 
should not be interpreted as the cross product of V and B, 
For a vector B given in Cartesian coordinates as 

B = xB x +yB y + zB z , (3.104) 


it can be shown, through a rather lengthy and involved 
derivation, that the definition given by Eq. (3.103) leads 
to 



dz ) 




+ Z 




x y z 

AAA 

dx 3y 'dz 

B, By B z 


(3.105) 


Expressions for V x B are given on the inside back cover 
of the book for the three orthogonal coordinate systems 
considered in this chapter. 



ds-hds 

n 


/s' 

ds 'v 

f 

5 J 


— X\\ 


c 

f igure 3-23: The direction of the unit vector n is along 

the thumb when the other four fingers of the right hand 

follow dl. 



3-6.1 Vector Identities Involving the Curl 

For any two vectors A and B, 

(1) Vx(A + B) — VxA + VxB, (3.106a) 

(2) V (V x A) = 0 for any vector A, (3.106b) 

(3) V x (V V) = 0 for any scalar function V. 

(3.106c) 

Identities (2) and (3) are important properties that we will 
use in succeeding chapters. 
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3-6.2 Stokes’s Theorem 

Stokes’s theorem converts the surface integral of the curl 
of a vector over an open surface.? into a line integral of the 
vector along the contour C bounding the surface S. The 
geometry is shown in Fig. 3-23. Mathematically, Stokes’s 
theorem is given by 


/ (VxB)- ds = 

(j B • c/1 

(Stokes’s theorem), 

Js 

Jc 

(3.107) 


and its derivation follows from the definition of V x B 
given by Fq. (3.103). 1'he conversion process represented 
by Eq. (3.107) is used extensively in solutions of 
electromagnetic problems. If VxB = 0, the field B is said 
to be conservative or irrotational because its circulation, 
represented by the right-hand side of Eq. (3.107). is zero. 


Example 3-12 Verification of Stokes’s Theorem 

A vector field is given by B = zcos ip/r. Verify 
Stokes’s theorem for a segment of a cylindrical surface 
defined by r = 2, tt/3 < ip < 7r/2, and 0 < z < 3, as 
depicted in Fig. 3-24. 

Solution: Stokes’s theorem states that 

x li) • ds = j> B • dl 

Left-hand side: With B having only a component 
B z = cos<j>/r, use of the expression for V x B in 
cylindrical coordinates from the inside back cover of the 


book gives 
VxB = r 

\r dip dz 


. ,'0B r <m 


, l / a, % 3 B r 

+ Z rW^-lt 


_ . 1 3 /cos. 
r r dip \ r 


. sin tp - cos ip 

= - r —— + 4 >—— 


3 /cost 
'dr 


i r 

The integral of V x B over the specified surface S is 


L 


(VxB) - ds 


0 ' t/2 / .sin ip - cos A \ . 


f 3 [ n/1 sin tb 3 3 

/ /- — dtp dz — — — = —- , 

JO Jr/ 3 r 


2 r 





Figure 3-24: Geometry for Example 3-12. 
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where we used (he fact that r = 2. 

Right-hand side: The surface S is bounded by contour 
C = abed in Fig. 3-24. The direction of C is chosen 
so that it is compatible with the surface normal r by the 
right-hand rule. Hence, 

B ■ d\ — f B a b • dl + f B bc ■ d\ 

Ja Jb 

+ £ Bar dl + 

where B fl6 , B* c , B cd , and B da are the expressions for 
the field B evaluated for segments ah, be, cd, and da, 
respectively. Over segment ab, the dot product of 
B„i = i (cos ip) /2 and d\ — rpr dtp is zero, and the 
same is true for segment cd. Over segment be, <p = n/2; 
hence, B he — z(cosjt/2)/2 — 0. For the last segment, 
B Ju = z(cos;r/3)/2 = z/4 and d\ — zdz- Hence, 

which is the same result obtained by evaluating the 
left-hand side of Stokes’s equation. ■ 




EXERCISE 3.13 Find V x A at (2,0,3) in cylindrical 
coordinates for the vector field 

A = rlOe -2 ' cos <p T zlOsin tj>. 


Ans. (See *) 

_ . /„ 10cos<i> zl0e _> 

V x A = I r- 1 -sin <p 


= f5. 

(2.0.3) 

EXERCISE 3.14 Find V x A at (3, i r/6, 0) in spherical 
coordinates for the vector field A = 8 12 sin 6. 

Ans. (See *) 


VxA = 


- 12 sin 0 


R 


(3, jt/6,0) 


= 4>2. 


3-7 Laplacian Operator 


In later chapters, we will sometimes deal with problems 
involving multiple combinations of operations on scalars 
and vectors. A frequently encountered combination is 
the divergence of the gradient of a scalar. For a scalar 
function V defined in Cartesian coordinates, its gradient 
is 


,6V V 

VF = x-by— +z— 

dx 9y 8z 

= xA x + y A y + 7.A- = A, 


(3.108) 


where we defined a vector A with components 
A x = dV/dx, A y — dV/dy, and A, = dV/i)z. The 
divergence of V V is 


V-(VV) = V-A = 


SAv 

dx 

a2y 

dx : 


+ 


9 Ay 

dy 

d 2 V 

'dy 1 


dA z 

Oz 

d 2 V 

a? ■ (3109 » 


For convenience, V -(V V) is called the Laplacian of V 
and is denoted by V 2 V (the symbol V 2 is pronounced 
“del square”). That is. 



As we can see from Eq. (3.110), the Laplacian of a scalar 
function is a scalar. Expressions for V 2 V in cylindrical 
and spherical coordinates are given on the inside back 
cover of the book. 

The Laplacian of a scalar can be used to define the 
Laplacian of a vector. For a vector E given in Cartesian 
coordinates by 


E = kE x + yE y + zE,, (3.111) 
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the Laplacian of E is defined as 


V 2 E = 



_ 02 _ , 8 *_\ 
dy> + 3 j 2 ) 


E 


= xV 2 £,+yV 3 £,,+zV 2 £,. 


(3.112) 


Thus, in Cartesian coordinates the Laplacian of a vector 
is a vector whose components are equal to the Laplacians 
of the vector components. Through direct substitution, it 
can be shown that 


V 2 E = V(V-E) - V x (V x E). (3.113) 


This identity will prove useful in succeeding chapters. 


REVIEW QUESTIONS 

Q3.ll What do the magnitude and direction of the 
gradient of a scalar quantity represent? 

Q3.12 Prove the validity of Eq. (3.84c) in Cartesian 
coordinates. 

Q3.13 What is the physical meaning of the divergence 
of a vector field? 

Q3.14 If a vector field is solenoidal at a given point in 
space, does it necessarily follow that the vector field is 
zero at that point? Explain. 

Q3.15 What is the meaning of the transformation 
provided by the divergence theorem? 

Q3.16 How is the curl of a vector field at a point related 
to the circulation of the vector field? 

Q3.17 What is the meaning of the transformation 
provided by Stokes’s theorem? 

Q3.18 When is a vector field “conservative”? 


CHAPTER HIGHLIGHTS 

• Vector algebra governs the laws of addition, sub¬ 
traction, and multiplication of vectors, and vector- 
calculus encompasses the laws of differentiation and 
integration of vectors. 

• In a right-handed orthogonal coordinate system, the 
three base vectors are mutually perpendicular' to 
each other at any point in space, and the cyclic 
relations governing the cross products of the base 
vectors obey the right-hand rule. 

• The dot product of two vectors produces a scalar, 
whereas the cross product of two vectors produces 
another vector. 

• A vector expressed in a given coordinate system can 
be expressed in another coordinate system through 
the use of transformation relations linking the two 
coordinate systems. 

• The fundamental differential functions in vector cal¬ 
culus are the gradient, the divergence, and the curl. 

• The gradient of a scalar function is a vector 
whose magnitude is equal to the maximum rate of 
increasing change of the scalar function per unit 
distance, and its direction is along the direction of 
maximum increase. 

• The divergence of a vector field is a measure of the 
net outward flux per unit volume through a closed 
surface surrounding the unit volume. 

• The divergence theorem transforms the volume 
integral of the divergence of a vector field into a 
surface integral of the field’s flux through a closed 
surface surrounding the volume. 

• The curl of a vector field is a measure of the 
circulation of the vector field per unit area As, 
with the orientation of A.s chosen such that the 
circulation is maximum. 

• Stokes’s theorem transforms the surface integral of 
the curl of a vector field into a line integral of the 
field over a contour that bounds the surface. 
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• The Laplacian oh a scalar function is defined as the 
divergence of the gradient of that function. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

scalar quantity 

vector quantity 

magnitude 

unit vector 

base vectors 

position vector 

distance vector 

simple product 

scalar (or dot) product 

vector (or cross) product 

orthogonal coordinate system 

Cartesian coordinate system 

cylindrical coordinate system 

spherical coordinate system 

radial distance r 

azimuth angle <j) 

zenith angle 6 

range R 

gradient operator 
directional derivative 
flux lines 
flux density 
divergence operator 
solenoidal field 
divergence theorem 
circulation of a vector 
curl operator 
conservative field 
Stokes’s theorem 
Laplacian operator 


PROBLEMS 

Section 3-1: Vector Algebra 

3.1* Vector A starts at point (1, —1, —3) and ends at 
point (2, —1, 0). Find a unit vector in the direction of A. 

3.2 Given vectors A = x2 — y3 + z, B = x2 — y + z3, 
and C — x4 T y2 — z2, show that C is perpendicular to 
both A and B. 

3.3* In Cartesian coordinates, the three corners of a 
triangle are P\ (0,4, 4), A(4, —4, 4), and P 3 (2, 2, -4). 
Find the area of the triangle. 

3.4 Given A = x2 —y34-zl and B — xB x +y2+i.B : : 

(a) Find B x and B- if A is parallel to B. 

(b) Find a relation between B x and B- if A is 
perpendicular to B. 

3.5* Given vectors A = x + y2 - z3, B = x2 - y4, 
and C = y2 — z4, find the following: 

(a) A and a 

(b) The component of B along C 

(c) e AC 

(d) A x C 

(e) A ■ (B x C) 

(f) A x (B x C) 

(g) x x B 

(h) (A x y) • z 

3.6 Given vectors A = x2 - y + z3 and B — x3 - z2, 
find a vector C whose magnitude is 9 and whose direction 
is perpendicular to both A and B. 

* Answer(s) available in Appendix D. 

Solution available in CD-ROM. 
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3.7 s Given A = x(x + 2 y) - y(y + 3 z.) + z(3x - y), 
determine a unit vector parallel to A at point P{1, -1, 2). 

3.8 By expansion in Cartesian coordinates, prove: 

(a) The relation for the scalar triple product given by 
Eq. (3.29). 

(h) The relation for the vector triple product given by 
Eq. (3.33). 

3.9' Find an expression for the unit vector directed 
toward the origin from an arbitrary point on the line 
described by a: = 1 and z = —3. 

3.10 Find an expression for the unit vector directed 
toward the point P located on the e-axis at a height h 
above the x-y plane from an arbitrary point Q(x, y , 2) 
in the plane z = -3. 

3.11* Find a unit vector parallel to either direction of 
the line described by 

2x + z = 4 

3.12 Two lines in the x-y plane are described by the 
following expressions: 

Line 1 x -\-2y — —6 
Line 2 3* + 4y = 8 

Use vector algebra to find the smaller angle between the 
lines at their intersection point. 

3.13* A given line is described by 
x + 2y = 4 

Vector A starts at the origin and ends at point P on the line 
such that A is orthogonal to the line. Find an expression 
for A. 


(a) The vector C defined as the vector component of B 
in the direction of A is given by 

r A(B-A) 

C = a(B ■ a) =--— 

|A| 2 

where a is the unit vector of A. 


(b) The vector D defined as the vector component of B 
perpendicular to A is given by 

IAI 2 


3.15’ A certain plane is described by 
2x +3y + 4z = 16 

Find the unit vector normal to the surface in the direction 
away from the origin. 


3.16 Given B = x(z — 3v) + y(2x - 3 z) - z(x + y), 
find a unit vector parallel to B at point P(l, 0, -1). 


3.17 When sketching or demonstrating the spatial 
variation of a vector field, we often use arrows, as in 
Fig. 3-25, wherein the length of the arrow is made to be 
proportional to the strength of the field and the direction 
of the arrow is the same as that of the field’s. The 
sketch shown in Fig. 3-25, which represents the vector 
field E = rr, consists of arrows pointing radially away 
from the origin and their lengths increasing linearly in 
proportion to their distance away from the origin. Using 
this arrow representation, sketch each of the following 
vector fields: 

(a) E, = —xy 

(b) E 3 = yx 

(c) E 3 = xx + yy 

(d) E 4 = xx + y2y 
* (e) E., = 4>r 


(f) E 6 = rsin <f> 


3.14 Show that, given two vectors A and B, 
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Figure 3-25: Arrow representation for vector field E = ?; 
(Problem 3.17). 

3.18 Use arrows to sketch each of the following vector 
fields: 

(a) E, - xx - yy 

(b) E 2 = -i p 

(c) E 3 —y(\/x) 

(d) E 4 = r cos 4> 

Sections 3-2 anti 3-3: Coordinate Systems 

3.19 ! Convert the coordinates of the following points 
from Cartesian to cylindrical and spherical coordinates: 

® (a) P, (1,2.0) 

(b) P 2 (0, 0,2) 

(c) Pad. 1.3) 

(d) />„(—2,2,-2) 


3.20 Convert the coordinates of the following points 
from cylindrical to Cartesian coordinates: 

(a) P\(2, n/A, —2) 

(b) P 2 ( 3, 0,-2) 

(c) Pj(4, 7T, 3) 

3.21 f Convert the coordinates of the following points 
from spherical to cylindrical coordinates: 

(a) P\ (5,0,0) 

(b) P 2 (S,0,jr) 

(c) P%( 3.JT/2.0) 

3.22 Use the appropriate expression for the differential 
surface area ds to determine the area of each of the 
following surfaces: 

(a) r = 3; 0 < <p < tt/3; -2 < z < 2 

(b) 2 < r < 5; 7 r /2 <<p <n\ 2 = 0 

(c) 2 <r< 5; (p = tt/ 4; —2 < z < 2 

(d) /? = 2; 0 < 0 < jt/3; 0 <<p <n 

(c) 0 < R < 5; 0 = tt/3; 0 <<p <2n 

Also sketch the outline of each surface. 

3.23'' Find the volumes described by the following: 

(a) 2 < r < 5; rr/2 < <p < n ; 0 < z < 2 

(b) 0 < P < 5; 0 < 0 < tt/3 ; 0 < <jf> < 2;r 

Also sketch the outline of each volume. 

3.24 A section of a sphere is described by 0 < R < 2, 
0 <0 <90°, and 30° < <j> < 90°. Find the following: 

(a ) Tire surface area of the spherical section. 

(b) The enclosed volume. 
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Also sketch the outline of the section. 

i.25' A vector held is given in cylindrical coordi¬ 
nates by 

E = rr cos 0 + 0r sin 0 -I- z z 2 

Point P( 2, 71, 3) is located on the surface of the cylinder 
described by r = 2. At point P, find: 

(a) The vector component of E perpendicular to the 
cylinder. 

(b) The vector component of E tangential to the 
cylinder. 

3.26 At a given point in space, vectors A and B are 
given in spherical coordinates by 

A = R4 + 02-0 
B = —R2+03 

Find: 

(a) The scalar component, or projection, of B in the 
direction of A. 

(b) The vector component of B in the direction of A. 

(c) The vector component of B perpendicular to A. 
3.27' Given vectors 

A = r(cos 0 + 3z) - 0(2r +4sin0) + z(r - 2 z.) 

B = —r sin 0 + z cos 0 

find 

(a) Gab at ( 2 , zr/ 2 , 0 ) 

(b) A unit vector perpendicular to both A and B at 
(2, ti/3, 1) 

3.28 Find the distance between the following pairs of 
points: 


(aI P|(l,2,3) and P 2 (—2, —3, —2) in Cartesian coor¬ 
dinates. 

(b) P 3 (l, jr/4,3) and P 4 (3, 7 r/ 4 ,4) in cylindrical 
coordinates. 

(c) F 5 (4, 7 t/ 2 , 0) and P 6 (3, jr, 0) in spherical coordi¬ 
nates. 

3.29* Determine the distance between the following 
pairs of points: 

(a) P,(l, 1,2) and P 2 (0,2,3) 

(b) 7 * 3 ( 2 , jt/ 3, 1) and P 4 (4, tc/2, 3) 

(c) P 5 (3, n, zr/2) and P 6 (4, rr/2, 7 r) 

3.30 Transform the following vectors into cylindrical 
coordinates and then evaluate them at the indicated 
points: 

(a) A = x(x + y) at P, (1,2, 3) 

(b) B = x(y -x) + y(x - y) at P 2 (l, 0, 2) 

(c) C = xy 2 /(x 2 + y 2 ) - yx 2 /(x 2 + y 2 ) + z4 at 
^3(1,- 1 , 2 ) 

(d) D = R sin 0+0 cos 61+0 cos 2 0 at P 4 (2, n/2, n/4) 

(e) E = Rcos0 + 0 sin 0 + 0sin 2 0 at P 5 (3, rr/2, rr) 

3.31 Transform the following vectors into spherical 
coordinates and then evaluate them at the indicated 
points: 

(a) A = xy 2 + yxz + z4 at P|(l, -1,2) 

(b) B = y(x 2 + y 2 + z 2 ) - z(x 2 + y 2 ) at P 2 (-l, 0,2) 

(c) C = rcos0 — 0sin0 + zcos0sin0 at 
Pt (2, rr/4,2) 

(d) D = xy 2 /(x 2 + y 2 ) - yx 2 /(x 2 + y 2 ) + z4 
at P 4 (l. -1,2) 
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Sections 3-4 to 3-7: Gradient, Divergence, 
and Curl Operators 

3.32 Find the gradient of the following scalar functions: 

(a) T = 3/(* 2 + z 2 ) 

(b) V = xy 2 z 4 

(c) U — zoos0/(1 + r 2 ) 

*(d) W = e~ R sin 9 

(e) S = Ax 1 e~ z + y i 

(f) N = r 2 cos 2 0 

(g) M — R cos 9 sin 0 

3.33* The gradient of a scalar function T is given by 
VT = ze~ 2z 


If r = 10 at z = 0, find T(z). 

3.34 Follow a procedure similar to that leading to 
Eq. (3.82) to derive the expression given by Eq. (3.83) 
for V in spherical coordinates. 

3.35* For the scalar function V = xy 2 — z 2 , determine 
its directional derivative along the direction of vector 
A = (x — yz) and then evaluate it at P (1, —1,4). 

3.36 For the scalar function T — \e~ rl * cos0, 
determine its directional derivative along the radial 
direction f and then evaluate it at P(2. jr/4, 3). 

3.37* For the scalar function U = sin 2 9, determine 
its directional derivative along the range direction R and 
then evaluate it at P( 5, tt/ 4, rr/2). 

3.38 Vector field E is characterized by the following 
properties: (a) E points along R; (b) the magnitude of E 
is a function of only the distance from the origin; (c) E 
vanishes at the origin; and (d) V • E = 12, everywhere. 
Find an expression for E that satisfies these properties. 


3.39' For the vector field E = xxz - yyz 2 - ixy, verify 
the divergence theorem by computing 

(a) The total outward flux flowing through the surface 
of a cube centered at the origin and with sides equal 
to 2 units each and parallel to the Cartesian axes. 

(b) The integral of V • E over the cube’s volume. 

3.40 For the vector field E = r 1 Qe ' - z3z, verify the 
divergence theorem for the cylindrical region enclosed 
by r — 2, z — 0, and z. = 4. 

3.41* A vector field D = fr 3 exists in the region 
between two concentric cylindrical surfaces defined by 
r = 1 and r = 2, with both cylinders extending between 
z = 0 and z = 5. Verify the divergence theorem by 
evaluating the following: 


(a) <j) D • d s 


(b) 


f V D 

Jv 


dv 


3.42 For the vector field D = R3 R 2 , evaluate both 
sides of the divergence theorem for the region enclosed 
between the spherical shells defined by R = 1 and R = 2. 
3.43* For the vector field E = ixy - y(x 7 + 2y’). 
calculate the following: 


(a) J) E • d\ around the triangular contour shown in 
Fig. 3-26(a). 


(b) 




E) • ds over the area of the triangle. 


3.44 Repeal Problem 3.43 for the contour shown in 
Fig. 3-26(b). 

3.45* Verify Stokes's theorem for the vector field 
B = (rr cos 0 + 0 sin 0) 
by evaluating the following: 
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y 




(b) 

Figure 3-26: Contours for (a) Problem 3.43 and (b) 
Problem 3.44. 


' a) J) B d\ over the semicircular contour shown in 
Fig. 3-27(a). 

<b) j (V x B) • ds over the surface of the semicircle. 

3.46 Repeat Problem 3.45 for the contour shown in 
Fig. 3-27(b). 

3.47 Verify Stokes’s theorem for the vector field 
A = R cos 0 + <t> sin 0 by evaluating it on the hemisphere 
of unit radius. 

3.48* Determine if each of the following vector fields 
is solenoidal, conservative, or both: 

(a) A = xx 2 - y2xy 

(b) B = xx 2 - yy 2 + z2z 

(c) C = f (sin <p)/r 2 + 4> (cos <l>)/r 2 


y 



y 



Figure 3-27: Contour paths for (a) Problem 3.45 and (b) 
Problem 3.46. 

(e) E = f(3- T ^) + zz 
<f) F = (xy + yx)/(x 2 + y 2 ) 

(g) G = x(x 2 + z 2 ) - y(y 2 + x 2 ) - z(y 2 + z 2 ) 

(h) H = R(/?<r*) 

3.49 1 Find the Laplacian of the following scalar 
functions: 

(a) V = 4xy 2 z 3 

(b) V = xy -f- yz + sx 

(c) V = 3/(x 2 + y 2 ) 

(d) V = 5e~ r costp 

(e) V = 10e _R sinF 

3.50-3.56 Additional Solved Problems — complete 
solutions on ^. 








4-1 Maxwell’s Equations 

Modern electromagnetism is based on a set of four 
fundamental relations known as Maxwell’s equations: 


V • D = p v , 

(4.1a) 

„ „ 3B 

v * e =-¥' 

(4.1b) 

V ■ B = 0, 

(4-lc) 

3D 


V x H = J + ——, 

at 

(4. Id) 


where E and D are electric field quantities interrelated 
by D = eE, with s being the electrical permittivity 
of the material; B and H are magnetic field quantities 
interrelated by B = pH, with p. being the magnetic 
permeability of the material; p v is the electric charge 
density per unit volume; and J is the current density 
per unit area. The field quantities E, D, B, and H 
were introduced in Section 1-2, and fi v and J will be 
defined in Section 4-2. These equations hold in any 
material, including free space (vacuum), and at any 
spatial location (x,y, z). In general, all the quantities 
in Maxwell’s equations may be a function of time t. 
By his formulation of these equations, published in a 
classic treatise in 1873, James Clerk Maxwell established 
the first unified theory of electricity and magnetism. 
His equations, which he deduced from experimental 
observations reported by Gauss, Ampere, Faraday, and 
others, not only encapsulate the connection between 
the electric field and electric charge and between the 
magnetic field and electric current, but they also define 


the bilateral coupling between the electric and magnetic 
field quantities. Together with some auxiliary relations. 
Maxwell’s equations form the fundamental tenets of 
electromagnetic theory. 

In the static case, none of the quantities appearing 
in Maxwell’s equations are a function of time (i.e., 
3/3 1 = 0). This happens when all charges are perma¬ 
nently fixed in space, or, if they move, they do so at a 
steady rate so that p v and J are constant in time. Under 
these circumstances, the time derivatives of B and D in 
Eqs. (4.1b) and (4. Id) are zero, and Maxwell's equations 
reduce to 


Electrostatics 



Maxwell’s four equations separate into two uncoupled 
pairs, with the first pair involving only the electric field 
quantities E and D and the second pair involving only 
the magnetic field quantities B and H. The electric 
and magnetic fields are no longer interconnected in 
the static case. This allows us to study electricity and 
magnetism as two distinct and separate phenomena, 
as long as the spatial distributions of charge and 
current flow remain constant in time. We refer to 
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the study of electric and magnetic phenomena under 
static conditions as electrostatics and magnetostatics , 
respectively. Electrostatics is the subject of the present 
chapter, and in Chapter 5 we learn about magnetostatics. 
The experience gained through handling the relatively 
simpler situations in electrostatics and magnetostatics 
will prove valuable in tackling the more involved material 
in subsequent chapters, which deals with time-varying 
fields, charge densities, and currents. 

We study electrostatics not only as a prelude to the 
study of time-varying fields, but also because it is an 
important field of study in its own right. Many electronic 
devices and systems are based on the principles of electro¬ 
statics. They include x-ray machines, oscilloscopes, ink¬ 
jet electrostatic printers, liquid crystal displays, copying 
machines, capacitance keyboards, and many solid-state 
control devices. Electrostatics is also used in the design 
of medical diagnostic sensors, such as the electrocardio¬ 
gram (for recording the heart’s pumping pattern) and the 
electroencephalogram (for recording brain activity), as 
well as in numerous industrial applications. 

4-2 Charge and Current Distributions 

In electromagnetics, we encounter various forms of 
electric charge distributions, and if the charges are in 
motion, they constitute current distributions. Charge may 
be distributed over a volume of space, across a surface, 
or along a line. 

4-2.1 Charge Densities 

At the atomic scale, the charge distribution in a material is 
discrete, meaning that charge exists only where electrons 
and nuclei are and nowhere else. Tn electromagnetics, 
we usually are interested in studying phenomena at a 
much larger scale, typically three or more orders of 
magnitudes greater than the spacing between adjacent 
atoms. At such a macroscopic scale, we can disregard the 
discontinuous nature of the charge distribution and treat 


the net charge contained in an elemental volume Av as if 
it were uniformly distributed within it. Accordingly, we 
define the volume charge density p y as 


Ac/ dq 
py — hm — = — 
Av—*■(> AV dv 


(C/m 3 ), 


(4.4) 


where A q is the charge contained in Av. In general, p v is 
defined at a given point in space, specified by (x, y,i) 
in a Cartesian coordinate system, and at a given timet. 
Thus, p x - p x (x, y, z, t). Physically, p v represents the 
average charge per unit volume for a vol u me A v centered 
at (.r, >>, j), with Av being large enough to contain a large 
number of atoms and yet small enough to be regarded as 
a point at the macroscopic scale under consideration. The 
variation of p v with spatial location is called its spatial 
distribution , or simply its distribution. The total charge 
contained in a given volume v is given by 


-l 


Q = / Py dV (C). 


(4.5) 


In some cases, particularly when dealing with 
conductors, electric charge may be distributed across the 
surface of a material, in which case the relevant quantity 
of interest is the surface charge density p s , defined as 


A q dq 

Pa = lllll - - - 

4h 0 A.v ds 


(C/m 2 ). 


(4.6) 


where A q is the charge present across an elemental 
surface area As. Similarly, if the charge is distributed 
along a line, which need not be straight, we characterize 
the distribution in terms of the line charge density />;, 
defined as 


A</ dq 

Pi = hm -= — 

At-0 A/ di 


(C/m). 


(4.7) 


Example 4-1 Line Charge Distribution 

Calculate the total charge Q contained in a cylindrical 
tube of charge oriented along the z-axis as shown in 
Fig. 4-1(a). The line charge density is p, = 2z. where 
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z is the distance in meters from the bottom end of the 
tube. The tube length is 10 cm. 

Solution: The total charge 0 is 

M).\ MU 

Q- Pi / 2zdz—z 2 \ Q = 10 2 C. ■ 
Jo Jo 

Example 4-2 Surface Charge Distribution 

The circular disk of electric charge shown in Fig. 4-1 (b) 
is characterized by an azimulhally symmetric surface 
charge density that increases linearly with r from zero 
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at the center to 6 C/m 2 at r = 3 cm. Find the total charge 
present on the disk surface. 

Solution: Since p f is symmetrical with respect to the 
azimuth angle </), its functional form depends only on r 
and is given by 

A = 3Vi0^ “ 2 * “ 2 '' ( ° m2) ' 

where r is in meters. In polar coordinates, an clement of 
area is ds — rdrd(p,‘dnd for the disk shown in Fig. 4-1 (b), 
the limits of integration are from 0 to 2tc (rad) for <j> and 
from 0 to 3 x 10 -2 in for r. Hence, 



EXERCISE 4.1 A square plate in the*—y plane is situated 
in the space defined by—3m < * < 3 m and 
—3 m < y < 3 m. Find the total charge on the plate if the 
surface charge density is given by p s = 4y 2 (/uC/m 2 ). 

Ans. Q = 0.432 (niC). (See ♦) 

EXERCISE 4.2 A spherical shell centered at the origin 
extends between R = 2 cm and R = 3 cm. If the volume 
charge density is given by p v = 3/? x 10 -4 (C/m 3 ), find 
the total charge contained in the shell. 


Ans. Q - 0.61 (nC). (See «') 
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4-2.2 Current Density 

Consider a tube of charge with volume charge density p y , 
as shown in Fig. 4-2(a). The charges are moving with 
a mean velocity u along the axis of the tube. Over a 
period At, the charges move a distance A/ = u At. The 
amount of charge that crosses the tube’s cross-sectional 
surface A s' in time At is therefore 

Ac/' = py Av = py A / As' = pyu A s' At. (4.8) 

Now consider the more general case where the charges 
are flowing through a surface As whose surface normal n 
is not necessarily parallel to u, as shown in Fig. 4-2(b). 
In this case, the amount of charge Ac/ flowing through 
As is 


A q = /Ml • As Af, (4.9) 

and the corresponding current is 
, An 

A/= — = pvU • As = J-As, (4.10) 



where 



J=/\u (A/m 2 ) (4.11) 


is defined 

as the current density in ampere per square 

meter. For an arbitrary surface 6’, the total current flowing 
through it is then given by 


1 = jj-ds (A). (4.12) 



When the current is generated by the actual movement I 
of electrically charged matter, it is called a convection 
current, and J is called the convection current density. I 
A wind-driven charged cloud, for example, gives rise to 
a convection current. In some cases, the charged matter ■ 
constituting the convection current consists solely of 
charged particles, such as the electrons of an electron 
beam in a cathode ray tube (the picture tube of televisions j 
and computer monitors). 

This is distinct from a conduction current, where 
atoms of the conducting medium do not move. In a metal 
wire, for example, there are equal amounts of positive j 
charges (in atomic nuclei) and negative charges (in the 
electron shells of the atom). All the positive charges and 
most of the negative charges cannot move; only those j 
electrons in the outermost electronic shells of the atoms j 
can be easily pushed from one atom to the next i f a vol (age 
is applied across the ends of the wire. This movement 
of electrons from atom to atom gives rise to conduction 
current. The electrons that emerge from the wire are not 
necessarily the same electrons that entered the wire at the 
other end. 

Because the two types of current tire generated 
by different physical mechanisms, conduction current 
obeys Ohm’s law, whereas convection current does 
not. Conduction current is discussed in more detail in 
Section 4-7. 
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REVIEW QUESTIONS 

Q4.1 Whai happens to Maxwell's equations under 
static conditions? Why is that significant? 

Q4.2 How is the current density J related to the volume 
charge density p v ? 

Q4.3 What is the difference between convection 
current and conduction current? 


4-3 Coulomb’s Law 

One of the major goals of this chapter is to develop 
expressions relating the electric field intensity E and 
the associated electric flux density D to any specified 
distribution of charge. Our discussions, however, will be 
limited to electrostatic fields induced by static charge 
distributions. 

We begin by reviewing how the electric field was 
introduced and defined in Section 1-2.2 on the basis of 
the results of Coulomb’s experiments on the electrical 
force between charged bodies. Coulomb’s law , which 
was first introduced for electrical charges in air and later 
generalized to material media, states that 

(1) an isolated charge q induces an electric field E at 
every point in space, and at any specific point P, E 
is given by 

E = R—(V/m), (4.13) 

4 neR 2 

where R is a unit vector pointing from q to P 
(Fig. 4-3), R is the distance between them, and e is 
the electrical permittivity of the medium containing 
the observation point P; and 



I 


♦ 

Figure 4-3: Electric-field lines due to a charge q. 


(2) in the presence of an electric field E at a given point 
in space, which may be due to a single charge or 
a distribution of many charges, the force acting on 
a test charge q', when the charge is placed at that 
point, is given by 

F — q'E (N). (4.14) 

With F measured in newtons (N) and q' in coulombs (C), 
the unit of E is (N/C), which is shown later in Section 4-5 
to be the same as volt per meter (V/m). 

For a material with electrical permittivity e, the 
electrical field quantities D and E are related by 

D = eE (4.15) 

with 

e = £ r so, (4.16) 

where 

s 0 = 8.85 x 10 12 ~ (1/36 tt) x 10~ 9 (F/m) 

is the electrical permittivity of free space, and s r = s/s 0 
is called the relative permittivity (ox dielectric constant) 
of the material. For most materials and under most 
conditions, e of the material has a constant value 
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independent of both the magnitude and direction of E. 
If £ is independent of the magnitude of E, then the 
material is said to be linear because D and E are related 
linearly, and if it is independent of the direction of E, the 
material is said to be isotropic. Materials do not usually 
exhibit nonlinear permittivity behavior except when the 
amplitude of E is very high (at levels approaching 
the dielectric breakdown conditions discussed later 
in Section 4-8), and anisotropy is peculiar only to 
certain materials with particular crystalline structures. 
Hence, except for materials under these very special 
circumstances, the quantities D and E are effectively 
redundant; for a material with known s, knowledge of 
either D or E is sufficient to specify the other in that 
material. 


4-3.1 Electric Field due to Multiple Point 
Charges 


The expression given by Eq. (4.13) for the field E due 
to a single charge can be extended to find the field due 
to multiple point charges. We begin by considering two 
point charges, q\ and q% located at position vectors Ri 
and R 2 from the origin of a given coordinate system, as 
shown in Fig. 4-4. The electric field E is to be evaluated 
at a point P with position vector R. At P, the electric 
field E| due to q\ alone is given by Eq. (4.13) with R, 
the distance between q , and P, replaced with |R — R,| 
and the unit vector R replaced with (R - R|)/|R - R| |. 
Thus, 


E, = 


?i(R-R,) 


(V/m). 


4tt£|R — R, | 3 
Similarly, the electric field due to q? alone is 


(4.17a) 


q 2 {R-R 2 ) 

4tt£|R-R 2 |3 


(V/m). 


(4.17b) 


The electric field obeys the principle of linear superposi¬ 
tion. Consequently, the total electric field E at any point 



in space is equal to the vector sum of the electric field? 
induced by all the individual charges. In the present case, 


E = E, -f E 2 


7t (R- Ri 

4tt£ L |R- Ri I 3 


<?2(K- R 2) ' 
IR-R 2 I 3 . 


(4.18) 


Generalizing the preceding result to the case of A' point 
charges, the electric field E at position vector R caused 
by charges q it q 2 ,..., q N located at points with position 
vectors Ri. R 2 . Rjv, is given by 



Example 4-3 Electric Field due to Two Point Charges 


Two point charges with q t = 2 x 10 5 C and 
qi = -4 x 10 -5 C arc located in free space at (1, 3, -1) 
and (-3, 1, —2), respectively, in a Cartesian coordinate 
system. Find (a) the electric field E at (3, 1, —2) and (b) j 
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the force on a 8 x 10 5 C charge located at that point. 
All distances are in meters. 


Solution: (a) From Eq. (4.18), the electric field E with 
s = fo (free space) is given by 

1 


E = 


(R-R,) (R-R 2 )1 

?i |rTr^ +qi \R=Rrf_ 


4 7TS 0 

The vectors R], R 2 , and R are given by 
R, = x + y3 — z, 

R 2 = —x3 -|- v — z2. 
R = x3 + y-z2. 

Hence, 


(V/m). 


4me 0 


x — y4 — z2 
1 08.TSn 


- y2 - z) 

4(x6)l 

27 

216 

x 10“ 5 

(V/m). 


x 10 


,-5 


(b) 


F = <y 3 E = 8 x I0 -5 x 

__ x2 — y8 — z4 
27tt£q 


_ 5 _ x - y4 - z2 


I OSrren 


x 10 


—to 


x 10 -5 

(N). 


EXERCISE 4.5 In a hydrogen atom the electron 
and proton are separated by an average distance of 
5.3 x 10~ 1 m. Find the magnitude of the electrical 
force F e between the two particles, and compare it with 
the gravitational force F g between them. 

Ans. F e = 8.2 x 10 -8 N, and F g = 3.6 x I0 -47 N. 
(See %) 
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4-3.2 Electric Field due to a Charge Distribution 


We now extend the results we obtained for the field caused 
by discrete point charges to the case of a continuous 
charge distribution. Consider volume v' shown in 
Fig. 4-5. It contains a distribution of electric charge 
characterized by a volume charge density p v , whose 
magnitude may vary with spatial location within v'. The 
differential electric field at a point P due to a differential 
amount of charge dq = p v dv 1 contained in a differential 
volume dv’ is 


dE = R 


dq 

4rr tsR' 2 


./ p v dv' 

4 jteR* ’ 


(4.20) 


where R' is the vector from the differential volume dv ’ to 
point P. Applying the principle of linear superposition, 


M4.1-4.7 


EXERCISE 4.3 Four charges of 10 /rC each are located in 
free space at (—3,0, 0), (3. 0. 0), (0,-3,0),and (0. 3, 0) 
in a Cartesian coordinate system. Find the force on a 
20-rtC ctiafge located at (0. 0. 4). All distances are in 
meters. 

Ans. F = z0.23 (N). (See ■*) 

EXERCISE 4.4 Two identical charges are located on the 
a:-axis at x = 3 and x = 7. At what point in space is the 
net electric field zero? 

Ans. At point (5, 0, 0). (See ’ -) 



Figure 4-5: Electric field due to a volume charge 
distribution. 
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the total electric field E can be obtained by integrating 
the fields contributed by all the charges making up the 
charge distribution. Thus, 



(volume distribution). (4.21a) 

It is important to note that, in general, both R' and R vary 
as a function of position over the integration volume v'. 

If the charge is distributed across a surface S’ with 
surface charge density p s , then dq = p s ds' , and if it is 
distributed along a line /' with a line charge density p h 
then dq = p t di. Accordingly, 

E = -— / K (surface distribution), (4.21b) 

4 7T£ J $r A 

E=-— / R — (line distribution). (4.21c) 

*T< l fc v I' ** 

Example 4-4 Electric Field of a Ring of Charge 

A ring of charge of radius b is characterried by a 
uniform line charge density of positive polarity pi. With 
the ring in free space and positioned in the x-y plane as 
shown in Fig. 4-6, determine the electric field intensity E 
at a point P(0,0,h) along the axis of the ring at a 
distance h from its center. 

Solution; We start by considering the electric field 
generated by a differential segment of the ring, such 
as segment 1 located at (b.ifr, 0) in Fig. 4-6(a). The 
segment has length dl — bd<p and contains charge 
dq = pi dl = p t b d</>. The distance vector R, from 
segment 1 to point P(0,0, h) is 

R', — —r b + zh , 

from which we have 




(b) 


Figure 4-6; Ring of charge with line density p/. (a) The 
field dEi due to infinitesimal segment I and (b) the fields 
t/Ei and t/Ei due to segments at diametrically opposite 
locations (Example 4-4). 


The electric field at P(Q, 0, h) due to the charge of 
segment 1 is 


-/ _ _ -r b + zh 

1 ~ IR'il ~ Vb 2 + h* 


d E, = 


1 Pi dl 
4jre 0 1 R\ 2 


Pib (—r b + zh) 
Art£i\ (b 2 + h 2 )*l 2 


dl>. 


R[ = \R l \ = Jb 2 + h 2 , 



4-3 COULOMB’S LAW 
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The field dE\ has component dE\, along —r and 
component c/2Lz along z. From symmetry considerations, 
the field dE 2 generated by segment 2 in Fig. 4-6(b), 
which is located diametrically opposite the location of 
segment 1. is identical with <7E t except that the r- 
componcnt of dE-: is opposite that of <7E|. Hence, the 
r-components of the sum cancel and the z-contributions 
add. The sum of the two contributions is 
. pibh dd> 

dE = dEt + t/E 2 = z ) . (4.22) 

2 7i £ 0 ( b 2 +h 2 ) 3 / 2 

Since for every ring segment in the semicircle defined 
over the range 0 < ip < n (the right-hand half of the 
circular ring) there is a corresponding segment located 
diametrically opposite at (</> + 7r), we can obtain the total 
field generated by the ring by integrating Eq. (4.22) over 
a semicircle as follows: 

n - tH bh r 
E - z 2 ra a,i + tfW o # 

_ . p/bh 
1 2 so(b 2 + h 2 ) 3 ' 2 


- z 47TE 0 (.b 2 + h 2 )y* Q ' (4 ' 23) 

where Q = 2nbp/ is the total charge contained in the 


Example 4-5 Electric Field of a Circular Disk of Charge 

Find the electric field at a point P (0,0, h) in free space 
at a height h on the z-axis due to a circular disk of charge 
in thc.x->' plane with uniform charge density p 6 , as shown 
in Fig. 4-7. aud then evaluate E for the infinite-sheet case 
by letting a -* oo. 

Solution: Building on the expression obtained in 
Example 4-4 for the on-axis electric field due to a 
circular ring of charge, we can determine the field 
due to the circular disk by treating the disk, as a set 
of concentric rings. A ring of radius r and width dr 



has an area ds = 2nr dr and contains charge 
dq — p s ds = 2np s r dr. Upon using this expression 
in Eq. (4.23) and also replacing b with r, we obtain the 
following expression for the field due to the ring: 

dE = i- - \ (2rcp s r dr). 

4ns 0 {r- + h 2 ) 3 ' 2 

The total field at P is obtained by integrating the 
expression over the limits r = 0 to r = a: 


,p s h f u r dr 

2 2 ej a (r* + hm 



with the plus sign corresponding to when h > 0 and the 
minus sign to when h < 0 (below the disk). 
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For an infinite sheet of charge with a — oo, 


E = z—— (infinite sheet of chai-ge). (4.25) 


We note that for an infinite sheet of charge F. has the same 
value at any point above the x-y plane. For points located 
below llie.v- y plane, the unit vector z in F.q. (4.25) should 
be replaced with —z. ■ 


REVIEW QUESTIONS 

Q4.4 When we say that an electric charge induces an 
electric field at every point in space, does that mean that 
the charge “radiates” the electric field? Explain. 

Q4.5 If the electric field is zero at a given point in space, 
does this imply the absence of electric charges? 

Q4.6 State the principle of linear superposition as it 
applies to the electric field due to a distribution of electric 
charge. 


EXERCISE 4.6 An infinite sheet of charge with uniform 
surface charge density p s is located at z = 0 U-y plane), 
and another infinite sheet with density — p s is located at 
z = 2 m, both in free space. Determine E in all regions. 

A ns. E = 0 for z < 0; E = z pje n for 0 < z < 2 in; 
and E = 0 for z > 2 m. (See ' s ‘) 


4-4 Gauss’s Law 

We now return to F.q. (4.1 a): 

V • D = p v (Gauss’s law), (4.26) 


which is called the differential form of Gauss’s law. The 
adjective "differential” refers to the fact that the diver¬ 
gence operation involves spatial derivatives. As we will 
see shortly, Eq. (4.26) can be converted and expressed in 
integral form. When solving electromagnetic problems, 
we often convert back and forth between the differential 
and integral forms of equations, depending on which form 
happens to he the more applicable or convenient to use in 
each step of a solution. To convert Eq. (4.26) into integral 
form, we multiply both sides by dv and take the volume 
integral over an arbitrary volume v. Hence, 

/ V • D dv = f p v dv = Q, (4.27) 

Jv Jv 

where Q is the total charge enclosed in v. The divergence 
theorem, given by Eq. (3.98), states that the volume 
integral of the divergence of any vector over a volume v 
is equal to the total outward flux of that vector through 
the surface S enclosing v. Thus, for the vector D. 


j V - D dv — j) D - ds. (4.28) 

Comparison of Eq. (4.27) with Eq. (4.28) leads to 


D-ds=Q (Gauss’s law). (4.29) 


The integral form of Gauss’s law is illustrated 
diagrammatically inFig. 4-8; for each differential surface 
element ds. D r/s is the electric field flux flowing 
outwardly through ds, and the total flux through the 
surface S is equal to the enclosed charge Q. The surface 5 
is called a Gaussian surface. 

When the dimensions of a very small volume Av 
containing a total charge q arc much smaller than the 
distance from Av to the point at which the electric flux 
density D is to be evaluated, then q may be regarded 
as a point charge. The integral form of Gauss’s law 
can be applied to determine D due to a single isolated 
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Figure 4-9: Electric field D due to point charge q. 


charge q by constructing a closed, spherical, Gaussian 
surface S of an arbitrary radius R centered at q, as shown 
in Fig. 4-9. From symmetry considerations, assuming that 
q is positive, the direction of D must be radially outward 
along the unit vector R, and D R , the magnitude of D, must 
be the same at all points on the Gaussian surface S. Thus, 
at any point on the surface, defined by position vector R, 

D(R) = RD fi , (4.30) 


and c/s = R ds. Applying Gauss’s law gives 

^ D - ds = <j> R D k ■ R ds 

— <j>^ Dr ds — Dr (4tt R 2 ) =q. (4.31) 

Solving for n K and then inserting the result in Eq. (4.30) 
gives the following expression for the electric field E 
induced by an isolated point charge in a medium with 
permittivity e: 

E(R) = 5^ = (V/m). (4.32) 

s 4 tcsR 1 

This is identical with Eq. (4.13) obtained from Coulomb’s 
law. For this simple case of an isolated point charge, it 
does not much matter whether Coulomb’s law or Gauss’s 
law is used to obtain the expression for E. However, it 
docs matter as to which approach we follow when we 
deal with multiple point charges or continuous charge 
distributions. Even though Coulomb’s law can be used to 
find E for any specified distribution of charge. Gauss’s 
law is easier to apply than Coulomb’s law, but its utility 
is limited to symmetrical charge distributions. 

Gauss’s law, as given by Eq. (4.29), provides a 
convenient method for determining the electrostatic 
flux density D when the charge distribution possesses 
symmetry properties that allow us to make valid 
assumptions about the variations of the magnitude and 
direction of D as a function of spatial location. Because 
at every point on the surface the direction of ds is 
the outward normal to the surface, only the normal 
component of D at the surface contributes to the integral 
in Eq. (4.29). To successfully apply Gauss’s law, the 
surface S should be chosen such that, from symmetry 
considerations, the magnitude of D is constant and its 
direction is normal or tangential at every point of each 
subsurface of S (the surface of a cube, for example, 
has six subsurfaces). These aspects are illustrated in 
Example 4-6. 
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Example 4-6 Electric Field of an Infinite Line of Charge 

Use Gauss’s law to obtain an expression for E in free 
space due to an infinitely long line of charge with uniform 
charge density p\ along the z-axis. 

Solution: Since the line of charge is infinite in extent and 
is along the z-axis, symmetry considerations dictate that 
D must be in the radial r-direction and must not depend 
on <!> or z. Thus, D — r D r . In Fig. 4-10, we construct 
a cylindrical Gaussian surface of radius r, concentric 
around the line of charge. The total charge contained 
within the cylinder is Q = p/h. where h is the height 
of the cylinder. Since D is along P, the top and bottom 
surfaces of the cylinder do not contribute to the surface 
integral on the left-hand side of Eq. (4.29), and only the 
side surface contributes to the integral. Hence, 

a A 

/ / rD, ■ ir d<j> dz = p\h 

./-=0 J<j>=0 

or 


which gives the result 



Note that Eq. (4.33) is applicable for any infinite line of 
charge, regardless of its location and direction, as long 
as r is properly defined as the radial distance vector 
from the line charge to the observation point (i.e., r is 
perpendicular to the line of charge). ■ 


REVIEW QUESTIONS 

Q4.7 Explain Gauss’s law. Under what circumstances 
is it useful? 

Q4.8 How should one choose a Gaussian surface? 

Q4.9 When is it reasonable to treat a charge distribution 
as a point charge? 


2 rth D r r — p/h. 



Figure 4-10: Gaussian surface around an infinitely long 
line of charge (Example 4-6). 


EXERCISE 4.7 Two infinite lines of charge, each carrying 
a charge density pi, are parallel to the z-axis and located 
at -V = 1 and x — — 1. Determine E at an arbitrary poinl 
in free space along the y-axis. 

Ans. E = y p,y/ [ttsoO’ 2 + 1)]- (See ^) 

EXERCISE 4.8 A thin spherical shell of radius a carries 
a uniform surface charge density p s . Use Gauss’s law' to 
determine E. 

Ans. E = 0 for R < a\ 

E = R p s a 2 /{eR 2 ) for R > a. (See ^) 
EXERCISE 4.9 A spherical volume of radius a contains 
a uniform volume charge density p v . Use Gauss’s law to 
determine D for (a) R < a and (b) R > a. 

Ans. (a) D = Rp v R/3, 

(b) D = R p v a 3 /(?>R 2 ). (See *) 
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4-5 Electric Scalar Potential 

In electric circuits, we work with voltages and currents. 
The voltage V between two points in the circuit represents 
the amount of work, or potential energy, required to move 
a unit charge between the two points. In fact, the term 
“voltage" is a shortened version of "voltage potential” 
and is the same as electric potential. Even though when 
we solve a circuit problem we usually do not consider 
the electric fields present in the circuit, in fact it is the 
existence of an electric field between two points that gives 
rise to the voltage difference between them, such as across 
a resistor or a capacitor. The relationship between the 
electric field E and the electric potential V is the subject 
of this section. 
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4-5.1 Electric Potential as a Function 
of Electric Field 

We begin by considering the simple case of a positive 
charge q in a uniform electric field E = —y E, parallel 
to the —y-direction, as shown in Fig. 4-11. The presence 
of the field E exeris a force F t . — q E on the charge 
in the negative y-direction. If we attempt to move 
the charge along the positive y-direction (against the 
force F c ), we will need to provide an external force F CJl to 
counteract F e , which requires the expenditure of energy. 
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To move q without any acceleration (at a constant speed), 
it is necessary that the net force acting on the charge be 
zero, which means that F c „ + F c = 0, or 

Fem = -F e = -qF. (4.34) 

The work done, or energy expended, in mi wing any object 
a vector differential distance d\ under the influence of a 
force F ext is 

dW = Fext • d\ = -qE ■ d\ (J). (4.35) 

Work, or energy, is measured in joules (J). In the present 
case, if the charge is moved a distance dy along y, then 

elW = -q(-yE) • y dy = qE dy. (4.36) 

The differential electric potential energy d\V per unit 
charge is called the differential electric potential (or 
differential voltage) dV. That is, 

dW 

dV = -— —E • d\ (J/C or V). (4.37) 

<1 

The uni! of V is the volt (V), with 1 V = 1 J/C, and since 
V is measured in volts, the electric field is expressed in 
volts per meter (V/m). 

The potential difference between any two points P 2 
and P\ (Fig. 4-12) is obtained by integrating Eq. (4.37) 
along any path between them. That is, 

pP 2 fP 2 

/ dV = - E ■ dl, (4.38) 

J Pi J 

or 



where V\ and V 2 are the electric potentials at points P\ 
and P>, respectively. The result of the line integral on 
the right-hand side of Eq. (4.39) should be independent 
of the specific integration path taken between points P\ 
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and Pi. This requirement is mandated by the law of 
conservation of energy. To illustrate with an example, 
let us consider a particle in Earth’s gravitational field. 
If the particle is moved from a height h\ above Earth’s 
surface to a higher height h 2 . the particle gains potential 
energy in an amount proportional to (h 2 — hi). If, instead, 
we were to first raise the particle from height h\ to a 
height /?3 greater than hi, thereby giving it potential 
energy proportional to (h } - hi), and then we let it 
drop back to height hi by expending an energy amount 
proportional to (/i 3 - h 2 ), its net gain in potential energy 
will again be proportional to (h 2 -h 1 ). The same principle 
applies to the electric potential energy W and to the 
potential difference (V 2 — Vi ). The voltage difference 
between two nodes in an electric circuit has the same 
value regardless of which path in the circuit we follow 
between the nodes. Moreover, Kirchhoff’s voltage law 
states that the net voltage drop around a closed loop 
is zero. If we go from P\ to Pi by path 1 in Fig. 4-12 
and then return from P 2 to P\ by path 2, the right-hand 
side of Eq. (4.39) becomes a closed contour and the 
left-hand side becomes zero. In fact, the line integral of 
the electrostatic field E around any closed contour C is 



Figure 4-12: In electrostatics, the potential difference 
between Pi and P\ is the same irrespective of the path 
used for calculating the line integral of the electric field 
between them. 


zero: 


E • dl = 0 (Electrostatics). (4.40) 


A vector field whose line integral along any closed path 
is zero is called a conservative or an irrotational field 
Hence, the electrostatic field E is conservative. As we will 
see later in Chapter 6 , if E is a time-varying function, il 
is no longer conservative, and its line integral along a 
closed path is not necessarily equal to zero. 

The conservative property of the electrostatic field 
can also be deduced from Maxwell’s second equation, 
Eq. (4.1b). If d/dt = 0, then 


V x E = 0. 


(4.41) 


If we take the surface integral of V x E over an open 
surface S and then apply Stokes’s theorem, given by 
Eq. (3.107), to convert, the surface integral into a line 
integral, we have 


L 


(V x E) • ds = ® E • d\ = 0, (4.42) 

s Jc 


where C is a closed contour surrounding 5. Thus, 
Eq. (4.41) is the differential-form equivalent of 
Eq. (4.40). 

We now define what we mean by the electric 
potential V at a point in space. Before we do so. however, 
let us revisit our electric-circuit analogue. Absolute 
voltage at a point in a circuit has no defined meaning, nor 
docs absolute electric potential at a point in space. When 
we talk of the voltage V of a point in a circuit, we do so 
in reference to the voltage of some conveniently chosen 
point to which we have assigned a reference voltage of 
zero, which we call ground. The same principle applies to 
the electric potential V. Usually, the reference-potential 
point is chosen to be at infinity. That is, in Eq. (4.39) we 
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assume that Vi — 0 when Pi is at infinity, and therefore 
the electric potential V at any point P is given by 



4-5.2 Electric Potential due to Point Charges 

For a point charge q located at the origin of a spherical 
coordinate system, the electric field at a distance R is 
given by Eq. (4.32) as 

E i (V/m) - (4 - 44 ' 

As was stated earlier, the choice of integration path 
between the two end points in Eq. (4.43) is arbitrary. 
Hence, we will conveniently choose the path to be along 
the radial direction R, in which case d\ — R dR and 

V = - f (r——— t) -RdR = —— (V). 

J co V 4 jtsR 2 ' AneR 

(4.45) 

If the charge q is at a location other than the origin, 
specified by a source position vector R|, then V at 
observation position vector R becomes 


V(R) = 


4rre|R — R, 


where |R - R, | is the distance between the observation 
point and the location of the charge q. The principle of 
superposition that we applied previously to the electric 
field E also applies to the electric potential V. Hence, for 

N discrete point charges q 1 , c /2 .< 3 ,v having position 

vectors R t , R 2 ,..., R,v, the electric potential is 
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4-5.3 Electric Potential due to Continuous 
Distributions 


For a continuous charge distribution specified over a 
given volume v', aeross a surface S', or along a line l', 
we (1) replace q t in Eq. (4.47) wdth, respectively, p v dv ', 
p s ds', and pi dl'\ ( 2 ) convert the summation into an 
integration; and (3) define R' — |R — R, [ as the distance 
between the integration point and the observation point. 
These steps lead to the following expressions: 

V'(R) = —— f ^ dv ' (volume distribution), 

47 re J v . R' 

(4.48a) 

V (R) = —— ( — ds' (surface distribution), 
4ne Js' R' 

(4.48b) 


V(R) = • 


m 


(line distribution). (4.48c) 


4-5.4 Electric Field as a Function 
of Electric Potential 


In Section 4-5.1, we expressed V in terms of a line integral 
over E. Now we explore the inverse relationship by 
examining the differential form of V given by Eq. (4.37): 

dV = —E • d\. (4.49) 

Fora scalar function V, Eq. (3.73) gives 

dV = W-d\, (4.50) 

w ; here VF is the gradient of V'. Comparison ofEq. (4.49) 
with Eq. (4.50) leads to 



This relationship between V and E in differential form 
allows us to determine E for any charge distribution 
by first calculating V using the expressions given in 
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Sections 4-5.1 to 4-5.3 and then taking the negative 
gradient of V to find E. The expressions for V, given 
by Eqs. (4.47) to (4.48c), involve scalar sums and scalar 
integrals, and as such they are usually much easier 
to calculate than the vector sums and integrals in the 
expressions for E derived in Section 4-3 on the basis of 
Coulomb’s law. Thus, even though the electric potential 
approach for finding E is a two-step process, it is 
computationally simpler to apply than the direct method 
based on Coulomb's law. 

Example 4-7 Electric Field of an Electric Dipole 

An electric dipole consists of two point charges of 
equal magnitude and opposite polarity, separated by a 
small distance, as shown in Fig. 4-13(a). Determine V 
and E at any point P in free space, given that P is at a 
distance R » d, where d is the spacing between the two 
charges. 

Solution: The electric potential due to a single point 
charge is given by Eq. (4.45). For the two charges shown 
in Fig. 4-13(a), application of Eq. (4.47) gives 

V = —(— + —) = - 2 — 

4jT£'o \R\ R 2 ) 47T£ 0 V R\Rl ) 

Since d 4^ R, the lines labeled R t and R 2 in Fig. 4-13(a) 
are approximately parallel to each other, in which case 
the following approximations apply: 

R 2 - R\ — dcosO, R\R 2 — R 2 . 


Hence, 


V = 


qd cost? 
4rrfc'o R 2 


(4.52) 


The numerator of Eq. (4.52) can be written as the dot 


product of q d. where d is the distance vector from 


charge q to charge +q, and the unit vector R pointing 
from the center of the dipole toward the observation 


point P, 



where p = </d is called the dipole moment of the electric 
dipole. Using Eq. (4.53) in Eq. (4.52) then gives 


pR 


V — 

4jieqR 2 

(electric dipole). (4.54) 


In spherical coordinates, Eq. (4.51) is given by 


E = —W 


,BV 

R_ 

- 1 dV 

l a _ 

- i ai/\ 

1 d> I 

IV 

a r 

° R 36 

R sin 8 dtp )' 


qd cos 0 = qd ■ R = p • R, 


(4.53) 
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where we have used the expression for V V given on the 
inside back cover of the book. Upon taking the derivatives 
of the expression for V given by Eq. (4.52) with respect 
to R and d and then substituting the results in Eq. (4.55), 
we have 



We should note that the expressions for V and E, given 
by Eqs. (4.54) and (4.56), are applicable only when 
R 2 > d. To compute V and E at points in the vicinity 
of the two charges making up the dipole, it is necessary 
to perform the calculations without resorting to the far- 
distance approximations that led to Eq. (4.52). Such an 
exact calculation for E leads to the pattern shown in 
Fig. 4-13(b). ■ 


4-5.5 Poisson’s Equation 

With D = sE, the differential form of Gauss’s law given 
by Eq. (4.26) may be written as 

V • E = — , (4.57) 

£ 

Inserting F.q. (4.51) in Eq. (4.57) gives 

V • (VP) = . (4.58) 

s 


In view of the definition for the Laplacian of a scalar 
function V given by Eq. (3.110) as 


V 2 V = V • (VV) 


d 2 v d 2 v d 2 v 

dx 2 + 9^ + Jz 2 ’ 


(4.59) 


Eq. (4.58) can be cast in the abbreviated form 
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This is known as Poisson’s equation. For a volume v' 
containing a volume charge density distribution p v , the 
solution for V derived previously and expressed by 
Eq. (4.48a) as 



£v 

R' 


dv' 


(4.61) 


satisfies Eq. (4.60). If the medium under consideration 
contains no free charges, Eq. (4.60) reduces to 



and it is then referred to as iMplace’s equation. Poisson’s 
and Laplace’s equations are useful for determining the 
electrostatic potential V in regions at whose boundaries 
V is known, such as the region between the plates of a 
capacitor with a specified voltage difference across it. 


REVIEW QUESTIONS 

Q4.10 What is a conservative field? 

Q4.ll Why is the electric potential at a point in space 
always defined relative to the potential at some reference 
point? 

Q4.12 Explain why Eq. (4.40) is a mathematical 
statement of Kirchhoff’s voltage law. 

Q4.13 Why is it usually easier to compute V for a given 
charge distribution and then find E from E = — V V than 
to compute E directly by applying Coulomb’s law? 

04.14 What is an electric dipole? 


EXERCISE 4.10 Determine the electric potential at the 
origin in free space due to four charges of 20 jiC each 
located at the comers of a square in the x-y plane and 
whose center is at the origin. The square has sides of 2 m 
each. 

Ans. V = s/2x lO~ 5 /{7re 0 ) (V). (See*) 
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EXERCISE 4.11 A spherical shell of radius R has a 
uni form surface charge density p<. Determine the electric 
potential at the center of the shell. 

Ans. V = p s R/e (V). (See *) 


4-6 Electrical Properties of Materials 

The electromagnetic constitutive parameters of a 
material medium are its electrical permittivity s, 
magnetic permeability /x, and conductivity a. A material 
is said to be homogeneous if its constitutive parameters 
do not vary from point to point, and it is isotropic if 
its constitutive parameters are independent of direction. 
Most materials exhibit isotropic properties, but some 
crystals do not. Throughout this book, all materials 
are assumed to be homogeneous and isotropic. In this 
chapter, we are concerned with only s and a. Discussion 
of /x is deferred to Chapter 5. 

The conductivity of a material is a measure of how 
easily electrons can travel through the material under 
the influence of an external electric field. Materials 
are classified as conductors (metals) or dielectrics 
(insulators) according to the magnitudes of their 
conductivities. A conductor has a large number of loosely 
attached electrons in the outermost shells of the atoms. 
In the absence of an external electric field, these free 
electrons move in random directions and with varying 
speeds. Their random motion produces zero average 
current through the conductor. Upon applying an external 
electric field, however, the electrons migrate from one 
atom to the next along a direction opposite that of the 
external field. Their movement, which is characterized by 
an average velocity called the electron drift velocity u e , 
gives rise to a conduction current. 

In a dielectric, the electrons are tightly held to the 
atoms, so much so that it is very difficult to detach 
them even under the influence of an electric field. 


Table 4-1: Conductivity of some common materials at 20° C. 


Material 

Conductivity, o (S/m) 

Conductors 

Silver 

6.2 x 10 7 

Copper 

5.8 x 10 7 

Gold 

4.1 x 10 7 

Aluminum 

3.5 x 10 7 

Iron 

10 7 

Mercury 

10 6 

Carbon 

3 x I0 4 

Semiconductors 

Pure germanium 

2.2 

Pure silicon 

4.4 x 1CT 4 

Insulators 

Glass 

itr 12 

Paraffin 

10- IS 

Mica 

10-' 5 

Fused quartz 

10- 17 


Consequently, no current flows through the material. 
A perfect dielectric is a material with o — 0 and, in 
contrast, a perfect conductor is a material with a — co. 

The conductivity a of most metals is in the range 
from 10° to 10 7 S/m, compared with 10 -10 to 10 -17 S/m 
for good insulators (Table 4-1). Materials whose 
conductivities fall between those of conductors and 
insulators arc called semiconductors. The conductivity 
of pure germanium, for example, is 2.2 S/m. Tabulated 
values of a arc given in Appendix B for some common 
materials at room temperature (20° C), and a subset is 
given in Table 4 1. 

The conductivity of a material depends on several 
factors, including temperature and the presence of 
impurities. In general, o of metals increases with 
decreasing temperature, and at very low temperatures 
in the neighborhood of absolute zero, some conductors 
become superconductors because their conductivities 
become practically infinite. 
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REVIEW QUESTIONS 

Q4.15 What are the electromagnetic constitutive 
parameters of a material medium? 

Q4.16 What classifies a material as a conductor, 
semiconductor, or dielectric? What is a superconductor? 

Q4.17 What is the conductivity of a perfect dielectric? 


4-7 Conductors 

The drift velocity u c of electrons in a conducting material 
is related to the externally applied electric field E through 

u e = -/u. c E (m/s), (4,62a) 

where // e is a material property call the electron mobility 
with units of (m 2 /V-s). In a semiconductor, current flow 
is due to the movement of both electrons and holes, and 
since holes are positive-charge carriers, the hole drift 
velocity ui, is in the same direction as E, 

u h — /x h E (m/s), (4.62b) 

where p i, is the hole mobility. The mobility accounts 
for the effective mass of a charged particle and the 
average distance over which the applied electric field 
can accelerate it before it is slopped by colliding with 
an atom and must start accelerating over again. From 
Eq. (4.11), the current density in a medium containing a 
volume density p v of charges moving with a velocity u 
is J = p v u. In the present case, the current density 
consists of a component J c due to the electrons and a 
component J h due to the holes. Thus, the total conduction 
current density is 

J = Jc + Jh — PveUe + PvhUh (A/m 2 ). (4.63) 

Use of Eqs. (4.62a) and (4.62b) gives 

J = {-Pvcltc + Pv hW.)E, (4.64) 
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where p vc = — N c e and p v |, = N^e, with N c and /Vj, being 
the number of free electrons and the number of free holes 
per unit volume, and e = 1.6 x 10 19 C is the absolute 
charge of a single hole or electron. The quantity inside the 
parentheses in Eq. (4.64) is defined as the conductivity 
of the material, a. Thus, 


a — —PveP-c + PvhMh 



= + /v h /x h)e 

(S/m) 

(semiconductor). 



(4.65) 

and its unit is siemens per meter (S/m). For a good 
conductor, /V|,/Xh /V e p c > and Eq. (4.65) reduces to 

o = —PveP-e = NePeC 

(S/m) 

(conductor). 



(4.66) 


In either case, Eq. (4.64) becomes 


J = oE (A/m 2 ) (Ohm’s law), (4.67) 


and it is called the point form of Ohm’s law. Note that, 
in a perfect dielectric with o — 0. J = 0 regardless of E. 
and /« a perfect conductor with o — oo, E = J/cr = 0 
regardless of J. That is, 


Perfect dielectric: 

o 

II 

Perfect conductor: 

E = 0 


Because o is on the order of 10 6 S/m for most metals, 
such as silver, copper, gold, and aluminum (Table 4-1), 
it is common practice to set E — 0 in metal conductors. 

A perfect conductor is an equipotential medium, 
meaning that the electric potential is the same at every 
point in the conductor. This property follows from the 
fact that V 21 , the voltage difference between two points 
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in the conductor, is by definition equal to the line integral 
of E between the two points, as indicated by Eq. (4.39), 
and since E = 0 everywhere in the perfect conductor, the 
voltage difference V 2 i =0. The fact that the conductor is 
an equipotential medium, however, does not necessarily 
imply that the potential difference between the conductor 
and some other conductor is zero. Each conductor is 
an equipotential medium, but the presence of different 
distributions of charges on their surfaces can generate a 
potential difference between them. 

Example 4-8 Conduction Current in a Copper Wire 

A 2-mm-diameter copper wire with conductivity of 
5.8 x 10 7 S/m and electron mobility of 0.0032 (m 2 /V s) 
is subjected to an electric field of 20 (mV/m). Find (a) the 
volume charge density of free electrons, (b) the current 
density, (c) the current flowing in the wire, (d) the electron 
drift velocity, and (e) the volume density of free electrons. 

Solution 


ft. = -- = = -1-81 x 1° 10 (Cta 3) - 

{X c U.UUJz 


/ = <r£ = 5.8x I0 7 x20x 1(T 3 = 1.16x 10 6 (A/m 2 ). 


/ = J A 


= 1.16 x 10' 


6 (jt x4x nr 6 


n e = -fi e E = -0.0032 x20xl(T 3 = -6.4x10 5 m/s. 


N, = -^ = 


1.81 x 10"’ 
1.6 x 10- 19 


= 1.13 x 10 29 electrons/m 3 . 


= 3.64 A. 


EXERCISE 4.12 Determine the density of free electrons 
in aluminum, given that its conductivity is 3.5 x 10 7 (S/m) 
and its electron mobility is 0.0015 (m 2 /V • s). 

Ans. A' e = 1.46 x 10 29 electrons/m 3 . (Sec J? ) 

EXERCISE 4.13 The current flowing through a 
100-m-long conducting wire of uniform cross section 
has a density of 3 x 10 s (A/m 2 ). Find the voltage drop 
across the length of the wire if the wire material has a 
conductivity of 2 x 10 7 (S/m). 

Ans. V = 1.5 (V). (See#) 


4-7.1 Resistance 

By way of demonstrating the use of the point form o: 
Ohm’s law, we shall use it to derive an expression for 
the resistance A’ of a conductor of length l and uniform 
cross section A, as shown in Fig. 4-14. The conductor 
axis is oriented along the x-axis and extends between 
points x, and x 2 , with l - x 2 - x { . A voltage V applied 
across the conductor terminals establishes an electric 
field E = xE x \ the direction of E is from the point of 
higher potential (point 1 in Fig. 4-14) to the point of 
lower potential (point 2). The relation between V and E, 
is obtained by applying Eq. (4.39). Thus, 

V = V, - V 2 


j XI 

■gp 


xE, -xdl = E x l 


The minus sign indicates that u e is in the opposite 
direction of E. 
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y 


1 -► x 

*1 l x 2 



Figure 4-14: Linear resistor of cross section A and 
length / connected to a d-c voltage source V. 


Using Eq. (4.67), the current flowing through the cross 
section A at x 2 is 

l- J J -ds = J oE-ds = aE x A (A). (4.69) 

From R = V/I, the ratio of Eq. (4.68) to Eq. (4.69) gives 
l 

R = — (fi). (4.70) 

a A 

We now generalize our result for R to any resistor of 
arbitrary shape by noting that the voltage V across the 
resistor is equal to the line integral of E over a path / 
between two specified points and the current I is equal 
to the flux of J through the surface S of the resistor. Thus, 


- f E• dl - /e• d\ 


Ji Ji 

(4.71) 

f J • ds f crE • ds 


Js Js 



The reciprocal of R is called the conductance G, and the 
unit of G is (£1 '), or siemens (S). For the linear resistor. 



a A 

T 


Example 4-9 Conductance of Coaxial Cable 

The radii of the inner and outer conductors of a coaxial 
cable of length t are a and b, respectively (Fig. 4-15). 
The insulation material has conductivity a. Obtain an 
expression for G', the conductance per unit length of the 
insulation layer. 

Solution: Let / be the total current flowing from the inner 
conductor to the outer conductor through the insulation 
material. At any radial distance r from the axis of the 
center conductor, the area through which the currentliows 
is A = 2 nrl. Hence, 


J=f i = *2 hr 


(4.73) 


and from J — crE, 


E = r- 


7- (4.74) 

2rr arl 

In a resistor, the current flows from higher electric 
potential to lower potential. Hence, if J is in the ?- 
direction, the inner conductor must be at a higher 
potential than the outer conductor. Accordingly, the 
voltage difference between the conductors is 


v nh =-[ a Edi=- r ~L 

Jb Jb 27T( 


r-rdr 


2ncrl 



(4.75) 



(S). 


(4.72) 
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The conductance per unit length is then 


G 1 / 2n a 

l ~ Rl~ V ab l ~ In (b/a) 


(S/m). ■ 
(4.76) 


4-7.2 Joule’s Law 


We now consider the power dissipated in a conducting 
medium in the presence of an electrostatic field E. The 
medium contains free electrons and holes with volume 
charge densities p ve and p V h, respectively. The electron 
and hole charge contained in an elemental volume Av is 
t/e = Pve Av and q b — p V h Av, respectively. The electric 
forces acting on q t and q b are F 0 = q c E = p ve E Av and 
Fh = r/hE = p V |iE Av. The work (energy) expended by 
the electric field in moving q e a differential distance A/ e 
and moving q b a distance A4 is 

AW = F e - Al e + F h -Al„. (4.77) 


Power P, measured in watts (W), is defined as the 
time rate of change of energy. The change in power 
corresponding to A W is then 


AW 

A P =-= F. 

At 


A * e 4- F 

e "Al +H 


Ah, 

At 


= F c • u c + F h • u h 


= (p ve E • U e + PvhE • U h ) Av 


= E J Av, 


(4.78) 


where n e - Al c /A r is the electron drift velocity and 
Uh = Al|,/A t is the hole drift velocity. Equation (4.63) 
was used in the last step of the derivation leading to 
Eq. (4.78). For a volume v, the total dissipated power 
is 


P= f E-.1dv 

(W) (Joule's law), (4.79) 

Jv 



and in view of the relation given by F,q. (4.67), 

P = f a\E\ 2 dv (W). (4.80) 

Jv 

Equation (4.79) is a mathematical statement of Joule's 
law. For the resistor example considered earlier, 
|E| = E x and its volume is v = lA. Separating the 
volume integral in Eq. (4.80) into a product of a surface 
integral over A and a line integral over /, we have 



= (cr E x A)(E x l) = IV (W), (4.81) 

where use was made of Eq. (4.68) for the voltage V and 
Eq. (4.69) for the current I. With V = IR, we obtain the 
familiar expression 

P = I 2 R (W). (4.82) 


REVIEW QUESTIONS 

Q4.18 What is the fundamental difference between an 
insulator, a semiconductor, and a conductor? 

Q4.19 Show 1 that the power dissipated in the coaxial 
cable of Fig. 4-15 is P = I 2 \n{b/d)/{lital). 

EXERCISE 4.14 A 50-m-long copper wire has a circular 
cross section with radius r — 2 cm. Given that the 
conductivity of copper is 5.8 x 10 7 (S/m), determine 
(a) the resistance R of the wire and (b) the power 
dissipated in the wire if the voltage across its length is 
1.5 (mV). 

Ans. (a) R = 6.9 x lO"' 1 £2, (b) P = 3.3 (mW). 

(See 

EXERCISE 4.15 Repeat part (b) of Exercise 4.14 by 
applying Eq. (4.80). (See 
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Nucleus Nucleus 



Center of electron 
cloud 


( a ) E c) (t = 0 (b) E ex , /■ 0 (c) Electric dipole 

Figure 4-l(i: In the absence of an external electric field E ext , the center of the electron cloud is co-located with the center of 
the nucleus, but when a field is applied, the two centers are separated by a distance cl. 


4-8 Dielectrics 

As we discussed previously, the fundamental difference 
between a conductor and a dielectric is that a conductor 
has loosely held (free) electrons that can migrate through 
the crystalline structure of the material, whereas the 
electrons in the outermost shells of a dielectric are 
strongly bound to the atom. In the absence of an electric 
field, the electrons in any material form a symmetrical 
cloud around the nucleus, with the center of the cloud 
being at the same location as the center of the nucleus, 
as shown in Fig. 4-16(a). The electric field generated 
by the positively charged nucleus attracts and holds the 
electron cloud around it, and the mutual repulsion of the 
electron clouds of adjacent atoms gives matter its form. 
When a conductor is subjected to an externally applied 
electric field, the most loosely bound electrons in each 
atom can easily jump from one atom to the next, thereby 
setting up an electric current. In a dielectric, however, an 
externally applied electric field E CX i cannot effect mass 
migration of charges since none are able to move freely, 
but it can polarize the atoms or molecules in the material 
by distorting the center of the cloud and the location 
of the nucleus. The polarization process is illustrated in 
Fig. 4-16(b). The polarized atom or molecule may he 


represented by an electric dipole consisting of charge +q 
at the center of the nucleus and charge -q at the center of 
the electron cloud [Fig. 4-16(c)], Each such dipole sets up 
a small electric field, pointing from the positively charged 
nucleus to the center of the equally but negatively charged 
electron cloud. This induced electric field, called a po¬ 
larization field, is weaker titan and opposite in direction 
to E ex t- Consequently, the net electric field present in the 
dielectric material is smaller than E ex ,. At the microscopic 
level, each dipole exhibits a dipole moment similar to that 
described in Example 4-7. Within the dielectric material, 
the dipoles align themselves in a linear arrangement, as 
shown in Fig. 4-17. Along the upper and lower edges of 
the material, the dipole arrangement exhibits a positive 
surface charge density on the upper surface and a negative 
density on the lower surface. 

The relatively simple picture described in Figs. 4-16 
and 4-17 pertains to nonpolar materials in which ihe 
molecules do not have permanent dipole moments. 
Nonpolar molecules become polarized only when an 
external electric field is applied, and when the field is 
terminated, the molecules return to their original unpolar¬ 
ized state. In some materials, such as water, the molecular 
structure is such that the molecules possess built-in 
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Stretching 


Compression 


Force 


A Piezoresistance varies with applied force 


Resistive Sensors 


A is its cross-sectional area, and cr is the 
conductivity of its material. Stretching the wire by 
an applied external force causes I to increase 
and A to decrease. Consequently, R increases 
(A). Conversely, compressing the wire causes R to 
decrease. The Greek word piezein means to press, 
from which the term piezoresistivity is derived. This 
should not be confused with piezoelectricity, which 
is an emf effect. (See EMF Sensors.) 

An elastic resistive sensor is well suited for 
measuring the deformation z of a surface (B), which 


An electrical sensor is a device capable of respond¬ 
ing to an applied stimulus by generating an electrical 
signal whose voltage, current, or some other at¬ 
tribute is related to the intensity of the stimulus. The 
family of possible stimuli encompasses a wide array 
of physical, chemical, and biological quantities, 
including temperature, pressure, position, distance, 
motion, velocity, acceleration, concentration (of a 
gas or liquid), blood flow, etc. The sensing pro¬ 
cess relies on measuring resistance, capacitance, 
inductance, induced electromotive force (emf), 
oscillation frequency or time delay, among others. 
This Technology Brief covers resistive sensors. 
Capacitive, inductive, and emf sensors are covered 
separately (here and in later chapters). 


Piezoresistivity 

According to Eq. (4.70), the resistance of a 
cylindrical resistor or wire conductor is given by 
R = l/aA, where / is the cylinder’s length, 


Stretched 


B. Piezoresistor films 





TECHNOLOGY BRIEF: RESISTIVE SENSORS 


175 



can be related to the pressure applied on the 
surface; and if z is recorded as a function of time, 
it is possible to derive the velocity and acceleration 
of the surface’s motion. To realize high longitudinal 
piezoresistive sensitivity (the ratio of the normalized 
change in resistance, A R/R, to the corresponding 
change in length, A///, caused by the applied force), 
the wire is often designed in a serpentine shape 
(C), bonded on a flexible plastic substrate and 
glued onto the surface whose deformation is to be 
monitored. Copper and nickel alloys are commonly 
used for making the sensor wires, although in 
some applications silicon is used instead, since 
it has a very high piezoresistive sensitivity. By 
connecting the piezoresistorto a Wheatstone bridge 
circuit (D) in which the other three resistors are all 
identical in value and equal to the resistance of the 
piezoresistor when no external force is present, the 
voltage output becomes directly proportional to the 
normalized resistance change: A R/R. 
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permanent dipole moments that are randomly oriented 
in the absence of an applied electric field. Materials 
composed of permanent dipoles are called polar 
materials. Owing to their random orientations, the 
dipoles of polar materials produce no net dipole moment 
macroscopically (at the macroscopic scale, each point 
in the material represents a small volume containing 
thousands of molecules). Under the influence of an 
applied field, the permanent dipoles tend to align 
themselves to some extent along the direction of the 
electric field, in an arrangement somewhat similar to that 
shown in Fig. 4-17 for nonpolar materials. 

Whereas D and E are related by 60 in free space, 
the presence of these microscopic dipoles in a dielectric 
material alters that relationship in that material to 

D = e„E + P, (4.83) 

where P, called the electric polarization field , accounts 
for the polarization properties of the material. The 
polarization field is produced by the electric field E and 
depends on the material properties. 
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A dielectric medium is said to be linear if the magni¬ 
tude of the induced polarization field is directly propor¬ 
tional to the magnitude of E, and it is said to be isotropic I 
if the polarization field and E are in the same direction. 

In some crystals, the periodic structure of the material 
allows more polarization to take place along certain 
directions, such as the crystal axes, than along others. In 
such anisotropic dielectrics, E and D may have different 
directions. A medium is said to be homogeneous if 
its constitutive parameters (s, /z, and a) are constant 
throughout the medium. Our present treatment will b: 
limited to media that are linear, isotropic, and homoge¬ 
neous. For such media the polarization field is directly 
proportional to E and is expressed by the relationship 

P = sqX^E, (4.84) 

where Xt is called the electric susceptibility of the 
material. Inserting Eq. (4.84) into Eq. (4.83), we have 

D = e 0 E + eoXeE 

= £o(l +Xe)E = sE, (4.85)1 

which defines the permittivity e of the material as 

£ = £o(l+Xe)- (4.86)1 

As was mentioned earlier, it is often convenient to I 
characterize the permittivity of a material relative to that j 
of free space, £o; this is accommodated by the relative I 
permittivity e r — s/sq. Values of e, are listed in Table [ 
4-2 for a few common materials, and a longer list is I 
given in Appendix B. In free space c, = 1, and for I 
most conductors s r ~ 1. The dielectric constant of air is I 
approximately 1.0006 at sea level, and it decreases toward I 
unity with increasing altitude. Except in some special 
circumstances, such as when calculating electromagnetic I 
wave refraction (bending) through the atmosphere over I 
long distances, air is treated the same as free space. 

The dielectric polarization model presented thus far I 
has placed no restriction on the upper end of the strength I 
of the applied electric field E. In reality, if E exceeds a [ 






4-9 ELECTRIC BOUNDARY CONDITIONS 


177 



certain critical value, known as the dielectric strength 
of the material, it will free the electrons completely 
from the molecules and cause them to accelerate through 
the material in the form of a conduction current. When 


REVIEW QUESTIONS 

Q4.20 What is a polar material? A nonpolar material? 


this happens, sparking can occur, and the dielectric 
material can sustain permanent damage due to electron 
collision with the molecular structure. This abrupt 
change in behavior is called a dielectric breakdown .The 
dielectric strength Eds is the highest magnitude of F. that 
the material can sustain without breakdown. Dielectric 


Q4.21 Do D and E always point in the same direction? 
If not, when do they not ? 

Q4.22 What happens when dielectric breakdown 
occurs? 


breakdown can occur in gas, liquid, and solid dielectrics. 
The associated field strength depends on the material 
composition, as well as other factors such as temperature 
and humidity. The dielectric strength for air is 3 (MV/m); 
for glass, it is 25 to 40 (MV/m); and for mica, it is 200 
(MV/m) [see Table 4-2]. 

A charged thundercloud with an electric potential V, 
relative to the ground, induces an electric field E — V/d 
in the air medium between the ground and the cloud, 
where d is the height of the cloud base above the ground’s 
surface. If V is sufficiently large so that E exceeds the 
dielectric strength of air, ionization occurs and discharge 
(lightning) follows. The breakdown voltage Vbr of a 
parallel-plate capacitor is discussed in Example 4-11. 


4-9 Electric Boundary Conditions 

An electric field is said to be spatially continuous if it 
does not exhibit abrupt changes in either its magnitude 
or direction as a function of spatial position. Even 
though the electric field may be continuous in each of 
two dissimilar media, it may be discontinuous at the 
boundary between them if surface charge exists along 
that boundary. Boundary conditions specify how the 
tangential and normal components of the field in one 
medium arc related to the components of the field across 
the bonndary in another medium. We wi 11 derive a general 
set of boundary conditions, applicable at the interface 
between any two dissimilar media, be they two different 
dielectrics or a conductor and a dielectric. Also, any of 
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the dielectrics may be free space. Even though these 
boundary conditions will be derived for electrostatic 
conditions, they will be equally valid for time-varying 
electric fields. Figure 4-18 shows an interface between 
medium 1 with permittivity e.\ and medium 2 with 
permittivity s 2 . hi the general case, the boundary may 
have a surface charge density p s . 

To derive the boundary conditions for the tangential 
components of E and D, we begin by constructing the 
closed rectangular loop abcda shown in Fig. 4-18, and 
then we apply the conservative property of the electric 
field given by Eq. (4.40), which stales that the line integral 
of the electrostatic field around a closed path is always 
equal to zero. By letting A/i 0. the contributions to the 
line integral by segments be and da go to zero. Hence, 

f pi? pd 

<t E d\= / E 2 -d\+ / E, • rfl = 0, (4.87) 

Jc Ja Jc 

where E, and E 2 are the electric fields in media 1 
and 2, respectively. In terms of the tangential and normal 
directions shown in Fig. 4-18, 


E|=E„ + E ln , (4.88a) 

E 2 = Ea + E 2 n- (4.88b) 


Over segment ab, E 2( and d\ have the same direction, hut 
over segment cd , E), and d 1 are in opposite directions. 
Consequently, Eq. (4.87) gives 

E 21 A l - E u A/ = 0, (4.89) 


or 



Accordingly, The tangential component of the electric :| 
field is continuous across the boundary between any two ,I 
media. Since Z> lt = e \£ ]( and D 2t = s 2 E 2l , the boundary 
condition on the tangential component of the electric flux 
density is 



Next we apply Gauss’s law, as expressed by Eq. (4.29), 
to determine the boundary conditions on the normal 
components of E and D. According to Gauss’s law, 
the total outward flux of D through the three surfaces 
of the small cylinder shown in Fig. 4-18 must equal 
the total charge enclosed in the cylinder. By letting the 
cylinder’s height A h —* 0, the contribution to the total 
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flux by the side surface goes to zero. Also, even if 
each of the two media happens to have free or bound 
volume charge densities, the only charge remaining in 
the collapsed cylinder is that distributed on the boundary. 
Thus, Q — p % A s, and 

xT)ds = D] • no ds 4- / D 2 • ni ds 
JS ' lop J bottom 

= Ps Aj, (4.92) 

where h | and n 2 are the outward normal unit vectors of the 
bottom and top surfaces, respectively. It is important to 
remember that the normal unit vector at the surface of any 
I medium is always defined to be in the outward direction 
away from that medium. Since n, - —n 2 , Eq. (4.92) 
simplifies to 

n 2 '(D, — Dj) = p s (C/m 2 ). (4.93) 

With D |„ and D 2n defined as the normal components of 
Di and D 2 along ii 2 , we have 


D|„ ~ D 2n — p s (C/m 2 ). (4.94) 


Thus, the normal component of D changes abruptly at a 
charged boundary between two different media, and the 
amount of change is equal to the surface charge density. 

The corresponding boundary condition for E is 

SiEin - £iE 2 n - Ps- (4.95) 

In summary, (1) the conservative property of E, 


V x E = 0 


E • dl = 0. 


led to the result that E has a continuous tangential 
component across a boundary, and ( 2 ) the divergence 
property of D. 

V • D = p v ^=4 <j) D ds = Q , (4.97) 


led to the result that the normal component of D changes 
by p s across the boundary. A summary of the conditions 
at the boundary between different types of media is given 
in Table 4-3. 

Example 4-10 Application of Boundary Conditions 

The x-y plane is a charge-free boundary separating 
two dielectric media with permittivities ey and e 2 , as 
shown in Fig. 4-19. If the electric field in medium 1 is 
E, = xEi x + yEiy + z E lz , find (a) the electric field E 2 
in medium 2 and (b) the angles 0\ and 6 b. 

Solution: (a) Let E 2 = kE lx + y E 2y + z E 2z . Our task 
is to find the components of E 2 in terms of the given 
components of E,. The normal to the boundary is z. 
Hence, the x and y components of the fields are tangential 
to the boundary and the z components are normal to 
the boundary. At a charge-free interface, the tangential 
components of E and the normal components of D are 
continuous. Consequently, 

E 2x = Elx, Ely — Ely, 
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Table 4-3: Boundary conditions for the electric fields. 


Field Component 

Any Two Media 

Medium 1 Medium 2 

Dielectric ei Dielectric e 2 

Medium 1 Medium 2 

Dielectric &\ Conductor 

Tangential E 

Tangential D 

Normal E 

Normal D 

£u - E 21 

Du/ei = D 2 i ! ei 

n -(eiEi - £ 2 E 2 ) = Ps 

n-(D] — D 2 ) = p s 

£it = E 2 1 

Du/ei — D 2 |/e 2 

£|£ln — S 2 E 2 n = Ps 

Din — D 2n = p s 

Eu = E 2l = 0 

Dit = Z> 2 t = 0 

E\n = Pi/St El n=0 

Din = Ps D 2n = 0 

Notes: (1) p s is the surface charge density at the boundary; (2) normal components of Ei, Di, E 2 , and D 2 are along n 2 , 
the outward normal unit vector of medium 2. 


and 


Ans. E, =x2-y3 + zl2(V/m). (See**) 


D 2z = D lz or s 2 E 2z = O E lz . 


Hence, 

E2 = x£ u +yE lv + z— E lz . (4.98) 

£2 

(b) The tangentia l componen ts of E| and E 2 are 
E\ t = JeI x + E 2 V and E 2t = JE^ + E \ y . The angles 
0\ and 9 2 are then given by 


tan 

E\ z 


tan 0 2 = 


Ex 

Elz 


s/ E l + E l’ 

Elz 

y/Q + Ely yf^+^y 

Eiz (e\/ei)Eiz 


and the two angles are related by 
tan d 2 _ £2 
tan 0] e\ 


(4.99) 


EXERCISE 4.16 With reference to Fig. 4-19, find E, if 
E 2 = x 2 - y3 + z 3 (V/m), £i = 2eo, and e 2 = 8eo. 
Assume the boundary to be charge free. 


EXERCISE4.17 Repeat Exercise 4.16 for a boundary with 
surface charge density p s = 3.54 x 10“ 11 (C/m 2 ). 

Ans. Ei = x2 - y3 + zl4 (V/m). (See 


4-9.1 Dielectric-Conductor Boundary 

Consider the case when medium 1 in Fig. 4-18 is a 
dielectric and medium 2 is a perfect conductor. In a 
perfect conductor, E = D = 0 everywhere in the 
conductor. Hence, E 2 = D 2 = 0, which requires the 
tangential and normal components of E 2 and D 2 to be 
zero. Consequently, from Eq. (4.90) and Eq. (4.94), the 
fields in the dielectric medium, at the boundary with the 
conductor, are given by 


E u = D n = 0, (4.100a) 

Z>in = ei£in = Ps- (4.100b) 

These two boundary conditions can be combined into 

D| = SiE] = rip s (at conductor surface). (4.101) 






’ATICS 


—_ELECTRIC BOUNDARY CONDITIONS 


Conducting 
slab-1 


where n is a unit vector directed normally outwar 
the conducting surface. This means that the elect, 
lines point directly away from the conductorsurfac 
tf, is positive and directly toward the conductor s 
when p s is negative. 

Figure 4-20 shows an infinitely long conductin 
placed in a uniform electric field Eq. Tire medium 
and below the slab has a permittivity e,. Becau 
points away from ihe upper surface, it induces a pc 
charge density p s = £| | Eo | on the upper surfs 
the slab. On the bottom surface, E 0 points towai 
surface, and therefore the induced charge dens 
-A- The presence of these surface charges indue 
electric field E ( in the conductor, resulting in a total 
+ Ej. To satisfy the condition that E mu 
everywhere zero in the conductor, E, must equal - 
I we place a metallic sphere in an electrostatic 
as shown in Fig. 4-21, negative charges will accum 
on the lower hemisphere and posilive charges 
accumulate on the upper hemisphere. The present 
the sphere causes the field lines to bend to satisF 


metal 

sphere 


Figure 4-21: Metal 
field Eq. 


sphere placed in an external electric 


condition given by Eq. (4.10 1 ); that is, E is always normal 
to the surface at the conductor boundary. 

4-9.2 Conductor-Conductor Boundary 

We now examine the general case of the boundary 
between two media neither of whirh art* norfn^ 
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Figure 4-22: Boundary between two conducting media. 


dielectrics or perfect conductors. Depicted in Fig. 4-22, 
medium 1 has permittivity £, and conductivity a ., 
medium 2 has e 2 and a 2 , and the interface between them 
has a surface charge density p s . For the electric fields, 
Eqs. (4.90) and (4.95) give 

£lt = E 1{ , S\E\ n — £iE 2 n — Ps- (4.102) 


Since we are dealing with conducting media, the electric 
fields give rise to current densities J| and J 2 , with J| 
being proportional to E ; and J 2 being proportional to E 2 . 
From J — rrE, we have 


•At _ hx 

cr, <r 2 


J 1 n Jlr\ 

£|— -£2— =A- (4.103) 

CT, 0 2 


The tangential components in and J 2 1 represent currents 
flowing in the two media in a direction parallel to the 
boundary, and hence no transfer of charge is involved 
between them. This is not the case for the normal 
components. If / ln J 2n , then a different amount of 
charge arrives at the boundary than leaves it. Hence, 
Ps cannot remain constant with time, which violates the 
condition of electrostatics requiring all fields and charges 
to remain constant. Consequently, the normal component 
of .1 has to he continuous across the boundary between 
two different media under electrostatic conditions. Upon 


setting ./i n = ./ 2 n in Eq. (4.103), we have 




(electrostatics). 


(4.104) 


REVIEW QUESTIONS 

04.23 What are the boundary conditions for the electric 
field at a conductor-dielectric boundary'? 

Q4.24 Under electrostatic conditions, we require 
/in = Jin at the boundary between two conductors, 
Why? 


4-10 Capacitance 

When separated by an insulating (dielectric) medium, 
any two conducting bodies, regardless of their shapes 
and sizes, form a capacitor. If a d-c voltage source is 
connected to the conductors, as shown in Fig. 4-23 for 
two arbitrary conductors, charge of equal and opposite 
polarity is transferred to the Conductors’ surfaces. The 
surface of the conductor connected to the positive side of 
the source will accumulate charge +Q, and charge —Q 
will accumulate on the surface of the other conductor. 
Front our discussion in Section 4-7, when a conductor 
has excess charge, it distributes the charge on its surface 1 
in such a manner as to maintain a zero electric field 
everywhere within the conductor. This ensures that a 
conductor is an equipotential body, meaning that the 
electric potential is the same at every point in the 
conductor. Capacitance of a two-conductor capacitor is 
defined as 

Q 

C = y (C/VorF), (4.105) 

where V is the potential (voltage) difference between 
the conductor with charge +Q and the conductor with 
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Figure 4-23: A d-c voltage source connected to a 
capacitor composed of two conducting bodies. 


charge — Q. Capacitance is measured in farads (F), which 
is equivalent to coulombs per volt (C/V). 

The presence of free charges on the conductors’ 
surfaces gives rise to an electric field E, as shown in 
Fig. 4-23; the field lines originate on the positive charges 
and terminate on the negative charges, and since the 
tangential component of E is always equal to zero at 
a conductor’s surface, E is always perpendicular to the 
conducting surfaces. The normal component of E at any 
point on the surface of either conductor is given by 

E n — ii • E = — (at conductor surface). (4.106) 
e 

where p„ is the surface charge density at that point, n is 
the outward normal unit vector at the same location, and 
s is the permittivity of the dielectric medium separating 
the conductors. The charge Q is equal to the integral q£p s 
over surface S [Fig. 4-23]: 

Q— / p s ds = I sh -Eds — I sE-ds, (4.107) 
Js Js Js 

where use was made of Eq. (4.106). The voltage V is 
related to E by Eq. (4.39): 


f 1 

V = V i2 = - I Edl, (4.108) 
Jp 2 

where points P\ and A? are any two points on conductors 1 
and 2, respectively. Substituting Eqs. (4.107) and (4.108) 
into Eq. (4.105) gives 


1 eE ■ ds 


C.=^- - 

(F), (4.109) 

- / E - dl 


Jt 



where / is the integration path from conductor 2 to 
conductor 1. To avoid making sign errors when applying 
Eq. (4.109), it is important to remember that surface S is 
the -f Q surface and P\ is on S. Because E appears in both 
the numerator and denominator of Eq. (4.109), the value 
of C obtained for any specific capacitor configuration 
is always independent of E. In fact, C depends only 
on the capacitor geometry (sizes, shapes and relative 
positions of the two conductors) and the permittivity of 
tire insulating material. 

If the material between the conductors is not a perfect 
dielectric (i.e., if it has a small conductivity a), then 
current can flow through the material between the 
conductors, and the material will exhibit a resistance R. 
The general expression for K for a resistor of arbitrary 
shape is given by Eq. (4.71): 

- f E • dl 

R=-~ - m. (4.110) 

J oE-ds 

For a medium with uniform a and e, the product of 
Eqs. (4.109) and (4.110) gives 


e 


RC = - . 

(4.111) 

a 
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Figure 4-24: A d-c voltage source connected to a parallel-plate capacitor (Example 4-11). 


V 


' Fringing 
, field lines 


Conducting plate 


Dielectric e 


Conducting plate 


This simple relation allows us to find R if C is known, or 
vice versa. 

Example 4-11 Capacitance and Breakdown Voltage of 
Parallel-Plate Capacitor 

Obtain an expression for the capacitance C of a 
parallel-plate capacitor comprised of two parallel plates 
each of surface area A and separated by a distance d. 
The capacitor is filled with a dielectric material with 
permittivity e. Also, determine the breakdown voltage 
if cl = 1 cm and the dielectric material is quartz. 

Solution: In Fig. 4-24, we place the lower plate of the 
capacitor in the x-y plane and the upper plate in the 
plane z — d. Because of the applied voltage difference V, 
charge 4 - Q accumulates uniformly on the top plate and 
— <2 accumulates uniformly on the lower plate. In the 
dielectric medium between the plates, the charges induce 
a uniform electric field in the —z-direction (from positive 
to negative charges). In addition, some fringing field 
lines will exist near the edges, but their effects may be 
ignored if the dimensions of the plates are much larger 
than the separation d between them, because in that case 


the bulk of the electric field lines will exist in the medium 
between the plates. The charge density on the upper plale 
is = Q/A . Hence, 

E = —7. E, 


and from Eq. (4.106), the magnitude of E at the conduc¬ 
tor-dielectric boundary is E = p s /e = Q/eA. From 
Eq. (4.108), the voltage difference is 


V =*- f E-ell 
J n 



(-zE)-zclz = Eel, (4.112) 


and the capacitance is 


Q = Q_ = ^_ 

V Ed d ' 


(4.113) 


where use was made of the relation E — Q/sA. 

From V — Eel , as given by Eq. (4.112), V = V br 
when E = E<} s, the dielectric strength of the material. 
According to Table 4-2, Ei s = 30 (MV/m) for quattz. 
Hence, the breakdown voltage is 

14, = E^el = 30 x 10 f ’ x 10~ 2 = 3 x 10 s V. ■ 
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Example 4-12 Capacitance of Coaxial Line 

Obtain an expression for the capacitance of the coaxial 
line shown in Fig. 4-25. 

Solution: For a given voltage V across the capacitor 
(Fig. 4-25), charge +Q and —Q will accumulate on the 
surfaces of the outer and inner conductors, respectively. 
We assume that these charges are uniformly distributed 
along the length of the conductors with line charge 
density p/ = Q/1 on the outer conductor and —pi on the 
inner conductor. Ignoring fringing fields near the ends of 
the coaxial line, we can construct a cylindrical Gaussian 
surface in the dielectric, around the inner conductor, with 
radius /-such that a < r < fi.Theinnerconductorisaline 
charge similar to that of Example 4-6, except that the line 
charge of the inner conductor is negalive. With a minus 
sign added to the expression for E given by Eq. (4.33), 
we have 



liter 2 iterl 


(4.114) 


The potential difference V between the outer and inner 
conductors is 




The capacitance C is then given by 


c- G - 

2tcbI 

(A 1 ICO 

c V 

In (b/a) 



The capacitance per unit length of the coaxial line is 



27T£ 
In (b/a) 


(F/m). ■ 


(4.117) 


REVIEW QUESTIONS 

04.25 How is the capacitance of a two-conductor 
structure related to the resistance of the insulating 
material between the conductors? 


a 


(4.115) 


Q4.26 What are fringing fields and when may they be 
ignored? 
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Capacitive Sensors 

To sense is to respond to a stimulus. (See 
Resistive Sensors.) A capacitor can function as 
a sensor if the stimulus changes the capacitor's 
geometry — usually the spacing between its 
conductive elements — or the dielectric properties 
of the insulating material situated between them. 
Capacitive sensors are used in a multitude of 
applications. A few examples follow. 

Fluid Gauge 

The two metal electrodes in (A), usually rods 
or plates, form a capacitor whose capacitance 
is directly proportional to the permittivity of the 
material between them. If the fluid section is of 



To capacitive bridge circuit 


A. Fluid tank 


height Hj and the height of the empty space above 
it is (II - Ilf), then the overall capacitance is 
equivalent to two capacitors in parallel, or 


Ci = Cf + C a = ej- 


(uiHf) (H - H f ) 


d 


d 


where w is the electrode plate width, d is the spacing 
between electrodes, and e/ and e a are the permil- 
tivities of the fluid and air, respectively. Rearranging 
the expression as a linear equation yields 

C 2 = kHj + Co, 


where the constant k = (e f - e a )ui/d and C 0 is the 
capacitance of the tank when totally empty. Using 
the linear equation, the fluid height can be deter¬ 
mined by measuring C 2 . which can be realized by 
using a bridge circuit (B). The output voltage V I)UI is 
proportional to the deviation between C\ and C 2 . By 
setting c, = C 0 (a fixed capacitor) and by connect¬ 
ing the tank electrodes to the bridge circuit to form 
C 2 , V ou , becomes proportional to the fluid height. 


■** 




>. Bridge circuit with 150 kHz ac source 
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Silicon substrate 


Electrodes 


C. Interdigital capacitor 


electrodes varies with the relative humidity of the 
surrounding environment. Hence, the capacitor 
becomes a humidity sensor. 


Pressure Sensor 


A flexible metal diaphragm separates an oil-filled 
chamber with reference pressure Pq from a second 
chamber exposed to the gas or fluid whose pressure 
P is to be measured by the sensor (D1). The 
membrane is sandwiched, but electrically isolated, 
between two conductive parallel surfaces, forming 
two capacitors in series (D2). When P > Pq, the 
membrane bends in the direction of the lower plate 
(D3). Consequently, d\ increases and d 2 decreases 
and, in turn, C, decreases and C 2 increases. The 
converse happens when P < Pc. With the use of 
a capacitance bridge circuit, such as the one in 
(B), the sensor can be calibrated to measure the 
pressure P with good precision. 


Membrane 


Humidity Sensor 


Thin-film metal electrodes shaped in an inter- 
digitized pattern (to enhance the ratio A/d ) are 
fabricated on a silicon substrate (C). The spacing 
between digits is typically on the order of 0.2 /xm. 
The permittivity of the material separating the 


Conducting 
Plate - 


Flexible 

Metallic 

Membrane 


Conducting 
Plate — 


Dl. Pressure sensor 
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Noncontact Sensors 

Precision positioning is a critical ingredient of 
semiconductor device fabrication, as well as the 
operation and control of many mechanical systems. 
Noncontact capacitive sensors are used to sense 
the position of silicon wafers during the deposition, 
etching, and cutting processes, without coming in 
direct contact with the wafers. They are also used 
to sense and control robot arms in equipment 
manufacturing and to position hard disc drives, 
photocopier rollers, printing presses, and other 
similar systems. 

Basic Principle 

The concentric plate capacitor (A1) consists of 
two metal plates, sharing the same plane, but 
electrically isolated from each other by an insulating 
material. When connected to a voltage source, 
charges of opposite polarity will form on the two 
plates, resulting in the creation of electric-field lines 
between them. The same principle applies to the 
adjacent-plates capacitor in (A2). In both cases, the 
capacitance is determined by the shapes and sizes 
of the conductive elements and by the permittivity 
of the dielectric medium containing the electric field 
lines between them. Often, the capacitor surface is 
covered by a thin film of nonconductive material, 
the purpose of which is to keep the plate surfaces 
clean and dust free. The introduction of an external 
object into the proximity of the capacitor (A3) will 
perturb the electric field lines, modifying the charge 
distribution on the plates, as well as modifying the 
value of the capacitance as would be measured 
by a capacitance meter or bridge circuit. Hence, 
the capacitor becomes a proximity sensor, and 
its sensitivity depends, in part, on how different 



External Object 



iy- ■ 

A2. Adjacent-plates 3. Perturbation 

capacitor field 


the permittivity of the object is from that of the 
unperturbed medium and on whether it is or is not 
made of a conductive material. 

Fingerprint Imager 

An interesting extension of noncontact sensors is 
the development of a fingerprint imager consisting 
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BI 2-D capacitive sensor array 


152. Individual sensor cells 


of a two-dimensional array of capacitive sensor 
cells, constructed to record an electrical represen¬ 
tation of a fingerprint (B1 and B2). Each sensor 
cell is composed of an adjacent-plates capacitor 
connected to a capacitance measurement circuit 
(B3), The entire surface of the imager is covered 
by a thin layer of nonconductive oxide. When the 
finger is placed on the oxide surface, it perturbs the 
field lines of the individual sensor cells to varying 
degrees, depending on the distance between the 
ridges and valleys of the finger’s surface from 
the sensor cells. Given that the dimensions of an 
individual sensor are on the order of 65 /tm on the 
side, the imager is capable of recording a fingerprint 
image at a resolution corresponding to 400 dots per 
inch or better. 


:c 


VALLEY 


Si oxide 


2 metal plates 


Cout 


B3. Fingerprint representation 


Courtesy of Dr. M. Tartagni, University of Bologna, Italy 
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4-11 Electrostatic Potential Energy 

When a source is connected to a.capacitor, it expends 
energy in charging up the capacitor. If the capacitor 
plates are made of a good conductor with effectively 
zero resistance and if the dielectric separating the two 
conductors has negligible conductivity, then no real 
current can flow through the dielectric, and no ohmic 
losses occur anywhere in the capacitor. Where then 
does the charging-up energy go? The energy ends up 
getting stored in the dielectric medium in the form of 
electrostatic potential energy. The amount of stored 
energy W e is related to Q, C, and V. 

Under the influence of the electric field in the 
dielectric medium between the two conductors, charge <7 
accumulates on one of the conductors, and an equal and 
opposite charge accumulates on the other conductor. In 
effect, charge q has been transferred from one of the 
conductors to the other. The voltage v across the capacitor 
is related to q by 


»= q - 

C 


(4.118) 


From the basic definition of the electric potential V, the 
amount of work d IV C required to transfer an additional 
incremental amount of charge dq is 


cl W e = v dq = — dq. 


(4.119) 


If we start with an uncharged capacitor and charge it up 
from zero charge until a final charge Q has been reached, 
then die total amount of work performed is 


w [ Q q . iQ 2 

W ' = k C dq = 2C 


(4.120) 


Using C = Q/V, where V is the final voltage, W c can 
also be written as 


W c = ±C V 2 (J). (4.121) 

For the parallel-plate capacitor discussed in Example 4- 
11, its capacitance is given by Eq. (4.113) as C = eA/ d, 


where A is the surface area of each of its plates and d is 
the separation between them. Also, the voltage V across 
the capacitor is related to the magnitude of the electric 
field, E, in the dielectric by V = Ed. Using these two 
expressions in Eq. (4.121) gives 

£ A 

W e = | —(£d ) 2 - \sE 1 (Ad) = \eE l v, (4.122) 

where v = Ad is the volume of the capacitor. 

The electrostatic energy density ui e is defined as the 
electrostatic potential energy W e per unit volume: 


>' e 1 „■> 

w e = — = ±eE- 


(J/m 3 ). (4.123) 


Even though this expression was derived for a 
parallel-plate capacitor, it is equally valid for any 
dielectric medium in an electric field E. Furthermore, 
for any volume v containing a dielectric e, the total 
electrostatic potential energy stored in v is 


We — ~ I sE 2 dv 
- Jv 


(4.124) 


Returning to the parallel-plate capacitor, the oppositely 
charged plates are attracted to each other by an electrical 
force F. The force acting on any system of charges may be 
obtained from energy considerations. In the material that 
follows, we will show how F can be determined from IV,, 
the electrostatic energy stored in the system by virtue of 
the presence of the electric charges. The treatment will 
be general in nature, although wc will occasionally use 
ihe capacitor example by way of illustration. 

If the two plates of the parallel-plate capacitor are 
allowed to move closer to each other, under the influence 
of the electric force F, by a differential distance d\, while 
maintaining the charges on the plates constant, then the 
mechanical work done by the system (charged capacitor) 


dW = F dl 


(4.125) 
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For an isolated system, this mechanical work is provided 
by expending electrostatic energy. Hence, dW is equal 
to the loss of energy stored in the dielectric insulating 
material of the capacitor, or 

dW = —dW e . (4.126) 

From Eq. (3.73), dW e may be written in tenns of the 
gradient of W e as 

dW e = VW e • d\. (4.127) 

In view of Eq. (4.126), comparison of Eqs. (4.125) and 
(4.127) leads to 



Q4.28 When a voltage source is connected across a 
capacitor, what is the direction of the electrical force 
acting on its two conducting surfaces? 

EXERCISE 4.18 The radii of the inner and outer 
conductors of a coaxial cable are 2 cm and 5 cm, 
respectively, and the insulating material between them 
has a relative permittivity of 4. The charge density on the 
outer conductor is p { = 10 -4 (C/m). Use the expression 
for E derived i n Example 4-12 to calculate the total energy 
stored in a 20-cm length of the cable. 

Ans. W e — 4.1 J. (Sec "') 


ll is important to note that Eq. (4.128) is predicated on the 
assumption that the charges in the system are constant. 

To apply Eq. (4.128) to the parallel-plate capacitor, we 
rewrite Eq. (4.120) in the following form: 


= ^ 

c 2 C 2s A ’ 


(4.129) 


where we have replaced d with the variable z, 
representing the vertical spacing between the conducting 
plates. Use of Eq. (4.129) in Eq. (4.128) gives 




= -2 



, (4.130) 


4-12 Image Method 

Consider a point charge Q at a distance d above a 
perfectly conducting plane, as shown in the left-hand 
section of Fig. 4-26. We want to determine V, E, and D 
at any point in the space above the grounded conductor, 
as well as the distribution of surface charge on the 
conducting plate. Three different methods have been 
introduced in this chapter for finding E. The first, based 
on Coulomb's law, requires knowledge of the magnitudes 
and locations of all the charges contributing to E at a 
given point in space. In the present case, the charge Q 
will induce an unknown and nonuniform distribution 


and since Q — sAE, F can also be written as of charge on the surface of the conductor. Hence, we 

, cannot utilize Coulomb’s method. The second method is 

c a ► ‘ 

F = —z-- (parallel-plate capacitor). (4.131) based on the application of Gauss’s law. and it is equally 

^ difficult to use because it is not clear how one would 


REVIEW QUESTIONS 

Q4.27 To bring a charge q from infinity to a given point 
in space, a certain amount of work W is expended. Where 
does the energy corresponding to W go? 


construct a Gaussian surface such that E is always totally 
tangential or totally normal at every point on that surface. 
In the third method, the electric field is found from 
E = — V V after solving Poisson’s or Laplace’s equation 
for V, subject to the available boundary conditions; that 
is, V =0 at any point on the grounded conducting 
surface and at infinity. Although such an approach is 





Electric field 
_lines- 
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Charge Q above grounded plane 


T ~Q 

Equivalent configuration 


Figure 4-26; By image theory, a charge Q above a grounded perfectly conducting plane is equivalent to Q and its image - Q 
with the ground plane removed. 








Charge distributions above ground plane 


Equivalent distributions 


Figure 4-27: Charge distributions above a conducting plane and their image-method equivalents. 


feasible in principle, the solution is quite complicated 
mathematically. Alternatively, the problem at hand can be 
solved with great ease using image theory, which states 
that any given charge configuration above an infinite, 
perfectly conducting plane is electrically equivalent to 
the combination of the given charge configuration and its 
image configuration, with the conducting plane removed. 
The image-method equivalent of the charge Q above a 
conducting plane is shown in the right-hand section of 
Fig. 4-26. It consists of the charge Q itself and an image 
charge -Q at a distance 2d from Q, with nothing else 
between them. The electric field due to the two isolated 
charges can now be easily found at any point (x, y, z) 


by applying Coulomb’s method, as demonstrated by 
Example 4-13. The combination of the two charges will 
always produce a potential V = 0 at every point in 
the plane where the conducting surface had been. Tf the 
charge is in the presence of more than one grounded 
plane, it is necessary to establish images of the charge 
relative to each of the planes and then to establish images 
of each of those images against the remaining planes. 
The process is continued until the condition V = 0 is 
satisfied at all points on all the grounded planes. The 
image method applies not only to point charges, but also 
to any distributions of charge, such as the line and volume 
distributions depicted in Fig. 4-27. 
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Example 4-13 Image Method for Charge 
above Conducting Plane 

Use image theory to determine V and E at an arbitrary 
point P{.x, y , z) in the region z > 0 due to a charge Q in 
free space at a distance d above a grounded conducting 
plane. 



P(x, y, z ) 


- z = 0 plane 


Figure 4-28: Application of the image method for finding 
F, at point P (Example 4-13). 


Solution: In Fig. 4-28, charge Q is at (0,0, d) and its 
image — Q is at (0, 0, — d) inCartesian coordinates. From 
Eq. (4.19), the electric field at point P(x, y, z) due to the 
two charges is given by 

E= _ L /eR i + -GR i \ 

4 7T£ 0 V R\ R\ ) 

Q. x-t + yy + Hz. - d) 

4m _[x z + y 2 -T (z - </) 2 ] 3/2 

xa~ + yy + z(z + d) 

[x 2 + y 2 4- (z + r/) 2 ] 3/2 _ 

for z > 0. ■ 


EXERCISE 4.19 Use the result of Example 4-13 to find the 
surface charge density p s on the surface of the conducting 
plane. 


Ans. p s = - Qd/[2jr(x 2 + y 2 -I- d 2 ) 3/2 ]. 



D4.11-4.13 


(See ") 


REVIEW QUESTIONS 

Q4.29 What is the fundamental premise of the image 
method? 

Q4.30 Given a certain charge distribution, what are 
the various approaches described in this chapter for 
computing the electric field E at a given point in space? 


CHAPTER HIGHLIGHTS 

• Maxwell’s equations are the fundamental tenets of 
electromagnetic theory. 

• Under static conditions, Maxwell’s equations 
separate into two uncoupled pairs, with one 
pair pertaining to electrostatics and the other to 
magnetostatics. 

• Coulomb’s law provides an explicit expression 
for the electric field due to a specified charge 
distribution. 

• Gauss’s law states that the total electric field flux 
through a closed surface is equal to the net charge 
enclosed by the surface. 

• The electrostatic field E at a point is related to the 
electric potential V at that point by E = — VV, with 
V being referenced to zero potential at infinity. 

• Because most metals have conductivities on the 
order of 10 6 (S/m), they arc treated in practice as 
perfect conductors. By the same token, insulators 
with conductivities smaller than 10“ 10 (S/m) are 
treated as perfect dielectrics. 

• Boundary conditions at the interface between two 
materials specify the relations between the normal 
and tangential components of D, E, and J in one of 
the materials to the corresponding components in 
the other. 
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• The capacitance of a two-conductor body and 
resistance of the medium between them can be 
computed from knowledge of the electric field in 
that medium. 

• The electrostatic energy density stored in a dielectric 
medium is w e = \eE 2 (J/m 3 ). 

• When a charge configuration exists above an infi¬ 
nite, perfectly conducting plane, the induced field E 
is the same as that due to the configuration itself and 
its image with the conducting plane removed. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

static condition 
electrostatics 

volume, surface, and line charge densities 

current density J 

conduction current 

convection current 

electric field intensity E 

electric flux density D 

Coulomb’s law 

Gauss’s law 

Gaussian surface 

conservative field 

electric potential 

electric dipole 

dipole moment p 

constitutive parameters 

conductivity o 

conductor 

dielectric material 

semiconductor 

superconductor 

electron drift velocity u c 

hole drift velocity Uj, 

perfect conductor 


perfect dielectric 
electron mobility p e 
hole mobility p h 
Ohm’s law 
conductance G 
Joule’s law 
boundary conditions 
polarization vector P 
linear material 
isotropic material 
homogeneous material 
electric susceptibility Xc 
permittivity s 
relative permittivity e r 
dielectric strength 
dielectric breakdown 
capacitance C 

electrostatic potential energy W t 
electrostatic energy density w e 
image method 

PROBLEMS 

Sections 4-2: Charge and Current Distributions 

4.1 A cube 2 m on a side is located in the first octant 
in a Cartesian coordinate system, with one of its comers 
at the origin. Find the total charge contained in the cube 
if the charge density is given by p v = xy 2 e ' 2z (mC/m 3 ). 

4.2 Find the total charge contained in a cylindrical 
volume defined by r < 2 nt and 0 < z < 3 m if 
p v = 20 rz OnC/m 3 ). 

4.3’ Find the total charge contained in a cone defined 
by R < 2 m and 0 < 0 < jt/4, given that 
p v = 10A 2 cos 2 0 (mC/m 3 ), 

4.4 If the line charge density is given by p/ = 24y 2 
(mC/m), find the total charge distributed on the y-axis 
from y = — 5 to y = 5. 

*Answcr(s) available in Appendix D, 

Solution available in CD-ROM. 
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4.5 Find the total charge on a circular disk defined by 
r < a and z = 0 if: 

(a) p s = Aso cos 0 (C/m 2 ) 

(b) pi — p s o sin 2 4> (C/m 2 ) 

* (c) p s = Pso e~ r (C/m 2 ) 

(d) p s = p s 0 e~' sin 2 <p (C/m 2 ) 
where p s o is a constant. 

4.(> If J = y4xz (A/m 2 ), find the current 1 flowing 
through a square with corners at (0, 0,0), (2,0,0), 
(2,0.2), and (0,0,2). 

4.7 If J = R5/R (A/m 2 ), find / through the surface 
ff = 5m. 

4.8 An electron beam shaped like a circular cylinder of 
radius /p carries a charge density given by 


Pv = 



(C/m 3 ) 


where po is a positive constant and the beam’s axis is 
coincident with the z-axis. 

(a) Determine the total charge contained in length L of 
the beam. 

(b) If the electrons are moving in the +z-direction 
with uniform speed u, determine the magnitude and 
direction of the current crossing the z-plane. 


Section 4-3: Coulomb’s Law 

4.9' A square with sides of 2 m has a charge of 40 pC 
at each of its four corners. Determine the electric field at 
a point 5 m above the center of the square. 

4.11) Three point charges, each with q = 3 nC, are 
located at the corners of a triangle in the x—y plane, with 
one comer at the origin, another at (2 cm, 0 , 0 ), and the 


third at (0, 2 cm, 0). Find the force acting on the charge 
located at the origin. 

4.1 1 * Charge q , = 6 pC is located at (1 cm, 1 cm, 0) 
and charge q 2 is located at (0,0,4 cm). What should q 2 
he so that E at (0, 2 cm, 0) has no y-component? 

4.12 A line of charge with uniform density 
pi = 8 (pC/m) exists in air along the z-axis between 
z = 0 and z = 5 cm. Find E at (0,10 cm,0). 

4.13* Electric charge is distributed along an arc located 
in the x—y plane and defined by r = 2 cm and 0 < 
0 < Jt/4. If pi = 5 (pC/m), find E at (0, 0, z) and then 
evaluate it at: 

(a) The origin. 

(b) z = 5 cm 

(c) z — — 5 cm 

4.14 A line of charge with uniform density p/ extends 
between z = —L/2 and z — L/2 along the z-axis. Apply 
Coulomb’s law to obtain an expression for the electric 
field at any point P(r, 0, 0) on the x-y plane. Show that 
your result reduces to the expression given by (4.33) as 
the length L is extended to infinity. 

4.15* Repeat Example 4-5 for the circular disk of 
charge of radius a, but in the present case, assume the 
surface charge density to vary with r as 

As = Psor 2 (C/m 2 ) 
where p s0 is a constant. 

4.16 Multiple charges at different locations are said to 
be in equilibrium if the force acting on any one of them 
is identical in magnitude and direction to the force acting 
on any of the others. Suppose we have two negative 
charges, one located at the origin and carrying charge 
—9e, and the other located on the positive x-axis at a 
distance d from the first one and carrying charge —36e. 
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Determine the location, polarity and magnitude of a third 
charge whose placement would bring the entire system 
into equilibrium. 

Section 4-4: Gauss’s Law 

4.17* Three infinite lines of charge, all parallel to the 
z-axis, are located at the three comers of the kite-shaped 
arrangement shown in Fig. 4-29. If the two right triangles 
are symmetrical and of equal corresponding sides, show 
that the electric field is zero at the origin. 


y 



Figure 4-29: Kite-shaped arrangment of line charges for 
Problem 4.17. 


4.18 Three infinite lines of charge, p/, = 3 (nC/m), 
Pi 2 = -3 (nC/m), and p h = 3 (nC/m), are all 
parallel to the z-axis. If they pass through the respective 
points (0, —b), (0,0), and (0, b) in the x-y plane, find 
the electric field at (a, 0,0). Evaluate your result for 
a = 2 cm and b = 1 cm. 


4.19 A horizontal strip lying in the x-y plane is of 
width d in the y-dircction and infinitely long in the 
x-direction. If the strip is in air and has a uniform charge 
distribution p s , use Coulomb’s law to obtain an explicit 
expression for the electric field at a point P located at a 
distance h above the centerline of the strip. Extend your 
result to the special ease where d is infinite and compare 
it with Eq. (4.25). 

4.20 Given the electric flux density 

D = x2(x + y) + y(3x - 2y) (C/m 2 ) 
determine 

(a) p v by applying Eq. (4.26). 

(b) The total charge Q enclosed in a cube 2 m on a 
side, located in the first octant w ith three of its sides 
coincident with the x-, y-, and z-axes and one of its 
corners at the origin. 

(c) The total charge Q i n the cube, obtained by applying 
Eq. (4.29). 

4.21* Repeat Problem 4.20 for D = xxy 3 z 3 (C/m 2 ). 

4.22 Charge <2i is uniformly distributed over a thin 
spherical shell of radius a, and charge Q 2 is uniformly 
distributed over a second spherical shell of radius b, with 
b > a. Apply Gauss’s law to find E in the regions R < a, 
a < R < b, and R > b. 

4.23* The electric flux density inside a dielectric sphere 
of radius a centered at the origin is given by 

D = RpoR (C/m 2 ) 

where po is a constant. Find the total charge inside the 
sphere. 
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4.24 Tn a certain region of space, the charge density is 
given in cylindrical coordinates by the function: 

p v = 5 re~ r (C/m 3 ) 

Apply Gauss’s law to find D. 

4.25 An infinitely long cylindrical shell extending 
between r = 1 m and r = 3m contains a uniform charge 
density p v0 . Apply Gauss’s law to find D in all regions. 

4.26 If the charge density increases linearly with 
distance from the origin such that p„ = 0 at the origin 
and p v = 4 C/m 3 at R = 2 m, find the corresponding 
variation of D. 

Section 4-5: Electric Potential 

4.27 A square in the x-y plane in free space has a point 
charge of +Q at corner (a/2, a/2), the same at corner 
(a/2, -a/2), and a point charge of —Q at each of the 
other two corners. 

(a) Find the electric potential at any point P along the 
x-axis. 

(b) Evaluate V at x = a/2. 

4.28 The circular disk of radius a shown in Fig.4-7 has 
uniform charge density p 5 across its surface. 

(a) Obtain an expression for the electric potential V at 
a point P( 0,0, z) on the z-axis. 

(b) Use your result to find E and then evaluate it for 
z = h. Compare your final expression with (4.24), 
which was obtained on the basis of Coulomb’s law r . 

4.29“ A circular ring of charge of radius a lies in the 
x-y plane and is centered at the origin. Assume also that 
the ring is in air and carries a uniform density p,. 

(a) Show that the electrical potential at (0. 0, z) is given 
by V = p,a/l2s 0 (a 2 + z 2 ) 1 ' 2 ]. 

(b) Find the corresponding electric field E. 


4.30 Show that the electric potential difference Vn 
between two points in air at radial distances r, and r 2 
from an infinite line of charge with density pi along the 
z-axis is V 12 — ( pt/2xs 0 ) ln(r 2 /r,). 

4.31 Find the electric potential V at a location a 
distance b from the origin in the x-y plane due to a line 
charge with charge density p/ and of length l. Tire line 
charge is coincident with the z-axis and extends from 
z = —1/2 toz = 1/2. 

4.32 For the electric dipole shown in Fig. 4-13, 
d = 1 cm and |E| = 4 (mV/m) at R = 1 rn and 6 — 0". 
Find E at R = 2 m and 9 = 90°. 

4.33 For each of the distributions of the electric 
potential V shown in Fig. 4-30, sketch the corresponding 
distribution of E (in all cases, the vertical axis is in volts 
and the horizontal axis is in meters). 

4.34 Given the electric field 

E = R-^ (V/m) 

find the electric potential of point A with respect to 
point B where A is at +2 m and B at —4 m, both on 
the z-axis. 

4.35 s An infinitely long line of charge with uniform 
density pi = 9 (nC/in) lies in the x-y plane parallel to 
the y-axis at x = 2 m. Find the potential V AB at point 
A(3 m, 0,4 m) in Cartesian coordinates with respect to 
point B(0, 0, 0) by applying the result of Problem 4.30. 

4.36 The x-y plane contains a uniform sheet of charge 
with p 5 , = 0.2 (nC/m 2 ). A second sheet with p S2 = -0.2 
(nC/m 2 ) occupies the plane z. = 6 m. Find V,\r, Vnc, and 
V A c for A(0,0,6 m), B( 0, 0,0), and C(0, —2 m, 2 m). 
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Section 4-7: Conductors 

4.37* A cylindrical bar of silicon has a radius of 4 mm 
and a length of 8 cm. If a voltage of 5 V is applied between 
the ends of the bar and Me = 0.13 (m 2 /V-s), Mil = 0.05 


(m 2 /V'S), N c = 1.5 x 10 16 electrons/m 3 , and N h = N t , 
find the following: 

(a) The conductivity of silicon. 

(b) The current I flowing in the bar. 

(c) The drift velocities u c and Uh. 

(d) Tlte resistance of the bar. 

(e) The power dissipated in the bar. 

4.38 Repeat Problem 4.37 for a bar of germanium 
with Me = 0.4 (nv/V-s), Mh = 0.2 (m 2 /V-s), and 
N e = Aj, = 2.4 x 10 19 electrons or holes/m 3 . 

4.39 A 100 m long conductor of uniform cross-section 
has a voltage drop of 4 V between its ends. If the density 
of the current Bowing through it is 1.4 x 10 6 (A/m 2 ), 
identify the material of the conductor. 

4.40 A coaxial resistor of length / consists of two 
concentric cylinders. The inner cylinder has radius a 
and is made of a material with conductivity <x\, and 
the outer cylinder, extending between r = a and 
r = b, is made of a material with conductivity a 2 . If 
the two ends of the resistor are capped with conducting 
plates, show that the resistance between the two ends is 
R = lf[n(a\a 2 + a 2 (b 2 - a 2 ))]. 

4.4T ! Apply the result of Problem 4.40 to find the 
resistance of a 20-cm-long hollow cylinder (Fig. 4-31) 
made of carbon with a = 3 x 10 4 (S/m). 

4.42 A 2 x 10~ 3 -mm thick square sheet of aluminum 
has 5 cm x 5 cm faces. Find the following; 

(a) The resistance between opposite edges on a square 
face. 

(b) The resistance between the two square faces, 
(See Appendix B for the electrical constants of 
materials.) 
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Section 4-9: Boundary Conditions 

4.43' With reference to Fig. 4-19. find Ei if 
E 2 = x3 — y2 4- z2 (V/m), ft = 2s 0 , s 2 = 18ft>, 
and the boundary has a surface charge density 
ft = 3.54 x 10“ 11 (C/m 2 ). What angle does E 2 make 
with the s-axis? 

4.44 An infinitely long conducting cylinder of radius a 
has a surface charge density p s . The cylinder is 
surrounded by a dielectric medium with e r = 4 and 
contains no free charges. If the tangential component 
of the electric field in the region r > a is given by 
E t = -0cos 2 ([>/r 2 , find p s . 

4.45* A 2-cm conducting sphere is embedded in 
a charge-free dielectric medium with e 2r = 9. If 
E 2 = R 3 cos 9 — 9 3 sin 6 (V/m) in the surrounding 
region, find the charge density on the sphere’s surface. 



: y E ° 

/ So (air) 


ft = 3ft) 


e 2 = 5eo 


ft = 2 so 

Figure 4-32: Dielectric 

eo (air) 

slabs in Problem 4.47. 


Sections 4-10 and 4-11: Capacitance and Electrical Energy 

4.48 Determine the force of attr action in a parallel-plate 
capacitor with .4 = 5 cm 2 , d — 2 cm, and s, = 4 if the 
voltage across it is 50 V. 

4.49* Dielectric breakdown occurs in a material 
whenever the magnitude of the field E exceeds the 
dielecUic strength anywhere in that material. In the 
coaxial capacitor of Example 4-12, 

(a) At what value of r is \E\ maximum? 

(b) What is the breakdown voltage if a = 1 cm, 
b = 2 cm, and the dielectric material is mica with 
ft = 6? 


4.46 If E = R150 (V/m) at the surface of a 5-cm 
conducting sphere centered at the origin, what is the total 
charge 0 on the sphere’s surface? 

4.47* Figure 4-32 shows three planar dielectric slabs of 
equal thickness but with different dielectric constants. If 
Eo in air makes an angle of 45° with respect to the z-axis, 
find the angle of E in each of the other layers. 


4.50 An electron with charge (2c = —1.6x10 19 C and 
mass m e = 9.1 x 10 -31 kg is injected at a point adjacent 
to the negatively charged plate in the region between 
the plates of an air-filled parallel-plate capacitor with 
separation of 1 cm and rectangular plates each 10 cm 2 
in area (Fig. 4-33). If the voltage across the capacitor is 
10 V, find the following: 
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(a) The force acting on the electron. 

(b) The acceleration of the electron. 

(c) The time it takes the electron to reach the positively 
charged plate, assuming that it starts from rest. 




Vo - 10 V 


Figure 4-33: Electron between charged plates of 
Problem 4.50. 


4.51* In a dielectric medium with e r = 4, the electric 
field is given by 



where 


E = xU 2 + 2z) + yx 1 — i(y + z) (V/m) 

Calculate the electrostatic energy stored in the region 
— 1 m < x < 1 m, 0 < j < 2 m, and 0 < z < 3 m. 


C, 


Ml 

d 


_ M2 

C 2 = —— 
a 


(4.133) 

(4.134) 


4.52 Figure 4 34(a) depicts a capacitor consisting of 
two parallel, conducting plates separated by a distance d. 
The space between the plates contains two adjacent 
dielectrics, one with permittivity £i and surface area A\ 
and another with s 2 and A 2 . The objective of this problem 
is to show that the capacitance C of the configuration 
shown in Fig. 4-34(a) is equivalent to two capacitances 
in parallel, as illustrated in Fig. 4-34(b), with 

(4.132) 


To this end, proceed as follows: 

(a) Find the electric fields Ei and E- in the two dielectric 
layers. 

(b) Calculate the energy stored in each section and use 
the result to calculate Ci and C 2 - 

(c) Use ihe total energy stored in the capacitor to obtain 
an expression for C. Show that (4.132) is indeed a 
valid result. 


C = C| + c 2 
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4.53 Use the result of Problem 4.52 to determine the 
capacitance for each of the following configurations: 


? (a) Conducting plates are on top and bottom faces of 
the rectangular structure in Fig. 4-35(a). 

(b) Conducting plates are on front and back faces of the 
structure in Fig. 4-35(a). 

(c) Conducting plates are on top and bottom faces of 
the cylindrical structure in Fig. 4-35(b). 


4.54 The capacitor shown in Fig. 4-36 consists of 
two parallel dielectric layers. Use energy considerations 
to show that the equivalent capacitance of the overall 
capacitor, C, is equal to the series combination of the 
capacitances of the individual layers, C\ and C;, namely 


C,C 2 
C\ + Ci 


(4.135) 


where 


C, 




(a) Let V\ and V 2 be the electric potentials across the 
upper and lower dielectrics, respectively. What are 
the corresponding electric fields E\ and ZT 2 ? By 
applying the appropriate boundary condition at the 
interface between the two dielectrics, obtain explicit 
expressions for E, and Ei in terms of «i, e 2> V, and 
the indicated dimensions of the capacitor. 


(b) Calculate the energy stored in each of the dielectric 
layers and then use the sum to obtain an expression 
for C. 


(c) Show that C is given by Eq. (4.135). 


4.55 Use the expressions given in Problem 4.54 to 
determine the capacitance for the configurations in 
Fig. 4-35(a) when the conducting plates are placed on 
the right and left faces of the structure. 




«i = 8s 0 ; s 2 = 4e 0 ; e 3 = 2e 0 
(b) 

Figure 4-35: Dielectric sections for Problems 4.53 and 
4.55. 


2 cm 


= 2mm 
= 4nim 
r 3 = 8 mm 
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(b) 

Figure 4-36: (a) Capacitor with parallel dielectric layers, 
and (b) equivalent circuit (Problem 4.54). 


Section 4-12: Image Method 

4.56 With reference to Fig. 4-37, charge Q is located 
at a distance d above a grounded half-plane located in 
the x-y plane and at a distance d from another grounded 
half-plane in the x-z. plane. Use the image method to 

(a) Establish the magnitudes, polarities, and locations 
of the images of charge Q with respect to each of the 
two ground planes (as if each is infinite in extent). 

(b) Find the electric potential and electric field at an 
arbitrary point P(0, y, z). 

4.57 Conducting wires above a conducting plane carry 
currents 1 1 and 1 2 in the directions shown in Fig. 4-38. 


1 

t 


■ •PiO.y. z) 

d 

\----*Q(p.d.d) 

1 

1 


d -=L- 

Figure 4-37: Charge Q next to two perpendicular, 
grounded, conducting half-planes. 



(a) 


h 



ii i> 


(b) 


Figure 4-38: Currents above a conducting plane 
(Problem 4.57). 


Keeping in mind that the direction of a current is defined 
in terms of the movement of positive charges, what are 
the directions of the image currents corresponding to /, 
and hi 


4.38 Use the image method to find the capacitance per 
unit length of an infinitely long conducting cylinder of 
radius a situated at a distanced from a parallel conducting 
plane, as shown in Fig. 4-39. 
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Magnetostatics 


Overview 

5-1 Magnetic Forces and Torques 

5-2 The Biot-Savart Law 

Magnetic Force between Two Parallel Conductors 
Maxwell’s Magnetostatic Equations 
5-5 Vector Magnetic Potential 

5-6 Magnetic Properties of Materials 

Magnetic Boundary Conditions 
5-8 Inductance 


5-9 Magnetic Energy 



Overview 


This chapter on magnetostatics parallels the preceding 
chapter on electrostatics. Stationary charges produce 
static electric fields, and steady (nontime varying) 
aments produce magnetic fields. For d/dt = 0, 
the magnetic fields in a medium with magnetic 
permeability /z are governed by the second pair of 
Maxwell’s equations, those given by Eqs. (4.3a and b): 


V ■ B = 0, 

(5.1a) 

V x H = J, 

(5.1b) 


where J is the current density. The magnetic flux 
density B and the magnetic field intensity H are related by 

B = /xH. (5.2) 

When we examined electric fields in a dielectric medium 
in Chapter 4, we noted that the relation D = sE is valid 
only when the medium is linear and isotropic. These 
properties, which are true for most materials, allow us 
to treat the permittivity e as a constant scalar quantity, 
independent of both ihe magnitude and direction of E. 
A similar statement applies to the relation given by 
Eq. (5.2). With the exception of ferromagnetic materials, 
for which the relationship between B and H is nonlinear, 
most materials are characterized by constant magnetic 
permeabilities. Furthermore, n - /x 0 for most dielectrics 
and metals (excluding ferromagnetic materials). Our 
objective in this chapter is to develop an understanding 
of the relationships between steady currents and the 
magnetic fields B and H for various types of current dis¬ 
tributions and in various types of media and to introduce a 


number of related quantities, such as the magnetic vector 
potential A, the magnetic energy density io m , and the 
inductance of a conducting structure, L. The parallelism 
between these magnetostatic quantities and their electro¬ 
static counterparts is encapsulated in Table 5-1. 

5-1 Magnetic Forces and Torques 

The electric field E at a point in space has been defined as 
the electric force F e per unit charge acting on a test charge 
when placed at that point. We now define the magnetic 
flux density B at a point in space in terms of the magnetic 
force F m that would be exerted on a charged particle 
moving with a velocity u were it to be passing through that 
point. Based on experiments conducted to determine the 
motion of charged particles moving in magnetic fields, it 
was established that the magnetic force F m acting oil a 
particle of charge q can be cast in the form 

Fm = qU X B (N). (5.3) 

Accordingly, the strength of B is measured in 
newLons/(Cm/s), which also is called the tesla (T) 
in SI units. For a positively charged particle, the 
direction of F m is in the direction of the cross product 
u x B, which is perpendicular to the plane containing 
u and B and governed by the right-hand rule. If q is 
negative, the direction of F m is reversed, as illustrated in 
Fig. 5-i. The magnitude of F m is given by 

F m = quB sin(9, (5.4) 

where 9 is the angle between u and B. We note that F m is 
maximum when u is perpendicular to B (0 = 90°). and 
it is zero when u is parallel to B (9 — 0 or 180°). 
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Table 5-1: Attributes of electrostatics and magnetostatics. 


Attribute 

Electrostatics 

Magnetostatics 

Sources 

Stationary charges 

Steady currents 

Fields 

E and D 

H and B 

Constitutive parametcr(s) 

e and a 

U 

Governing equations 
• Differential form 

M © 

II II 
c rs 
< 

V-B = 0 
VxH = J 

• Integral form 

(p D-ds = Q 

£ B • ds = 0 


j E • dl = 0 

II 

Potential 

Scalar V, with 
E= -VP 

Vector A, with 

B = V x A 

Energy density 

iv e = 2 s E 2 

w m = \p,H 2 

Force on charge q 

F c = qE 

F m =<(UxB 

Circuit element(s) 

C and R 

L 


If a charged particle is in the presence of both an 
electric field E and a magnetic field B, then the total 
electromagnetic force acting on it is 


F = F e + F m = qE + qu x B = q(E + u x B). (5.5) 


The force expressed by Eq. (5.5) is known as the Lorentz 
force. Electric and magnetic forces exhibit a number of 
important differences: 

1. Whereas the electric force is always in the direction 
of the electric field, the magnetic force is always 
perpendicular to the magnetic field. 

2. Whereas the electric force acts on a charged particle 
whether or not it is moving, the magnetic force acts 
on it only when it is in motion. 


3. Whereas the electric force expends energy in 
displacing a charged particle, the magnetic force 
does no work when a particle is displaced. 

Our last statement requires further elaboration. Because 
the magnetic force F m is always perpendicular to u, 
F m • u = 0. Hence, the work performed when a particle 
is displaced by a differential distance c/1 = u di is 


dw = F m • di = (F, n • 11) dt = 0. 


(5.6) 


Since no work is done, a magnetic field cannot change 
the kinetic energy of a charged particle; the magnetic field 
can change the direction of motion of a charged particle, 
but it cannot change its speed. 
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EXERCISE 5.1 An electron moving in the positive 
^-direction perpendicular to a magnetic field experiences 
a deflection in the negative z direction. What is the 
direction of the magnetic field? 

Ans. Positive y -direction. (See ®) 

EXERCISE 5.2 A proton moving with a speed of 2 x JO 6 
m/s through a magnetic field with magnetic flux density 
of 2.5 T experiences a magnetic force of magnitude 


4 x 10 13 N. What is the angle between the magnetic 
field and the proton's velocity? 

Ans. 9 = 30" or 150°. (See '') 

EXERCISE 5.3 A charged particle with velocity u is 
moving in a medium eonlaining uniform fields F, = xF. 
and B = yB. What should u be so that the particle 
experiences no net force on it? 

Ans. u = z E/B. [u may also have an arbitrary y- 
component n,]. (See '?) 


5-1.1 Magnetic Force on a Current-Carrying 
Conductor 

A current flowing through a conducting wire consists 
of charged particles drifting through the material of 
the wire. Consequently, when a current-carrying wire 
is placed in a magnetic field, it will experience a force 
equal to the sum of the magnetic forces acting on 
the charged particles moving within it. Consider, for 
example, the arrangement shown in Fig. 5-2 in which 
a vertical wire oriented along the --direction is placed 
in a magnetic field B (produced by a magnet) oriented 
along the -x-direclion (into the page). With no current 
flowing in the wire, F m = 0 and the wire maintains its 
vertical orientation, as shown in Fig. 5-2(a), but when a 
current is introduced in the wire, the wire deflects to the 
left (—y-dircction) if the current’s direction is upward 
(-(-/-direction), and it deflects to the right (+y-direction) 
if the current’s direction is downward (—z-direction). 
The directions of these deflections are in accordance 
with the cross product given by Eq. (5.3). 

To quantify the relationship between F m and the 
current I flowing in the wire, let us consider a small 
segment of the wire of cross-sectional area A and 
differential length d 1, with the direction of c/1 denoting 
the direction of the current. Without loss of generality, we 
assume that the charge carriers constituting the current 1 
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Figure 5-2: When a slightly flexible vertical wireis placed 
in a magnetic field directed into the page (as denoted 
by the crosses), it is (a) not deflected when the current 
through it is zero, (b) deflected to the left when 1 is 
upward, and (c) deflected to the right when I is downward. 


are exclusively electrons, which is always a valid 
assumption for a good conductor. If the wire contains 
a free-electron charge density p vc — —N e e, where N e is 
the number of moving electrons per unit volume, then the 
total amount of moving charge contained in an elemental 
volume of the wire is 

dQ = p vc A ell = -N e cA dl, (5.7) 

and the corresponding magnetic force acting on dQ in 
the presence of a magnetic field B is 

d¥ m =dQ u,xB = —N s eA dl u e x B, (5.8a) 


where u e is the drift velocity of the electrons. Since the 
direction of a current is defined as the direction of (low of 
positive charges, the electron drift velocity u e is parallel 
to dl, but opposite in direction. Thus, dl u c = -dlu c and 
Eq. (5.8a) becomes 

r/F m = N c eAu c ell x B. (5.8b) 

From Eqs. (4.11) and (4.12), (he current 1 flowing 
through a cross-sectional area A due to electrons with 
density p vc = —N c e, moving with velocity — u t , is 
l = Pve(— u e )A = (—N e e)(—u e )A — N e eAu s . Hence, 
Eq. (5.8b) may be written in the compact form 

dF m = I dl x B (N). (5.9) 

For a closed circuit of contour C carrying a current /. the 
total magnetic force is 


F m = 1 dl x B (N). (5.10) 


We will now examine the application of Eq. (5.10) in 
each of two special situations. 

Closed Circuit in ei Uniform B Field 

Consider a closed wire carrying a current I and placed 
in a uniform external magnetic field B, as shown in 
Fig. 5-3(a). Since B is constant, it can be taken outside 
the integral in Eq. (5.10), in which ease wc have 

F m = /^ljxB = 0. (5.11) 

This result, which is a consequence of the fact that the 
vector sum of the displacement vectors d\ over a dosed 
path is equal to zero, states that the toted magnetic force 
on any closed current loop in a uniform magnetic Jield is 
zero. 
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Curved Wire in a Uniform B Field 

If we are interested in the magnetic force exerted on a 
wire segment, such as that shown in Fig. 5-3(b), when 
placed in a uniform field B, then Eq. (5.10) becomes 

F m = / (^ i/lJxB = «xB, (5.12) 

where £. is the vector directed from a to b, as shown in 
Fig. 5-3(b). The integral of r/1 from a to b has the same 
value irrespective of the path taken between a and h. For 
a closed loop, points a and b become the same point, in 
which ease l = 0 and F m = 0. 

Example 5-1 Force on a Semicircular Conductor 

The semicircular conductor shown in Fig. 5-4 lies in 
the x—y plane and carries a current l. The closed circuit is 
exposed to a uniform magnetic field B = y Bq. Determine 
(a) the magnetic force F| on the straight section of the 
wire and (b) the force Fo on the curved section. 

Solution: (a) The straight section of the circuit is of 
length 2 r, and the current flowing through it is along the 



Figure 5-4: Semicircular conductor in a uniform field 
(Example 5-1). 
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+x -direction. Application of Eq. (5.12) with t = x2 r 
gives 

F, - x(2/r) x = 22IrB u (N). 

(b) Let us consider a segment of differential length dl 
on the curved part of the circle. The direction of r/1 
is chosen to coincide with the direction of the current. 
Since d\ and B are both in the x-y plane, their cross 
product dlxB points in the negative ’-direction, and the 
magnitude of </l x B is proportional to sin </>, where <p is 
the angle between dl and B. Moreover, the magnitude of 
</l is dl = r d<p. Hence. 

F 2 = 1 f dl x B 

J 4>=0 

= —iI f rB 0 smcp dtp = — (N). 

J (f >=0 

We note that F 2 = —Fi, and consequently the net force 
on the closed loop is zero. ■ 


EXERCISE 5.4 A horizontal wire with a mass per unit 
length of 0.2 kg/m carries a current of 4 A in the 
-Fx-direction. If the wire is placed in a uniform magnetic 
flux density B, what should the direction and minimum 
magnitude of B be in order to magnetically lift the wire 
vertically upward? (Hint: The acceleration due to gravity 
is g = -z9.8 m/s 2 .) 

Ans. B = y0.49 T. (See V) 


REVIEW QUESTIONS 

Q5.1 What are the major differences between the 
behavior of the electric force F e and the behavior of the 
magnetic force F m ? 

Q5.2 The ends of a 10-cm-long wire carrying a constant 
current / are anchored at two points on the x-axis. 
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x = 0 and x — 6 cm. If the wire lies in the x-y plane 
and is present in a magnetic held B = yBo, which of 
the following arrangements produces a greater magnetic 
force on the wire: (a) wire is V-shaped with corners at 
(0,0), (3,4), and (6. 0), (b) wire looks like an open 
rectangle with corners at (0,0), (0. 2), (6,2), and (6, ( 


5-1.2 Magnetic Torque on a Current-Carrying 
Loop 

When a force is applied on a rigid body pivoted about a 
fixed axis, the body will react by rotating about that axis. 
The strength of the reaction depends on the cross product 
of the applied force vector F and the distance vector d. 
measured from a point on the rotation axis (such that d is 
perpendicular to the axis) to the point of application of! 
(Fig. 5-5). The length of d is called the moment arm, and 
the cross product is called the torque: 


T = d x F 


(N-m). 


(5.13) 


The unit for T is the same as that for work or energy, but 
torque does not represent work or energy. The force F 


Pivot axis 



_ - +-x 


Figure 5-5: The force F acting on a circular disk pivoted 
along the z-axis generates a torque T = d x F that causes 
the disk to rotate. 
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applied on the disk shown in Fig. 5-5 lies in the x-y 
plane and makes an angle 0 with d. Hence, 

T = zrFsin#, (5.14) 

where |d| = r, the radius of the disk, and F = |F|. 
From Eq. (5.14) we see that a lorque along the positive 
redirection corresponds to a tendency for the cylinder to 
rotate in a counterclockwise direction and, conversely, a 
negative torque corresponds to clockwise rotation. These 
directions are governed by the following right-hand rule: 
when the thumb of the right hand is pointed along the 
direction of the torque, the four fingers indicate the 
I direction that the torque is trying to rotate the body. 

We will now consider the magnetic torque exerted 
on a conducting loop under the influence of magnetic 
forces. We begin with the simple case where the magnetic 
field B is in the plane of the loop, and then we will extend 
the analysis to the more general case where B makes an 
angle 6 with the surface normal of the loop. 

Magnetic Field in the Plane of the Loop 

The rectangular conducting loop shown in Fig. 5-6(a) is 
made of rigid wire carrying a current /. The loop lies 
in the x-y plane and is pivoted about the axis shown. 
Under the influence of an externally generated uniform 
magnetic field B = xR 0 > arms 1 and 3 of the loop are 
subjected to forces F| and Fj, respectively, with 

Fi = I(—yb) x (xfio) — z/bBo, (5.15a) 

and 

F 3 = Hyb) x (xBq) = —zlbBo- (5.15b) 

These results are based on the application of Eq. (5.12). 
No magnetic force is exerted on either arm 2 or 4 because 
B is parallel to the direction of the current flowing in 
those arms. 

The end view of the loop, depicted in Fig. 5-6(b), shows 
that forces F i and F 3 produce a torque about the origin O, 



causing the loop to rotate in a clockwise direction. The 
moment arm is a/2 for both forces, but d, and d 3 are in 
opposite directions, resulting in a total magnetic torque of 

T = d, x F, + d 3 x F 3 

= (-x x (z IbB 0 ) + (x|) x (~zIbB 0 ) 

= y!abB 0 = yIAB 0 , (5.16) 


L 
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where A = ah is the area of the loop. The right-hand rule 
tells us that the sense of rotation is clockwise. The result 
given by Eq. (5.16) is valid only when the magnetic 
field B is parallel to the plane of the loop. As soon as 
the loop starts to rotate, the torque T starts to decrease, 
and at the end of one quarter of a complete rotation, the 
torque becomes zero, as discussed next. 

Magnetic Field Perpendicular to the Axis 
of a Rectangular l/iop 

For the situation represented by Fig. 5-7, where 
B = xB 0 , the field is still perpendicular to the loop’s 
axis of rotation, but its direction may be at any angle 0 
with respect to the loop’s surface normal n, we may now 
have nonzero forces on all four arms of the rectangular 
loop. However, forces F 2 and F 4 are equal in magnitude 
and opposite in direction and are along the rotation axis; 
hence, the net torque contributed by their combination is 
zero. The directions of the currents in arms 1 and 3 are 
always perpendicular to B regardless of the magnitude 
of 6. Hence, F j and F 3 have the same expressions given 
previously by Eqs. (5.15a and b), and their moment arm 
is (a/2) sin 6, as illustrated in Fig. 5-7(b). Consequently, 
the magnitude of the net torque exerted by the magnetic 
field about the axis of rotation is the same as that given 
by Eq. (5.16), but modified by sin#: 

T = IABq sin#. (5.17) 

According to Eq. (5.17), the torque is maximum when 
the magnetic field is parallel to the plane of the loop 
(# = 90°) and is zero when the field is perpendicular 
to the plane of the loop (6 =0). If the loop consists of 
N turns, each contributing a torque given by Eq. (5.17), 
then the total torque is 

T — NIAB(]Sin6. (5.18) 

The quantity Nl A is called the magnetic moment m 
of the loop, and it may be regarded as a vector m with 



Figure 5-7: Rectangular loop in a uniform magnetic field 
with flux density B whose direction is perpendicular to 
the rotation axis of the loop, but makes an angle 6 with 
the loop’s surface normal n. 


direction ft, where ft is the surface normal of the loop 
and governed by the following right-hand rule: whin I 





5-2 THE BIOT-SAVART LAW 


the four fingers of the right hand advance in the direction 
of the current I, the direction of the thumb specifies the 
direction of n. That is, 


and in terms of m, the torque vector T can be written as 


Even though the derivation leading to Eq. (5.20) was 
obtained for B being perpendicular to the axis of rotation 
of a rectangular loop, the expression is valid for any 
orientation of B and for a loop of any shape. 


REVIEW QUESTIONS 

Q5.3 How is the direction of the magnetic moment of 
a loop defined? 

Q5.4 If one of two wires of equal lengths is formed 
into a closed square loop and the other is formed into a 
closed circular loop, and if both wires are carrying equal 
currents and both loops have their planes parallel to a 
uniform magnetic field, which loop would experience a 
greater torque? 


EXERCISE 5.5 A square coil of 100 turns and 0.5-m-long 
sides is in a region with a uniform magnetic flux density 
of 0.2 T. If the maximum magnetic torque exerted on the 
coil is 4 x 10 -2 (N-m), what is the current flowing in the 
coil? 




4ns. / = 8mA. (See *) 
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5-2 The Biot-Savart Law 

In the preceding section, wc elected to use the magnetic 
flux density B to denote the presence of a magnetic field 
in a given region of space. We will now work with the 
magnetic field intensity H instead. We do this in part 
to remind the reader that B and H are linearly related 
for most materials through B = /iH, and therefore 
knowledge of one is synonymous with knowledge of the 
other (assuming that ji is known). 

Through his experiments on the deflection of 
compass needles by current-carrying wires, I Ians Oersted 
established that currents induce magnetic fields that form 
closed loops around the wires [see Section 1-2.3], Build 
ing upon Oersted’s results, Jean Biot and Felix Savart 
arrived at an expression that relates the magnetic field H 
at any point in space to the current I that generates H. 
The Biot-Savart law states that the differential magnetic 
field dH generated by a steady current / flowing through 
a differential length d 1 is given by 

(A/m), (5.21) 

47t R 2 

where R = R R is the distance vector between d\ and the 
observation point P shown in Fig. 5-8. The SI unit for H is 
ampere-m/m 2 — (A/m). It is important to remember that 
the direction of the magnetic field is defined such that c/1 
is along thedirection of the current I and the unit vector R 
points from the current element to the observation point. 
According to Eq. (5.21), dH varies as R 2 , which is simi¬ 
lar to the distance dependence of the electric field induced 
by an electric charge. However, unlike the electric field 
vector E, whose direction is along the distance vector R 
joining the charge to the observation point, the magnetic 
field H is orthogonal to the plane containing the direction 
of the current element d\ and the distance vector R. At 
point P in Fig. 5-8, the direction of dH is out of the page, 
whereas at point P' the direction of dH is into the page. 

To determine the total magnetic field H due to 
a conductor of finite size, we need to sum up the 
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(e/H out of the page) 

/R 

/ 



Figure 5-8: Magnetic field dH generated by a current 
element / dl. The direction of the field induced at point P 
is opposite that induced at point P 


contributions due to all the current elements making up 
the conductor. Hence, the Biot-Savart law becomes 


I /"dl x K 


H =— / — 

R 2 

(A/m), (5.22) 


where l is the line path along which I exists. 

5-2.1 Magnetic Field due to Surface and Volume 
Current Distributions 

The Biot-Savart law may also be expressed in terms of 
distributed current sources (Fig. 5-9) such as the volume 
current density J, measured in (A/m 2 ), or the surface 
current density J s , measured in (A/m). The surface 
current density J, applies to currents that flow on the 
surfaces of conductors in the form of sheets of effectively 
zero thickness. When the current sources are specified 
in terms of J s over a surface S or in terms of J over a 
volume v, we can use the equivalence given by 

(5.23) 




(b) Surface current density J s in (A/m) 

Figure 5-9: (a) The total current crossing the cross 
section S of the cylinder is / = J s J • ds. (b) The total 
current (lowing across the surface of the conductor is 
/ = f J s dl. 


to express the Biot-Savart law as follows: 


H = — 
4 71 

f J S XR 

/ w ds 

(for a surface current), 



(5.24a) 

- 1 ^ 

1 -si¬ 
ll 

33 

f J X R 

L * dv 

(for a volume current). 



(5.24b) 


Example 5-2 Magnetic Field of a Linear Conductor 

A linear conductor of length / and carrying a current / 
is placed along the z-axis as shown in Fig. 5-10. 


r d\ - J s ds = J dv 
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z 



z 



Figure 5-10: Linear conductor of length I carrying a 
current /. (a) The field dH at point P due to incremental 
current element dl. (b) Limiting angles 0\ and 0i , each 
measured between vector I dl and the vector connecting 
the end of the conductor associated with that angle to 
point P (Example 5-2). 



Determine the magnetic flux density B al a point P 
located at a distance r in the x—y plane in free space. 

Solution: From Fig. 5-10, current element dl = z dz 
and d\ x R = dz (z x R) — 0 sinO dz, where is the 
azimuth direction and F is the angle between dl and R. 


Hence, application of Eq. (5.22) gives 
„ I f^tilxR -I [W AnB 

For convenience, we will convert the integration variable 
from z to (9 by using the transformations 


R = rcsc0, (5.26a) 

z = -rcot9, (5.26b) 

dz = r esc 2 6 dd. (5.26c) 


Upon inserting Eqs. (5.26a) and (5.26c) into Eq. (5.25), 
we have 

.. 2 l f' h sin 9 r esc 2 6 dd 

H=0- I ----- 

An r 2 esc 2 9 

„ I f 0 '- 

-<t >-— / sin 9 d9 
Anr J 6l 

= 0-p—(cosF, - cosF 2 ), (5.27) 

Anr 

where 9i and 0 2 are the limiting angles at z — -1/2 
and 7. = //2, respectively. From the right triangle in 
Fig. 5-10(b), 


COS 02 = - COS 01 = . 


Hence, 


(5.28a) 

(5.28b) 


B = /z 0 H = 4> 


_ Poll 
2nr\/Ar 2 + 1 2 


(T). 


(5.29) 


For an infinitely long wire such that / » Eq. (5.29) 
reduces to 


B 

2n r 


(infinitely long wire). ■ (5.30) 
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Example 5-3 Magnetic Field of a Pie-Shaped Loop 

Determine the magnetic field at the apex 0 of 
the pie-shaped loop shown in Fig. 5-11. Ignore the 
contributions to the field due to the current in the small 
sires near 0 . 


J 


/ 

c/1 

cr"" 

lry A 

cA 

i rd 1 

a\ 

I I 

Y£ 

z, 

^ -^ ^ X 

0 

Figure 5-11: Pie-shaped loop of radius a carrying a 
current / (Example 5-3). 


Solution: For the straight segments OA and OC, the 
magnetic field at O is identically zero. This is because, 
for all points along these segments. c/I is parallel or anti¬ 
parallel to R and hence c/I x R = 0. For segment AC, 
c/1 is perpendicular to R and c/1 x R = z ell = z a clep. 
Consequently, Eq. (5.22) gives 

/ f iadej) , I 

H = — / —— = z-— <p, 

47r J a 2 4na 

where <f> is in radians. ■ 



Solution: Let us place the loop in the x—y plane, as shown 
in Fig. 5-12. Our task is to obtain an expression for H at 
point P( 0,0, z ). 

We start by noting that any element d\ on the circular 
loop is perpendicular to the distance vector R, and that 
all elements around the loop are at the same distance R 
from P, with R = V a 2 •+ z 2 . From Eq. (5.21), the 
magnitude of dll due to element c/1 is given by 

dH = —|c/l x R| =-- „ , (5.31) 

4nR 2 4n(a 2 + z 2 ) 


Example 5-4 Magnetic Field of a Circular Loop 

A circular loop of radius a carries a steady current 1. 
Determine the magnetic field IT at a point on the axis of 
the loop. 


and the direction of c/H is perpendicular to the plane 
containing R and dl. As shown in Fig. 5-12, c/H is in the 
r-z plane, and therefore it has components dH r and dll-. 
If we consider element dl', located diametrically opposite 
to dl, we observe that the j-components of the magnetic 
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fields due to dl and dl' add because they are in the same 
direction, but their r-components cancel because they 
are in opposite directions. Hence, the net magnetic field 
is along z only. That is, 

/ cos 6 

c m = zdH, — zdH cos 9 = z ---- dl. (5.32) 

4jr(a- + z 2 ) 

For a fixed point P(0, 0, z) on the axis of the loop, all 
quantities in Eq. (5.32) are constant, except fore//. Hence, 
integrating Eq. (5.32) over a circle of radius a gives 


, l cos 6 f „ Icos6 
H - z (bdl = z (2 na). 

An {a- + z l ) J An(a 2 + z 2 ) 

(5.33) 

Uponusingthcrclationco.se = a/(a 2 +z 2 ) l/2 . weobtain 
the final expression: 



At the center of the loop (z = D), Eq. (5.34) reduces to 


5-2.2 Magnetic Field of a Magnetic Dipole 

In view of the definition given by Eq. (5.19) for the 
magnetic moment m of a current loop, a loop with a 
single turn situated in the x—y plane, such as the one 
shown in Fig. 5-12, has amagnetic moment m = zm with 
in = Ina 7 . Consequently, Eq. (5.36) may be expressed 
in the form 

H = z-^ (at |z| » a). (5.37) 

Atz\z\- 

This expression applies for a point P very far away from 
the loop, but on the axis of the loop. Had the problem 
been solved to find H at any distant point P'(R’. 6', <//) 
in a spherical coordinate system, where R' is the distance 
between the center of the loop and point P\ we would 
have obtained the expression 



for I\ 'P? a. A current loop with dimensions much 
smaller than the distance between the loop and the 
observation point is called a magnetic dipole. This is 
because the pattern of its magnetic field is similar to that 
of a permanent magnet, as well as to the pattern of the 
electric field of the electric dipole [see Example 4-7], The 
similarity is evident from the patterns shown in Fig. 5-13. 


H = (at z — 0), (5.35) 

2 a 

and at points very far away from the loop such that 
r » a 2 , Eq. (5.34) can be approximated as 


H = z— (at |z| » a). • (5.36) 

2|zp 


REVIEW QUESTIONS 

Q5.5 Two infinitely long parallel wires carry currents 
of equal magnitude. What is the resultant magnetic field 
due to the two wires at a point midway between the wires, 
compared with the magnetic field due to one of them 
alone, if the currents are (a) in the same direction and (b) 
in opposite directions? 

Q5.6 Devise a right-hand rule for the direction of the 
magnetic field due to a linear current-carrying conductor. 







Q5.7 What is a magnetic dipole? Describe its magnetic 
field distribution. 

EXERCISE 5.6 A semi-infinite linear conductor extends 
between z — 0 and z — oo along the z-axis. If the current 
l in the conductor flows along the positive z-direction, 
find H at a point in the x-y plane at a radial distance r 
from the conductor. 

Ans. H = — (A/m). (See ■*) 

4nr 

EXERCISE 5.7 A wire carrying a current of 4 A is formed 
into a circular loop. If the magnetic field at the center of 
the loop is 20 A/m, what is the radius of the loop if the 
loop has (a) only one turn and (b) 10 turns? 

Ans. (a) a = 10 cm, (b) a — 1 m. (See 

EXERCISE 5.8 A wire is formed into a square loop and 
placed in the x-y plane with its center at the origin and 
each of its sides parallel to either the x- or y-axes. Kach 
side is 40 cm in length, and the wire carries a current of 
5 A whose direction is clockwise when the loop is viewed 


from above. Calculate the magnetic field at the center of 
the loop. 

4/ 

Ans. H = — z—— = —zl 1.25 A/m. (See '®) 
■Jin l 


5-3 Magnetic Force between Two 
* Parallel Conductors 

In Section 5-1.1 we examined the magnetic force F m that 
acts on a current-carrying conductor when the conductor 
is placed in an external magnetic field. The current in 
the conductor, however, also generates its own magnetic 
field. Hence, if two current-carrying conductors are 
placed in each other’s vicinity, eacli will exert a magnetic 
force on the other. Let us consider two very long (or 
effectively infinitely long), straight, parallel wires in free 
space, separated by a distance d and carrying currents 
/1 and ? 2 in the same direction, as shown in Fig. 5-14. 
Current Iy is located at y = -d/2 and I 2 is located at 
y = d/2, and both point in the z-dircction. We denote 
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z 



Figure 5-14: Magnetic forces on parallel current-carrying 
conductors. 


B, as the magnetic field due to current /,, defined at 
the location of the wire carrying the current / 2 and, 
conversely, IE is the field due to / 2 at the location of the 
wire carrying current From Eq. (5.30), with / = /,, 
r = d - and <t> = -x at the location of / 2 , the field B, is 


Bi = —x 




2nd 


(5.39) 


The force F? exerted on a length / of wire I 2 due to 
its presence in field B, may be obtained bv applying 
Eq. (5.12): 


*2 



and the corr 


__ > Ato/| hi 
y 2nd 


2nd 

responding force per unit length i 
2nd 


rs 


V', = — = —y- 


/ 


A similar analysis performed for the force per unit length 
exerted on the wire carrying /, leads to 


V ' =y -2^r < 5 - 42 ) 

Thus, F' = -F' 2 , which means that the two wires 
attract each other with equal forces. If the currents arc 
in opposite directions, the wires would repel each other 
with equal forces. 


M5.1-5.2 


5-4 Maxwell’s Magnetostatic Equations 


Thus far, we have defined what we mean by a magnetic 
flux density B and the associated magnetic field H, we 
introduced the formulation provided by the Biot-Savart 
law for finding the fields B and H due to any specified 
distribution of electric currents, and we examined how 
magnetic fields can exert magnetic forces on moving 
charged particles and on current-carrying conductors. We 
will now examine two additional important properties of 
magnetostatic fields, those described mathematically by 
Eqs. (5.1a and b). 


5-4.1 Gauss’s Law for Magnetism 

In Chapter 4 we learned that the net outward flux of the 
clectiic flux density D through a closed surface enclosing 
a net charge Q is equal to Q. We referred to this property 
as Gauss’s law (for electricity), and we expressed it 
mathematically in differential and integral forms as 


V • D = p v 


D • ds = Q. 


(5.43) 


Conversion from differential to integral form was 
accomplished by applying the divergence theorem to a 
volume v enclosed by a surface S and containing charge 
Q — f v Pv dv [Section 4-4], The magnetic analogue to 
a point charge is a magnetic pole, but whereas electric 
charges can exist in isolation, magnetic poles do not. 
Magnetic poles always occur in pairs; no matter how 
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many limes a permanent magnet is subdivided, each 
new piece will always have a north and a south pole, 
even if the process were to be continued down to the 
atomic level. Thus, there is no magnetic equivalence to 
a charge Q or a charge density p v . and it is therefore not 
surprising that Gauss’s law for magnetism is given by 


V • B = 0 


B • ds = 0. 


The differential form is one of Maxwell’s four equations, 
and the integral form is obtained with the help of the 
divergence theorem. Formally, the name “Gauss’s law’’ 
refers to the electric case, even when no specific reference 
to electricity is indicated. The property described by 
Eq. (5.44) has been called “the law of nonexistence 
of isolated monopoles, ” “the law of conservation of 
magnetic flux,” and “Gauss's law for magnetism,” among 
others. We prefer the last of the three cited names because 
it reminds us of the parallelism, as well as the differences, 
between the electric and magnetic properties of nature. 

The difference between Gauss’s law for electricity 
and its counterpart for magnetism may be viewed in 
terms of field lines. Electric field lines originate from 




( a ) Electric dipole 


(b) Bar magnet 


Figure 5-15: Whereas (a) the net electric flux through; 
closed surface surrounding a charge is not zero, (b) the 
net magnetic flux through a closed surface surrounding 
one of the poles of a magnet is zero. 


5-4.2 Ampere’s Law 


i 


We will now examine the property represented by 
Eq. (5.1b): 

V x H = J, (5.45) 


positive electric charges and terminate on negative 
electric charges. Hence, for the electric field lines of the 
electric dipole shown in Fig. 5-15(a), the electric flux 
through a closed surface surrounding one of the charges 
is not zero. In contrast, magnetic field lines always form 
continuous dosed loops. As we saw in Section 5-2, the 
magnetic field lines due to currents do not begin or end at 


which is the second of Maxwell’s pair of equations 
characterizing the magnetostatic fields, B and H. The 
integral form of Eq. (5.45) is called Ampere’s circuital 
law (or simply Ampere’s law) under magnetostatic 
conditions (steady currents). It is obtained by integrating 
both sides of Eq. (5.45) over an open surface S, 


any point; this is true for the linear conductor of Fig. 5-10 
and the circular loop of Fig. 5-12, as well as for any 
distribution of currents. It is also true for a magnet, as 
illustrated in Eig. 5-15(b) for a bar magnet. Because the 
magnetic field lines form closed loops, the net magnetic 
flux through the closed surface surrounding the south 
pole of the magnet (or through any other closed surface) 
is always zero, regardless of the shape of that surface. 


J(VxH)-ds= j i ds, (5.46) 

and then invoking Stokes's theorem given by Eq. (3.107) 
to obtain the result 
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Figure 5-16: Ampere’s law states that the line integral 
of H around a closed contour C is equal to the current 
traversing the surface bounded by the contour. This is 
true for contour s (a) and (b). but the line integral of H is 
zero for the contour in (c) because the current / (denoted 
by the symbol O) is not enclosed by the contour C. 


where C is the closed contour bounding the surface S 
and / = / J • ds is the total current flowing through S. 
The sign convention for the direction of C is taken so 
that I and II satisfy the right-hand rule defined earlier 
in connection with the Biot-Savart law. That is, if the 
direction of I is aligned with the direction of the thumb 
of the right hand, then the direction of the contour C 
should be chosen to be along the direction of the other 
four fingers. In words, Ampere's circuital law states that 
the line integral of H around a closed path is equal to 
the current traversing the surface bounded by that path. 
By way of illustration, for both configurations shown in 
Figs. 5-16(a) and (b), the line integral of H is equal to 
the current I , even though the paths have very different 
shapes and the magnitude of H is not uniform along the 
path of configuration (b). By the same token, because 


path (c) in Fig. 5-16 does not enclose the current /. its 
line integral of H is identically zero, even though H is 
not zero along the path. 

When we examined Gauss’s law in Section 4-4, 
wc discovered that in practice its usefulness for 
calculating the electric flux density D is limited to charge 
distributions that possess a certain degree of symmetry 
and that the calculation procedure is subject to proper 
choice of the Gaussian surface enclosing the charges. A 
similar statement applies to Ampere’s law: its usefulness 
is limited to symmetric current distributions that allow the 
choice of convenient Amperian contours around them, 
as illustrated by Examples 5-5 to 5-7. 


Example 5-5 Magnetic Field of a Long Wire 

A long (practically infinite) straight wire of radius a 
carries a steady current / that is uniformly distributed 
over the cross section of the wire. Determine the magnetic 
field H at a distance r from the axis of the wire both (a) 
inside the wire (r < a) and (b) outside the wire (r > a). 

Solution: (a) We choose / to be along the +z. -direction, 
as shown in Fig. 5-17(a). To determine H, at a distance 
r| < a, wc choose the Amperian contour C\ to be a 
circular path of radius r i as shown in Fig. 5-17(b). Tn 
this case, Ampere’s law takes the form 



where 1\ is the fraction of the total current I flowing 
through C]. From symmetry, H| must be constant in 
magnitude and parallel to the contour at any point along 
the path. Furthermore, to satisfy the right-hand rule and 
given that I is along the z-direction, H i must be along the 
+</>-direction in a cylindrical coordinate system. Hence. 
Hi — <pll\. With d\\ — 4>r\ df, the left-hand side of 
Ampere’s law gives 

(f H \-d\\= f (j>)r\ dtp = 2nr\H\. 

Jc i Jo 
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(b) Wire cross section 


(a) Cylindrical wire 


H(a) = 


Figure 5-17: Infinitely long wire of radius a carrying 
a uniform current / along the -fr-dircction: (a) 
general configuration showing contours C\ and C 2 \ (b) 
cross-sectional view; and (c) a plot of H versus r 
(Example 5-5). 


The current /1 flowing through the area enclosed by C i 
is equal to the total current / multiplied by the ratio of 
the area enclosed by Cj to the total cross-sectional area 
of the wire: 


h 


\7ia L ) \a > 


Equating both sides of Ampere’s law and then solving 
for H i leads lo 


Hi — <j>H\ - i i> - 1 / (for ri < a). (5.48) 

iTta- 

(b) For v 2 > a, we choose path C 2 . which encloses all 
the current 1. Hence, 


H 2 • c/T = 2tx r 2 //: = /, 


c 2 


and 


H 2 = <j>I-I 2 = 4>~ - (for r 2 > a). (5.49) 

irrr: 

If we ignore the subscript 2, we observe that Eq. (5.49) 
provides the same expression for B = /z 0 H as Eq. (5.30), 
which we had derived previously on the basis of the 
Biot-Savart law. 

The variation of the magnitude of H as a function of r 
is plotted in Fig. 5- 17(c); H increases linearly between 
r —.0 and r — a (inside the conductor), and then il 
decreases as 1 /r outside the conductor. ■ 


EXERCISE 5.9 Current / flows in the inner conductor 
of a long coaxial cable and returns through the outer 
conductor. What is the magnetic field in the region outside 
the coaxial cable and why? (See ? ) 

Ans. H — 0 outside the coaxial cable because the net 
current enclosed by the Amperian contour is zero. 

EXERCISE 5.10 The metal niobium becomes a supercon¬ 
ductor with zero electrical resistance when it is cooled to 
below 9 K, but its superconductive behavior ceases when 
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the magnetic flux density at its surface exceeds 0.12 T. 
Determine the maximum current that a 0.1 -mm-diameter 
niobium wire can carry and remain superconductive. 

Ans. / = 30 A. (See s5 ‘) 

Example 5-6 Magnetic Field inside a Toroidal Coil 

A toroidal coil (also called a torus or toroid) is a 
doughnut-shaped structure (called its core) with closely 
spaced turns of wire wrapped around it, as shown in 
Fig. 5-18. For clarity, we show the turns in the figure 
as spaced apart, but in practice they are wound in 
a closely spaced arrangement to form approximately 
circular loops. The toroid is used to magnetically couple 
multiple circuits and to measure the magnetic properties 
of materials, as illustrated later in Fig. 5-30. For a toroid 
with N turns carrying a current /, determine the magnetic 
field H in each of the following three regions:/ < a, a < 
r < b, and r > b, all in the azimuthal plane of the toroid. 



Figure 5-18: Toroidal coil with inner radius a and outer 
radius b. The wire loops usually are much more closely 
spaced than shown in the figure (Example 5-6). 


Solution: From symmetry, it is clear that H has uniform 
properties in azimuth. If we construct a circular Amperian 
contour with center at the origin and of radius r < a, 
there will be no current flowing through the surface of 
the contour, and therefore H = 0 for r < a. Similarly, 
for an Amperian contour with radius r > b, the net 
current flowing through its surface is zero because an 
equal number of current coils cross the surface in both 
directions. Hence, H = 0 in the region exterior to the 
toroidal coil. 

For the region inside the core, we construct a path of 
radius r, as shown in Fig. 5-18. For each loop, we know' 
from Example 5-4 that the field H at the center of the 
loop points along the axis of the loop, which in this case 
is the ^-direction, and in view' of the direction of the 
current / shown in Fig. 5-18, the right-hand rule tells us 
that H must be in the —^-direction. Hence, H — 

The total current crossing the surface of the contour with 
radius r is N / and its direction is into the page. According 
to the right-hand rule associated with Ampere’s law', the 
current is positive if it crosses the surface of the contour 
in the direction of the four fingers of the right hand 
when the thumb is pointing along the direction of the 
contour C. Hence, in the present situation the current is 
— NI. Application of Ampere’s law then gives 

In 

(-4>H) ■ 4>r d<j> = —2nrH = -NI. 
Hence, II = NI/(2nr ) and 




(for a < r < b). ■ 

(5.50) 


Example 5-7 Magnetic Field 

of an Infinite Current Sheet 

The x-y plane of Fig. 5-19 contains an infinite current 
sheet with surface current density ,L = x/ s . Find the 
magnetic field H. 
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Buttery 


Solenoid electromagnet 


Electromagnets and Magnetic Relays 


the wire coiled around the central core, it induces 
a magnetic field with field lines resembling those 
generated by a bar magnet (A1). The strength of 
the magnetic field is proportional to the current, 
the number of turns, and the magnetic permeability 
of the core material. By using a ferromagnetic 
core, the field strength can be increased by several 
orders of magnitude, depending on the purity of the 
iron material. When subjected to a magnetic field, 
ferromagnetic materials, such as iron or nickel, get 
magnetized and act like magnets themselves. 


William Sturgeon developed the first practical 
electromagnet in the 1820s. Today, the principle of 
the electromagnet is used in motors, relay switches 
in read/write heads for hard disks and tape drives, 
loud speakers, magnetic levitation, and many other 
applications. 


Basic Principle 


Magnetic Relays 


Electromagnets can be constructed in various 
shapes, including the linear solenoid described in 
Section 5-8.1. When an electric current generated 
by a power source, such as a battery, flows through 


A magnetic relay is a switch or circuit breaker that 
can be activated into the “ON” and “OFF” positions 
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Magnetic Field 


A2. Horseshoe electromagnet 


magnetically. One example is the low-power reed 
relay used in telephone equipment, which consists 
of two flat nickel-iron blades separated by a small 
gap (B). The blades are shaped in such a way that 
in the absence of an external force, they remain 
apart and unconnected (OFF position). Electrical 
contact between the blades (ON position) is realized 
by applying a magnetic field along their length. The 
field, induced by a current flowing in the wire coiled 
around the glass envelope, causes the two blades 
to assume opposite magnetic polarities, thereby 
forcing them to attract together and close out the 
gap. 


Glass — 
Envelope 


Electronic Circuit 


B. Microreetl relay 

(size exaggerated for illustration purposes) 
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Figure 5-19: A thin current sheet in the x-y plane 
carrying a surface current density J s = x/ s (out of the 
page) (Example 5-7). 


Solution: From symmetry considerations and the 
right-hand rule, H must be in the direction shown in the 
figure. That is, 


1 -yH, for z > 0, 

1 y H, for z < 0. 


To evaluate the line integral in Ampere's law, we choose 
a rectangular Ampcrian path around the sheet, with 
dimensions / and to, as shown in Fig. 5-19. Recalling that 
J s represents current per unit length along the y-direction, 
the total current crossing the surface of the rectangular 
loop is 1 = JJ. Hence, applying Ampere’s law over 
the loop, while noting that H is zero along the paths of 
length w, we have 



from which we obtain the result 


H = 



for z > 0, 
for z < 0. 


(5.51) 
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We note that the magnetic field is uniform and 
everywhere parallel to the current sheet. ■ 


REVIEW QUESTIONS 

Q5.8 What is a fundamental difference between 
electric field lines and magnetic field lines? 

Q5.9 If the line integral of H over a closed contour is 
zero, does it follow that H = 0 at every point on the 
contour? If not, what then does it imply? 

Q5.10 Compare the utility of applying the Biol-Savatl 
law versus applying Ampere’s law for computing the 
magnetic field due to current-carrying conductors. 

Q5.11 What is a toroid? What is the magnetic field at 
points outside the toroid? 


5-5 Vector Magnetic Potential 

In our treatment of electrostatic fields in Chapter 4, 
we introduced the electrostatic potential V and defined 
it in terms of the line integral of the electric field E. 
In differential form, we found that V and E are 
related by E = ~VV. This relationship proved useful 
not only in relating the electric field distribution in 
circuit elements (such as resistors and capacitors) to 
the voltage differences across them, but it also proved 
more convenient in certain cases to first determine ' 
potential V due to a given charge distribution and then 
apply the relationship E = —V V to find E than to use 
Coulomb’s law directly to find E. We will now explore 
a similar approach in connection with the magnetic flux 
density B. 

According to Eq. (5.44), V • B = 0. We wish to define 
B in terms of a magnetic potential with the constraint 
that such a definition guarantees that the divergence of B 
is always equal to zero. This can be realized by taking 
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advantage of the vector identity given by Eq. (3.106b), 
which states that, for any vector A, 

V-(VxA)=0. (5.52) 

Hence, by defining the vector magnetic potential A such 
that 



we are guaranteed that V • B — 0. The SI unit for B is 
the tesla (T). An equivalent unit used in the literature is 
webers per square meter (Wb/m 2 ). Consequently, the SI 
unit for A is (Wb/m). 

With B = /(H, the differential form of Ampere’s law 
given by Eq. (5.45) can be written as 

VxB = ii J, (5.54) 

where J is the current density due to free charges in 
motion. If we substitute Eq. (5.53) into Eq. (5.54). we 
have 

V x (V x A) = qj. (5.55) 


involving V • A. It turns out from vector calculus that 
wc have a fair amount of latitude in specifying a value 
or a functional form for V ■ A, without conflicting with 
the requirement represented by Eq. (5.52). The simplest 
among these allowed specifications is 

V • A = 0. (5.59) 

Using this choice in Eq. (5.58) leads to the vector 
Poisson’s equation given by 



Using the definition for Y 2 A given by Eq. (5.57), the 
vector Poisson’s equation can be broken up into three 
scalar Poisson’s equations: 

V 2 A. t = (5.61a) 

V 2 Ay = -pjy, (5.61b) 

V 2 A, = -nJ t . (5.61c) 


For any vector A, the Laplacian of A obeys the vector 
identity given by Eq. (3.113), that is, 

V 2 A = V(V - A) — V x (V x A), (5.56) 

where, by definition, V 2 A in Cartesian coordinates is 
given by 



= xV 2 A, + yV^Ay + zV 2 A.. (5.57) 


In electrostatics, Poisson’s equation for the scalar 
potential V is given by Eq. (4.60) as 

V 2 V = — — , (5.62) 

£ 

and its solution for a volume charge distribution p v 
occupying a volume V' was given by Eq. (4.61) as 





(5.63) 


Combining Eq. (5.55) with Eq. (5.56) gives 

V(V • A) - V 2 A = /xj. (5.58) 

When we introduced the defining equation for the vector 
magnetic potential A, given by Eq. (5.53). the only 
constraint we placed on A is that its definition satisfy 
the condition V • B = 0. Equation (5.58) contains a term 


Poisson’s equations for A x , A y , and A z are 
mathematically identical in form to Eq. (5.62). Hence, 
for a current density J with a:-component J x distributed 
over a volume v', the solution for Eq. (5.61a) is 

A x = f 4 dv' (Wb/m), (5.64) 

An J v . R’ 
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and similar solutions can be written for A y in terms 
of J y and A- in terms of J.. The three solutions can be 
combined into a vector equation of the form 


,wm) - <5 - 65) 


In view of Eq. (5.23), if the current distribution is given in 
the form of a surface current density J s over a surface S', 
then J dv ‘ should be replaced with J 5 ds 1 and v 1 should 
be replaced with S’; and, similarly, for a line distribution, 
J dv' should be replaced with I dl' and the integration 
should be performed over the associated line path /'. 

In addition to the Biot-Savart law and Ampere’s 
law, the vector magnetic potential provides a third 
approach for computing the magnetic field due to current- 
carrying conductors. For a specified current distribution, 
Eq. (5.65) can be used to find A, and then Eq. (5.53) can 
be used to find B. Except for simple current distributions 
with symmetrical geometries that lend themselves to 
the application of Ampere’s law, the choice usually is 
between the approaches provided by the Biot-Savart law 
and the vector magnetic potential, and among those two 
the latter often is easier to apply because it is easier 
to perform the integration given by Eq. (5.65) than to 
perform the integration given by Eq. (5.22). 

The magnetic flux <t> linking a surface S is defined as 
the total magnetic flux density passing through 5, or 

4>*JTb-</s (Wb). (5.66) 

If we insert Eq. (5.53) into Eq. (5.66) and then invoke 
Stokes’s theorem, we have 

<t> = J (V x A) ■ ds = j) A • dl (Wb), (5.67) 

where C is the contour bounding the surface S. Thus, 
® can be determined by either Eq. (5.66) or Eq. (5.67), 
whichever is easier to integrate for the specific problem 
under consideration. 


5-6 Magnetic Properties of Materials 

According to our preceding discussions, because the 
pattern of the magnetic field generated by a current 
loop is similar to that exhibited by a permanent magnet 
the loop is regarded as a magnetic dipole with a north 
pole and a south pole [see Section 5-2.2 and Fig. 5-13], 
The magnetic moment m of a loop of area A has a 
magnitude in = I A, and the direction of m is normal 
to the plane of the loop in accordance with the right-hand 
rule. Magnetization in a material substance is associated 
with atomic current loops generated by two principal 
mechanisms; (1) orbital motions of the electrons around 
the nucleus and similar motions of the protons around 
each other in the nucleus and (2) electron spin. The 
magnetic moment of an electron is due to the combination 
of its orbital motion and its spinning motion about its 
own axis. As we will see later, the magnetic moment 
of the nucleus is much smaller than that of an electron, 
and therefore the total magnetic moment of an atom 
is dominated by the sum of the magnetic moments 
of its electrons. The magnetic behavior of a material 
is governed by the interaction of the magnetic dipole 
moments of its atoms with an external magnetic field. 
This behavior, which depends on the crystalline structure 
of the material, is used as a basis for classifying materials 
as diamagnetic, paramagnetic, or ferromagnetic. The 
atoms of a diamagnetic material have no permanent 
magnetic dipole moments. In contrast, both paramagnetic 
and ferromagnetic materials have atoms with permanent 
magnetic dipole moments, but, as will be explained later, 
the atoms of materials belonging to these two classes have 
very different organizational structures. 

5-6.1 Orbital and Spin Magnetic Moments 

To keep the following presentation simple, we will begin 
our discussion with a classical model of the atom, in 
which the electrons are assumed to move in circular 
motion about the nucleus, and we will then extend the 
results by incorporating the predictions provided by the 
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(a) Orbiting electron (b) Spinning electron 

Figure 5-20: An electron generates (a) an orbital 
magnetic moment m„ as it rotates around the nucleus and 
(b) a spin magnetic moment m s , as it spins about its own 
axis. 


more correct quantum-mechanical model of matter. An 
electron with charge of -e moving with a constant 
velocity u in a circular orbit of radius r [Fig. 5-20(a)] 
completes one revolution in time T = 2 nr/u. This 
circular motion of the electron constitutes a tiny current 
loop with current / given by 


I e eu 
T 2xr 


(5.68) 


The magnitude of the associated orbital magnetic 
moment ni 0 is 


m °= ,a »mm 


2 7tr> 
eur 
__ 2 ~ 


L P 


(5.69) 


where L e = m e ur is the angular momentum of the elec¬ 
tron and m e is its mass. According to quantum physics, 
the orbital angular momentum is quantized; specifically, 
L e is always some integer multiple of h = h/2n, where 

h is Planck’s constant. That is, L e = 0, h, 2h, _ 

Consequently, the smallest nonzero magnitude of the 
orbital magnetic moment of an electron is 

eh 

™o = -r— . (5.70) 

zJIIq 


Despite the fact that all substances contain electrons and 
the electrons exhibit magnetic dipole moments, most 
substances are effectively nonmagnetic. This is because, 
in the absence of an external magnetic field, the atoms 
of most materials are oriented randomly, as a result 
of which the net magnetic moment generated by their 
electrons is either zero or very small. 

In addition to the magnetic moment produced by its 
orbital motion, an electron generates a spin magnetic 
moment m s due to its spinning motion about its own 
axis [Fig. 5-20(b)]. The magnitude of m s predicted by 
quantum theory is 


m 5 = 


eh 
2/71 c 


(5-71) 


which is equal to the minimum orbital magnetic 
moment m „. The electrons of an atom with an even 
number of electrons usually exist in pairs, with the 
members of a pair having opposite spin directions, 
thereby canceling each others’ spin magnetic moments. 
If the number of electrons is odd, the atom will have 
a nonzero spin magnetic moment due to its unpaired 
electron. 

According to Eq. (5.71), the spin magnetic moment 
of an electron is inversely proportional to the electron 
mass 77i e . The nucleus of an atom also exhibits a spinning 
motion, but because its mass is much greater than that of 
an electron, its magnetic moment is on the order of 10 3 
of that of an electron. 


5-6.2 Magnetic Permeability 

The magnetization vector M of a material is defined as 
the vector sum of the magnetic dipole moments of the 
atoms contained in a unit volume of the material. The 
magnetic flux density corresponding to M is B m = /z 0 M. 
In the presence of an externally applied magnetic field H, 
the total magnetic flux density in the material is 

B = /zqH + /zqM = |Uo(H + M), 


(5.72) 
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where the first term represents the contribution of 
the external field and the second term represents the 
contribution of the magnetization of the material. In 
general, a material becomes magnetized in response to 
the external field H. Hence, M can be expressed as 

M = Xn,H, (5.73) 

where x m is a dimensionless quantity called the magnetic 
susceptibility of the material. For diamagnetic and 
paramagnetic materials, Xm is a constant at a given 
temperature, resulting in a linear relationship between M 
and H. This is not the case for ferromagnetic substances; 
the relationship between M and H not only is nonlinear, 
but also depends on the previous “history” of the material, 
as explained in the next section. 

While keeping this fact in mind, let us combine 
Eqs. (5.72) and (5.73) to get 

B - Mo(H + XmH) = /x 0 ( 1 + Xm)H, (5.74) 
or 

B = /xH, (5.75) 

where /x. the magnetic permeability of the material, is 
given in terms of Xm by 


ft = ft 0 (l + Xm) (H/m). (5.76) 


Often it is convenient to define the magnetic properties 
of a material in terms of the relative permeability /x r : 


rir = — = 1 + Xm, (5.77) 
!M) 


where yxo is the permeability of free space. A material 
usually is classified as diamagnetic, paramagnetic, or 
ferromagnetic on the basis of the value of its Xm, as 
shown in Table 5 2. Diamagnetic materials have negative 
susceptibilities and paramagnetic materials have positive 
susceptibilities. However, the absolute magnitude of Xm 


is on the order of 10 -5 for both classes of materials, 
which allows us to ignore x m relative to 1 in Eq. (5.77). 

This gives /x r ~ 1 or p ~ /x 0 for diamagnetic 
and. paramagnetic substances, which include dielectric 
materials and most metals. In contrast, |/x r | » 1 
for ferromagnetic materials; \p r \ of purified iron, for 
example, is on the order of 2 x 10 5 . Ferromagnetic 
materials are discussed next. 


EXERCISE 5.11 The magnetic vector M is the vector 
sum of the magnetic moments of all the atoms contained 
in a unit volume (Im 3 ). If a certain type of iron with 
8.5 x I0 28 atoms/m 3 contributes one electron per atom 
to align its spin magnetic moment along the direction of 
the applied field, find (a) the spin magnetic moment of 
a single electron, given that m e = 9.1 x 10~ 3 ' (kg) and 
h. = 1.06 x 10 34 (J-s), and (b) the magnitude of M. 

Ans. (a) m s = 9.3 x 10" 24 (A m 2 ), (b) M =7.9 x 10 5 
(A/m). (See "') 


5-6.3 Magnetic Hysteresis ot Ferromagnetic 
Materials 

Ferromagnetic materials, which include iron, nickel, and 
cobalt, exhibit strong magnetic properties due to the fact 
that their magnetic moments tend to align readily along 
the direction of an external magnetic field. Moreover, 
such materials remain partially magnetized even after the 
removal of the external field. Because of this property, 
ferromagnetic materials are used in the fabrication of 
permanent magnets. 

Common to all ferromagnetic materials is a charac¬ 
teristic feature described by magnetized domains. A 
magnetized domain of a material is a microscopic region 
(on the order of 10 " 10 m 3 ) within which the magnetic 
moments of all its atoms (typically on the order of 10 ° 
atoms) are aligned parallel to each other. This permanent 
alignment is attributed to strong coupling forces between 
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Table 5-2: Properties of magnetic materials. 



Diamagnetism 

Paramagnetism 

Ferromagnetism 

Permanent magnetic 
dipole moment 

No 

Yes, but weak 

Yes, and strong 

Primary magnetization 
mechanism 

Electron orbital 
magnetic moment 

Electron spin 
magnetic moment 

Magnetized 

domains 

Direction of induced 
magnetic field 
(relative to external field) 

Opposite 

Same 

Hysteresis 
[sec Fig. 5-22] 

Common substances 

Bismuth, copper, diamond, 
gold, lead, mercury, silver, 
silicon 

Aluminum, calcium, 
chromium, magnesium, 
niobium, platinum, 
tungsten 

Iron, 

nickel, 

cobalt 

Typical value of Xin 

Typical value of /i, 

* - lO" 5 

1 

** 10~ 5 

1 Xml 1 and hysteretic 
l/Xrl 2 > 1 and hysteretic 


the magnetic dipole moments constituting an individual 
domain. In the absence of an external magnetic field, 
the domains take on random orientations relative to 
each other, as shown in Fig. 5-21(a), resulting in a 
net magnetization of zero. The domain walls forming 
the boundaries between adjacent domains consist of 
thin transition regions. When an unmagnetized sample 
of a ferromagnetic material is placed in an external 
magnetic field, the domains will align partially with the 
external field, as illustrated in Fig. 5-21(b). A quantitative 
understanding of how these domains form and how they 
behave under the influence of an external magnetic field 
requires a heavy dose of quantum mechanics, which is 
outside the scope of the present treatment. Hence, we will 
confine our discussion to a qualitative description of the 
magnetization process and its implications. 

The magnetization behavior of a ferromagnetic 
material is described in terms of its B-H magnetization 
curve, where H is the amplitude of the externally 
applied magnetic field, H, and B is the amplitude of 


the total magnetic flux density B present within the 
material. According to Eq. (5.72), the flux B consists 
of a contribution /z a H due to the external field and 
a contribution /toM due to the magnetization field 
induced in the material. Suppose that we start with an 
unmagnetized sample of iron, and let us assume that we 
have an experimental arrangement capable of measuring 
B and H. The unmagnetized state is denoted by point O 
in Fig. 5-22. As we start to increase H continuously, B 
increases also, and the response follows the curve from 
point O to point At, at which nearly all the domains 
have become aligned with H. Point A j represents a 
saturation condition. If we now start to decrease H from 
its value at point A] back to zero, the magnetization 
curve follows the path from A\ to A 2 - At point A 2 , 
the external field H is zero, but the flux density B 
in the material is not zero. This value of B is called 
the residual flux density B,. The iron material is now 
magnetized and can serve as a permanent magnet owing 
to the fact thaf a large fraction of its magnetization 
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(a) Unmagnetized domains 



B 

(b) Magnetized domains 

Figure 5-21: Comparison of (a) unmagnetized and (b) 
magnetized domains in a ferromagnetic material. 


domains have remained aligned. Reversing the direction 
of H and increasing its intensity causes B to decrease 
from By at point A? to zero at point A 3 , and if the 
intensity of H is increased further (while maintaining its 
negative direction), the magnetization curve moves to the 
saturation condition at point A 4 . Finally, as H is made to 
return to zero and is then increased again in the positive 
direction, the curve follows the path from A 4 to A\. 
This process is called magnetic hysteresis. The term 
hysteresis means “to lag behind.” The hysteresis loop 
shows that the magnetization process in ferromagnetic 
materials depends not only on the external magnetic 
field II, but on the magnetic history of the material as 
well. The specific shape and extent of the hysteresis loop 
depend on the properties of the ferromagnetic material 
and on the peak-to-peak range over which H is made to 
vary. Materials characterized by wide hysteresis loops 
are called hard ferromagnetic materials [Fig. 5-23(a)] 
These materials cannot be easily demagnetized by 
an external magnetic field because they have a large 
residual magnetization B r . Hard ferromagnetic materials 
are used in the fabrication of permanent magnets for 
motors and generators. Soft ferromagnetic materials 
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have narrow hysteresis loops [Fig. 5-23(b)], and hence 
they can be more easily magnetized and demagnetized. 
To demagnetize any ferromagnetic material, the material 
is subjected to several hysteresis cycles while gradually 
decreasing the peak-to-peak range of the applied field. 

REVIEW QUESTIONS 

Q5.12 What are the three types of magnetic materials 
and what are typical values of their relative magnetic 
permeabilities? 

Q5.13 What causes magnetic hysteresis in ferromag¬ 
netic materials? 

05.14 What does the magnetization curve describe? 
What is the difference between the magnetization curves 
of hard and soft ferromagnetic materials? 


5-7 Magnetic Boundary Conditions 

In Section 4-9, wc derived a set of boundary conditions 
that describes how, at the boundary between two 
dissimilar contiguous media, the electric field quantities 
D and F in the first medium are related to those in the 
second medium. We will now derive a similar set of 
boundary conditions for the magnetic field quantities B 
and H. By applying Gauss’s law to apill box that straddles 
the boundary, we determined that the difference between 
the normal components of the electric flux densities in 
the two media is equal to the surface charge density p s . 
That is. 

jf D • ds = Q 

By analogy, application of Gauss’s law for magnetism, as 
expressed by Eq. (5.44), would lead to the conclusion that 




This result states that the normal component of B is 
continuous across the boundary between two adjacent 
media. In view of the relations B, = ji iHi and 
B : = M 2 H 2 for linear, isotropic media, the boundary 
condition for H corresponding to Eq. (5.79) is 

— niHin- (5.80) 


Comparison of Eqs. (5.78) and (5.79) tells us that, 
whereas the normal component of B is continuous 
across the boundary, the normal component of D may 
not he (unless p s = 0/ A similar reversal applies to 
the tangential components of the electric and magnetic 
fields E and H: whereas the tangential component 
of E is continuous across the boundary, the tangential 
component of H may not be. (unless the surface current 
density ,K = Oj. To obtain the boundary condition for 
the tangential component of H, we follow the same 
basic procedure that we used previously in Section 4-9 
to establish the boundary condition for the tangential 
component of E. With reference to Fig. 5-24, if we apply 
Ampere’s law [Eq. (5.47)] to a closed rectangular path 
with sides A/ and Ah, and then we let Ah -+ 0, we end 
up with the result 

f, r 1 ’ r' 1 

* H • </l = / H 2 • d\ + I H, • d\ = /, (5.81) 

Jc Ja Jc 

where Hi and H 2 are the magnetic fields in media I 
and 2, respectively. According to Ampere’s law, / is the 
net current crossing the surface of the loop in the direction 
specified by the right-hand rule (7 is in the direction of 
the thumb when the fingers of the right hand extend in 
the direction of the loop C). For the directions of H, 
and H 2 and the direction of the integration contour C 
indicated in Fig. 5-24, the component of H 2 tangential to 
the boundary, H 2 ,, is parallel to and in the same direction 


as d\ over segment ab, but the tangential component 
of H, is antiparallel to c/1 over segment cd. Furthermore, 
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Figure 5-24: Boundary between medium I with n\ and medium 2 with //i. 


as we let Ah of the loop approach zero, the surface of 
the loop approaches a thin line of length A/. Hence, the 
total current flowing through this thin line is I = J s A/, 
where J s is the magnitude of the normal component of 
the surface current density traversing the loop. In view of 
these considerations, Eq. (5.81) becomes 

Ha A/ - H u Al = J, Al (5.82) 

or 

« 2 t - Hu = J s (A/m). (5.83) 

This result can be generalized to a vector form that 
incorporates the directional relationship defined by the 
right-hand rule, 


n 2 x (Hi — H 2 ) = J s , (5.84) 


where fia is the normal unit vector pointing away from 
medium 2 (Fig. 5-24). Surface currents can exist only on 
the surfaces of perfect conductors and superconductors. 
Hence, at the interface between media with finite 
conductivities, J s = 0 and 


H u = H 2v (5.85) 


EXERCISE 5.12 With reference to Fig. 5-24, determine 
the angle between H and n 2 = z if H 2 = (S3 1 z2) 
(A/m), Mr, = 2, and yx,, = 8, and J s = 0. 

Ans. 0 - 20.6°. (See #) 


5-8 Inductance 

An inductor is the magnetic analogue of an electrical 
capacitor. Just as a capacitor can store electric energy 
in the electric field present in the medium between 
its conducting surfaces, an inductor can store magnetic 
energy in the volume comprising the inductors. A typical 
example of an inductor is a coil consisting of multiple 
turns of wire wound in a helical geometry around 
a cylindrical core, as shown in Fig. 5-25(a). Such a 
structure is called a solenoid. The core may be air 
filled or may contain a magnetic material with magnetic 
permeability u. If the wire carries a current I and the turns 
are closely spaced, the solenoid can produce a relatively 
uniform magnetic field within its interior region, and 
its magnetic field pattern resembles that of a permanent 
magnet, as illustrated by the field lines in Fig. 5-25(b). 
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5-8.1 Magnetic Field in a Solenoid 


Wc precede our discussion of inductance by deriving an 
expression for the magnetic flux density B in the interior 
region of a tightly wound solenoid with n turns per unit 
length. Even though the turns are slightly helical in shape, 
we will treat them as circular loops, as shown in Fig. 5-26. 
The solenoid is of length / and radius a and carries a 
current 7. Let us start by considering the magnetic flux 
density B at point P, located on the axis of the solenoid. 
In Example 5-4, we derived the following expression for 
the magnetic field H at a distance z along the axis of a 
circular loop of radius a: 


H — z 


l’a 2 

2 (a 2 + z 2 ) 3 ' 2 


(5.86) 


where 7' is the current carried by the loop. If we treat 
an incremental length dz of the solenoid as an equivalent 


loop of n dz turns and carrying a current 7' = Indz , then 
the induced field at point P is 

(5 - 87) 

The total field B at P is obtained by integrating the 
contributions from the entire length of the solenoid. This 
is facilitated by expressing the variable z in terms of the 
angle 9. That is, 


z = a tan 6), (5.88a) 

a 2 + z 2 =a 2 + a 2 tan 2 0 = a 2 sec 2 6, (5.88b) 

dz=u sec 2 0 dO. (5.88c) 

Upon substituting the last two expressions in Eq. (5.87) 
and integrating from 0\ to <9 2 , we have 

„ axilla 2 f' h a sec 2 0 d) 

2 Jij i a 3 sec 3 9 

— (sin A? - sinfii). (5.89) 



Figure 5-26: Solenoid cross section showing geometry 
for calculating H at a point P on the solenoid axis. 
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Magnetic Recording 


Valdemar Pouisen, a Danish engineer, invented 
magnetic recording by demonstrating in 1900 that 
speech can be recorded on a thin steel wire 
with a simple electromagnet. Magnetic tapes were 
developed as an alternative medium to wires in 
the 1940s and became very popular for recording 
and playing music well into the 1960s. Videotapes 
were introduced in the late 1950s for recording 
motion pictures for later replay on television. 
Because video signals occupy a much wider 
bandwidth, tape speeds for video recording (past 
the magnetic head) have to be at rates on the 
order of 5 m/s, compared with only 0.3 m/s for 
audio. Other types of magnetic recording media 
were developed since then, including the flexible 
plastic disks called “floppies,” the hard disks made 
of glass or aluminum, the magnetic drum, and 
the magnetic bubble memory. All take advantage 
of the same fundamental principle of being able 
to store electrical information through selective 
magnetization of a magnetic material, as well as the 
ability to retrieve it (playback) when so desired. 


Record/Read Processes 


Magnetic tape recording of sound is illustrated 
schematically in (A). Sound waves incident on 
a microphone ( 1 ) cause a diaphragm to vibrate, 
creating an electric current (2) with corresponding 
time and amplitude variations as that of the original 
sound pattern. The acoustic to electric conversion 
is realized by a piezoelectric crystal, an electrostatic 
capacitor, a coil in a magnetic field, or other types 
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Amplifier 


Recording Head 


Magnetic Field 
Induced by Signal 


filectromagent 


Magnetic Tape 


A. Tape recording process 


Loudspeaker 


Amplifier Pick-up Head 


Magnetic Field 
Induced by Tape 


Elcctromagent 


B. Replay process 


of transducers. After amplification (3), the current 
signal drives a recording head (4) consisting of 
an electromagnet to magnetize the tape as it 
is drawn past the head. The tape (5) is made 
of a plastic base material with a coating of 
ferric oxide powder glued to its surface. When 
exposed to the magnetic field, the previously 
randomly oriented molecules of the ferromagnetic 
powder become permanently oriented along a 
specific direction, thereby establishing a mag¬ 
netic imprint of the original sound signal on the 
tape. Replaying is accomplished by reversing the 
process (B). Drawing the magnetized tape past 
a reproducing head induces a current having 


a vibration proportional to that on the tape, which is 
then amplified and converted back to sound waves 
through a loud speaker. 
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If the solenoid length l is much larger than its radius a, 
then 0, ~ -90° and 0 2 ce 90°, in which case Eq. (5.89) 
reduces to 


B ~ z/jnl = —-— (long solenoid with l/a )§> 1), 

(5.90) 


where N = nl is the total number of turns over the 
length l. Even though the expression given by Eq. (5.90) 
was derived for the held B at the midpoint of the solenoid, 
it is approximately valid at all points in the interior of the 
solenoid, except near the ends. 

We now return to a discussion of inductance, which 
includes self-inductance, representing the magnetic Mux 
linkage of a coil or circuit with itself, and mutual 
inductance, which involves the magnetic flux linkage in 
a circuit due to the magnetic field generated by a current 
in another circuit. Usually, when the term inductance is 
used, the intended reference is to self-inductance. 


EXERCISE 5.13 Use Eq. (5.89) to obtain an expression 
for B at a point on the axis of a very long solenoid but 
situated at its end points. How does B at the end points 
compare to B at the midpoint of the solenoid? 

Ans. B = Hp.Nl/2l) at the end points, which is half 
as large as B at the midpoint. (See ' 5> ) 


5-8.2 Self-Inductance 

From Eq. (5.66), the magnetic flux <t> linking a surface S 
is given by 


•f>^jv‘ds (Wb). (5.91) 


In a solenoid with an approximately uniform magnetic 
field given by Eq. (5.90), the flux linking a single loop is 


<f> 


“H'T 


— f ) • z ds = p y/S, (5-92)] i 


where S is the cross-sectional area of the loop. Magneti 
flux linkage A is defined as the total magnetic flux linking 
a given circuit or conducting structure. If the structure 
consists of a single conductor with multiple loops, as in 
the case of the solenoid, A is equal to the flux linking ; 
loops of the structure. For a solenoid with N turns, 


N 2 

A = /V<E> = p — IS (Wb). 


(5.93) 


If, on the other hand, the structure consists of two 
separate conductors, as in the case of the parallel-wire 
and coaxial transmission lines shown in Fig. 5-27, the 
flux linkage A associated with a length / of either line 
refers to the flux <P through the closed surface between 
the two conductors, as highlighted by the shaded areas in 
Fig. 5-27. In reality, there is also some magnetic flux that 
passes through the conductors themselves, but it may be 
ignored by assuming that the currents flow only on the 
surfaces of the conductors, in which case the magnetic 
fields inside the conductors are zero. This assumption is 
justified by the fact that our interest in calculating A is 
for the purpose of determining the inductance of a given 
structure, and inductance is of interest primarily in the a-c 
case (i.e., time-varying currents, voltages, and fields). As 
we will see later in Section 7-5, the current flowing in 
a conductor under a-c conditions is concentrated witl 
a very thin layer on the skin of the conductor. For the 
parallel-wire transmission line, the currents flow on the 
outer surfaces of the wires, and for the coaxial line, the 
current flows on the outer surface of the inner conductoi 
and on the inner surface of the outer conductor (the 
current-carrying surfaces are those adjacent to the electi 
and magnetic fields present in the region between i 
conductors). 
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For a solenoid, use of Eq. (5.93) gives 


S (solenoid), (5.95) 


and for two-conductor configurations similar to those of 
Fig. 5-27, 


Radius a 


(a) Parallel-wire transmission line 


Example 5-8 


Inductance of a Coaxial 
Transmission Line 

Develop an expression for the inductance per unit 
length of a coaxial transmission line. The conductors have 
radii a and b, as shown in Fig. 5-28, and the insulating 
material has a linear permeability /i. 


(b) Coaxial transmission line 


Figure 5-27: To compute the inductance per unit length of 
a two-conductor transmission line, we need to determine 
the magnetic flux through the area S between the 
conductors. 


The self-inductance of any conducting structure is 
defined as the ratio of the magnetic flux linkage A to 
the current / flowing through the structure: 


Outer 

conductor 


Outer 

conductor 


Inner ^ 
conductor 



The SI unit for inductance is the henry (H), which is 
equivalent to webers per ampere (Wb/A). 


Figure 5-28: Cross-sectional view of coaxial transmis¬ 
sion line (Example 5-8). 











240 


CHAPTER 5 MAGNETOSTATICS 


Solution: Due to the current 1 in the inner conductor, 
the magnetic field generated in the region with 
permeability /r between the two conductors is given by 
Eq. (5.30) as 

B = 4>-z— > (5-97) 

2nr 

where r is the radial distance from the axis of the coaxial 
line. Let us choose a transmission-line segment of length l 
as shown in Fig. 5-28. Over the planar surface S between 
the conductors, B is everywhere perpendicular to the 
surface. Hence, the flux through S is 


J a Ju 2 nr 2n \aJ 

(5.98) 

Using Eq. (5.96). the inductance per unit length of the 
coaxial transmission line is given hy 



5-8.3 Mutual Inductance 

Magnetic coupling between two different conducting 
structures is described in terms of the mutual inductance 
between them. For simplicity, let us assume that we have 
two closed loops w ith surfaces S) and S 2 and a current I\ 
flowing through the first loop, as shown in Fig. 5-29. The 
magnetic field B : generated by I\ results in a flux 4>i2 
through loop 2, given by 

d>i 2 = f B, -ds, (5.100) 

Jsi 

and if loop 2 consists of N 2 turns all coupled by Bi in 
exactly the same way, then the total magnetic flux linkage 
through loop 2 due to B| is 



The mutual inductance associated with this magnetic 
coupling is given by 


Mutual inductance is important in transformers wherein 
the windings of two or more circuits share a common 
magnetic core, as illustrated by the toroidal arrangement 
shown in Fig. 5-30. 

REVIEW QUESTIONS 

Q5.15 What is the magnetic field like in the interior ol 
a long solenoid? 

Q5.16 What is the difference between self-inductance 
and mutual inductance? 

Q5.17 How is the inductance of a solenoid related to 
its number of turns N ? 



A \2 — N 2 $>\ 2 — N 2 I B] • ds. 


(5.101) 
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5-9 Magnetic Energy 

When we introduced electrostatic energy in Section 4-11, 
we did so by examining whal happens to the energy 
expended in charging up a capacitor from zero voltage to 
some final voltage V. We will now use a similar analogy 
by considering an inductor with inductance L connected 
to a current source. Suppose that we were to increase 
the current i flowing through the inductor front zero to 
a final value I. From circuit theory, we know that the 
voltage v across the inductor is given by v = L di/dt. 
Power p is equal to the product of v and i, and the time 
integral of power is work, or energy. Hence, the total 
energy in joules (J) expended in building up the current 
in the inductor is 

p dt = j iv dt = L i di 

= \LI 2 (J). (5.103) 

For reasons that will become apparent shortly, we call 
this the magnetic energy stored in the inductor. 

Let us consider the solenoid inductor. Its inductance is 
given by Eq. (5.95) as L = pN 2 S/l, and the magnitude 
of the magnetic flux density in its interior is given from 
Eq. (5.90) by B = pNI/l. Equivalently, 1 = Bl/(pN). 


If we use these expressions for L and 1 in Eq. (5.103), 
we get 



1 B ^ i 

^^—0S) = -pH 2 v, (5.104) 

where v = IS is the volumeofthe interior of the solenoid 
and /-/ = 8/u. The magnetic energy density w m is 
defined as the magnetic energy W m per unit volume. 



Even though this expression was derived for a solenoid 
inductor, it is equally valid for any medium with magnetic 
field II. Furthermore, for any volume v containing a 
material with permeability p (including free space with 
permeability p 0 ), the total magnetic energy stored in the 
medium due to the presence of a magnetic field H is 

VFn, = 1 /" pH 1 dv (J). (5.106) 

2 Jv 


Example 5-9 Magnetic Energy in a Coaxial Cable 

Derive an expression for the magnetic energy stored 
in a coaxial cable of length I and inner and outer radii a 
and b. The insulation material has permeability p. 

Solution: From Eq. (5.97), the magnitude of the magnetic 
field in the insulating material is given by 

p 2n r 






242 


TECHNOLOGY BRIEF: INDUCTIVE SENSORS 


Primary C’oii 


Push Rod 
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AL LVDT circuit 


Inductive Sensors 

Magnetic coupling between different coils forms the 
basis of several different types of inductive sensors. 
Applications include the measurement of position 
and displacement (with submillimeter resolution) in 
device fabrication processes, proximity detection of 
conductive objects, and other related applications. 

Linear Variable Differential Transformer 
(LVDT) 

An LVDT comprises a primary coil connected to 
an ac source (typically a sine wave at a frequency 
in the 1-10kHz range) and a pair of secondary 
coils, all sharing a common ferromagnetic core (A1). 
The magnetic core serves to couple the magnetic 
flux generated by the primary coil into the two 
secondaries, thereby inducing an output voltage 


across each of them. The secondary coils are 
connected in opposition, so that when the core is 
positioned at the magnetic center of the LVDT, the 
individual output signals of the secondaries cancel 
each other out, producing a null output voltage. 
The core is connected to the outside world via a 
nonmagnetic rod. When the rod moves the core 
away from the magnetic center, the magnetic fluxes 
induced in the secondary coils are no longer equal, 
resulting in a nonzero output voltage. The LVDT 
is called a “linear” transformer because the output 
voltage is a linear function of displacement over a 
wide operating range. 

The cutaway view of the LVDT model in (A2) 
depicts a configuration in which all three coils -1 
with the primary straddled by the secondaries - 
are wound around a glass tube that contains | 
the magnetic core and attached rod. Sample 
applications are illustrated in (A3). 
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A3. LVDT for measuring beam deflection and 
as a fluid-level gauge 
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B. Eddy-current proximity sensor 


Eddy Current Proximity Sensor 


The transformer principle can be applied to build a 
proximity sensor in which the output voltage of the 
secondary coil becomes a sensitive indicator of the 
presence of a conductive object in its immediate 
vicinity (B). When an object is placed in front of 
the secondary coil, the magnetic field of the coil 
induces eddy (circular) currents in the object, which 
generate magnetic fields of their own having a 
direction that opposes the magnetic field of the 


secondary coil. The reduction in magnetic flux 
causes a drop in output voltage, with the magnitude 
of the change being dependent on the conductive 
properties of the object and its distance from the 
sensor. 
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where r is the radial distance from the center of the inner 
conductor, as shown in Fig. 5-28. The magnetic energy 
stored in the coaxial cable is then given by 



Since H is a function of r only, we choose dv to be a 
cylindrical shell of length l, radius r, and thickness dr 
along the radial direction. Thus, dv = 2nrl dr and 




f" 

tin 2 J a 


-r • 2nrl dr 
r 2 




(J). ■ 


CHAPTER HIGHLIGHTS 

• Magnetic force acting on a charged particle q 
moving with a velocity u in a region containing a 
magnetic flux density B is F m = cyu x B. 

• The total electromagnetic force, known as the 
Lorentz force, acting on a moving charge in the 
presence of both electric and magnetic fields is 
F = <?(E + u x B). 

• Magnetic forces acting on current loops can 
generate magnetic torques. 

• The magnetic field intensity induced by a current 
element is defined by the Biol-Savarl law. 

• Gauss’s law for magnetism states that the net mag¬ 
netic flux flowing out of any closed surface is zero. 

• Ampere's law states that the line integral of H over 
a closed contour is equal to the net current crossing 
the surface bounded by the contour. 

• Vector magnetic potential A is related to B by 
B = V x A. 


• Materials are classified as diamagnetic, 
paramagnetic, or ferromagnetic, depending on 
their crystalline structure and behavior under the 
influence of an external magnetic field. 

• Diamagnetic and paramagnetic materials exhibit a 

linear behavior between B and H, with for 

both. 

• Ferromagnetic materials exhibit a nonlinear 
hysteretic behavior between B and H and, for some, 
their /i may be as large as 10 5 /uo- 

• At the boundary between two different media, 
the normal component of B is continuous, and 
the tangential components of H are related by 
H 2l — Hi t = A, where J s is the surface current 
density flowing in a direction orthogonal to 
and Ho,. 

• Inductance of a circuit is defined as the ratio of 
magnetic flux linking the circuit to the current 
flowing through it. 

• Magnetic energy density is given by u> m = \fiH 2 . 


GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

magnetic flux density B 
magnetic force F m 
Lorentz force F 
moment arm d 
torque T 

magnetic moment m 
Biot-Savart law 
current density (volume) J 
surface current density J s 
magnetic dipole 
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Gauss's law for magnetism 
Ampere’s law 
toroidal coil 

vector Poisson’s equation 
magnetic flux <t> 

orbital and spin magnetic moments 

magnetization vector M 

magnetic susceptibility 

diamagnetic, paramagnetic, ferromagnetic 

magnetized domains 

magnetization curve 

magnetic hysteresis 

hard and soft ferromagnetic materials 

inductance (self- and mutual) 

solenoid 

magnetic energy W m 
magnetic energy density io m 

PROBLEMS 

Section 5-1: Forces and Torques 

5.1* An electron with a speed of 8 x 10 6 m/s is projected 
along the positive x-direction into a medium containing 
a uniform magnetic flux density B — (x4 - z3) T. Given 
that e = 1.6 x 1CT 19 C and the mass of an electron is 
»h = 9.1 x 10 -31 kg, determine the initial acceleration 
vector of the electron (at the moment it is projected into 
the medium). 


5.2 When a particle with charge q and mass m is 
introduced into a medium with a uniform field B such 
that the initial velocity of the particle u is perpendicular 
to B, as shown in Fig. 5-31, the magnetic force exerted 
on the particle causes it to move in a circle of radius a. 
By equating F m to the centripetal force on the particle, 
determine a in terms of q, m, u, and B. 

*Answer(s) available in Appendix D. 

$ Solution available in CD-ROM. 


© ®B 

® 

® 

® ® ® ® ® 

Figure 5-31: Panicle of charge q projected with velocity u 
into a medium with a uniform field B perpendicular to u 
(Problem 5.2). 



5.3 s The circuit shown in Fig. 5-32 uses two identical 
springs to support a 10-cm-long horizontal wire with a 
mass of 20 g. In the absence of a magnetic field, the weight 
of the wire causes the springs to stretch a distance of 
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Figure 5-32: Configuration of Problem 5.3. 
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0.2 cm each. When a uniform magnetic field is turned on 
in the region containing the horizontal wire, the springs 
are observed to stretch an additional 0.5 cm. What is 
the intensity of the magnetic flux density B? The force 
equation for a spring is F — kd, where k is the spring 
constant and d is the distance it has been stretched. 

5.4 The rectangular loop shown in Fig. 5-33 consists of 
20 closely wrapped turns and is hinged along the z-axis. 
The plane of the loop makes an angle of 30° with the 
y-axis, and the current in the windings is 0.5 A. What 
is the magnitude of the torque exerted on the loop in 
the presence of a uniform field B = y2.4 T? When 
viewed from above, is the expected direction of rotation 
clockwise or counterclockwise? 



® 5.5* In a cylindrical coordinate system, a 2-m-Iong 
straight wire carrying a current of 5 A in the positive 
z-direction is located at r = 4 cm, 4> = it/ 2, and 
-1 m £ j < 1 m, 
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(a) If B = r 0.2 cos 0 (T), what is the magnetic force 
acting on the wire? 

(b) How much work is required to rotate the wire ones 
about the z-axis in the negative (^-direction (while 
maintaining r = 4 cm)? 

(c) At what angle 0 is the force a maximum? 

5.6 A 20-turn rectangular coil with sides l — 30 cm 

and w — 10 cm is placed in the y-z. plane as shown in 

Fig. 5-34. 

(a) If the coil, which carries a current / = 10 A, is in 
the presence of a magnetic flux density 

B = 2 x 10~ 2 (x 4- y2) (T) 

determine the torque acting on the coil. 

(b) At what angle <p is the torque zero? 

(c) At what angle <p is the torque maximum? Determine 
its value. 



x 


Figure 5-34: Rectangular loop of Problem 5.6. 
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Section 5-2: Biot-Sauart Law 

5.7* An 8 cm x 12 cm rectangular loop of wire is 
situated in the x—y plane with the center of the loop at the 
origin and its long sides parallel to the a:-axis. The loop 
has a current of 50 A flowing clockwise (when viewed 
from above). Determine the magnetic field at the center 
of the loop. 

5.8 Use the approach outlined in Example 5-2 to 
develop an expression for the magnetic field H at an 
arbitrary point P due to the linear conductor defined by 
the geometry shown in Fig. 5-35. If the conductor extends 
between z\ = 3 m and z 2 = 7 m and carries a current 5*10 An infinitely long, thin conducting sheet defined 
1 = 15 A, find II at P(2, (p, 0). over the s P ace 0 < * < w and -oo < y < oo is 

carrying a current with a uniform surface current density 
J s = y5 (A/m). Obtain an expression for the magnetic 
field at point P( 0, 0, z) in Cartesian coordinates. 

5.11* An infinitely long wire carrying a 25-A current in 
the positive w-direction is placed along the x-axis in the 
vicinity of a 20-tum circular loop located in the x-y plane 
as shown in Fig. 5-37. If the magnetic field at the center 
of the loop is zero, what is the direction and magnitude 
of the current flowing in the loop? 


5.9* The loop shown in Fig. 5-36 consists of radial lines 
and segments of circles whose centers are at point P. 
Determine the magnetic field II at P in terms of a, b, 0. 
and /. 
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A/l=6A 


fr 2 = 6A 


P 

0.5m 


2m 


Figure 5-38: Arrangement for Problem 5.12. 


5.12 Two infinitely long, parallel wires are carrying 6-A 
currents in opposite directions. Determine the magnetic 
flux density at point P in Fig. 5-38. 

5.13 A long, East-West-oriented power cable carrying 
an unknown current / is at a height of 8 m above the 
Earth’s surface. If the magnetic flux density recorded by 
a magnetic-field meter placed at the surface is 15 /r.T 
when the current is flowing through the cable and 20 fxT 
when the current is zero, what is the magnitude of II 

5.14 Two parallel, circular loops carrying a current of 
40 A each are arranged as shown in Fig. 5-39. The first 
loop is situated in the x-y plane with its center at the 
origin, and the second loop’s center is at z = 2 m. If the 
two loops have the same radius a — 3 m, determine the 
magnetic field at: 

(a) z = 0 

(b) z = I m 

(c) z—2 m 

Section 5-3: Forces between Currents 

5.15 s The long, straight conductor shown in Fig. 5-40 
lies in the plane of the rectangular loop at a 
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Figure 5-39: Parallel circular loops of Problem 5.14. 



b = 0.5 m 


a = 0.2 m 


Figure 5-40: Current loop next to a conducting wire 
(Problem 5.15). 
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distance d = 0.1 m. The loop has dimensions u = 0.2 m 
and b = 0.5 m, and the currents are 1\ = 20 A and 
h = 30 A. Determine the net magnetic force acting on 
the loop. 

5.16 In the arrangement shown in Fig. 5-41, each of 
the two long, parallel conductors carries a current l, is 
supported by 8-cm-long strings, and has a mass per unit 
length of 1.2 g/cm. Due to the repulsive force acting on the 
conductors, the angle 9 between the supporting strings 
is 10°. Determine the magnitude of / and the relative 
directions of the currents in the two conductors. 

5.17* An infinitely long, thin conducting sheet of 
width w along the x direction lies in the x- y plane and 
carries a current / in the —y-direction. Determine the 
following: 

(a) The magnetic field at a point P midway between 
the edges of the sheet and at a height h above it 
(Fig. 5-42). 



(b) The force per unit length exerted on an infinitely 
long wire passing through point P and parallel to 
the sheet if the current through the wire is equal in 
magnitude but opposite in direction to that carried 
by the sheet. 


5.18 Three long, parallel wires are arranged as shown 
in Fig. 5-43. Determine the force per unit length acting 
on the wire carrying h. 
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z 



Figure 5-44; Long wire carrying current h, just above a 
square loop carrying 1\ (Problem 5.19). 


5.19" A square loop placed as shown in Fig. 5-44 has 
2-m sides and carries a current /, - 5 A. If a straight, 
longconductorcarryingacurrent/ 2 = 10 Aisintroduced 
and placed just above the midpoints of two of the loop's 
sides, determine the net force acting on the loop. 

Section 5-4: Gauss’s Law for Magnetism and Ampere’s Law 

5.20 Current 1 flows along the positive z-direction in 
the inner conductor of a long coaxial cable and returns 
through the outer conductor. The inner conductor has 
radius a, and the inner and outer radii of the outer 
conductor are b and c, respectively. 

(a) Determine the magnetic field in each of the 
following regions: 0 < r < a, a < r < b, 
b < r <c, and r > c. 

(b) Plot the magnitude of H as a function of r over the 
range from r — Otor = 10 cm, given that / = 10 A, 
a = 2 cm, b = 4 cm, and c = 5 cm. 


5.21* A long cylindrical conductor whose axis is 
coincident with the --axis has a radius a and carries a 
current characterized by a current density J = z/o/r, 
where / u is a constant and r is the radial distance from 
the cylinder's axis. Obtain an expression for the magnetic 
field H for 

(a) 0 < r < a 

(b) r > a 


5.22 Repeat Problem 5.21 for a current density J = 
zJ 0 e~ r . 

5.23" In a certain conducting region, the magnetic field 
is given in cylindrical coordinates by 

H = 0-[1 -(1 +3r)e" 3r ] 

r 

Find the current density J. 

Section 5-5: Magnetic Potential 


5.24 With reference to Fig. 5-10: 

(a) Derive an expression for the vector magnetic 
potential A at a point P located at a distance r from 
the wire in the x-y plane. 

(b) Derive B from A. Show that your result is identical 
with the expression given by Eq. (5.29), which was 
derived by applying the Biot-Savart law. 
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5.25* In a given region of space, the vector magnetic 
potential is given by A = x5cos7ry + z(2 + sin nx) 
(Wb/in). 

(a) Determine B. 

(b) UseEq. (5.66) to calculate the magnetic flux passing 
through a square loop with 0.25-m-long edges if the 
loop is in the x-y plane, its center is at the origin, 
and its edges are parallel to the x- and y-axes. 

(c) Calculate again using Eq. (5.67). 


5.26 A uniform current density given by 
J = iJ 0 (A/m 2 ) 
gives rise to a vector magnetic potential 

A = —z ( x 2 + y 2 ) (Wb/m) 

(a) Apply the vector Poisson’s equation to confirm the 
above statement. 

(b) Use the expression for A to find H. 

(c) Use the expression for J in conjunction with 
Ampere's law to find H. Compare your result with 
that obtained in part (b). 

5.27* A thin current element extending between 
z = — L/2 and z = L/2 carries a current I along +z 
through a circular cross-section of radius a. 

(a) Find A at a point P located very far from the origin 
(assume R is so much larger than L that point 


P may be considered to be at approximately the 
same distance from every point along the current 
element). 

(b) Determine the corresponding H. 

Section 5-6: Magnetic Properties of Materials 

5.28 In the model of the hydrogen atom proposed by 
Bohr in 1913, the electron moves around the nucleus 
at a speed of 2 x 10 6 m/s in a circular orbit of radius 
5 x 10 -11 m. What is the magnitude of the magnetic 
moment generated by the electron’s motion? 

5.29* Iron contains 8.5 x 10 2? atoms/m 3 . At saturation, 
the alignment of the elections’ spin magnetic moments 
in iron can contribute 1.5 T to the total magnetic flux 
density B. If the spin magnetic moment of a single 
electron is 9.27 x 1(J -24 (A-m 2 ), how many electrons 
per atom contribute to the saturated field? 

Section 5-7: Magnetic Boundary Conditions 

5.30 The x-y plane separates two magnetic media with 
magnetic permeabilities /z ( and fi 2 , as shown in Fig. 5 45. 


z 

I 

I 

H, 

Mi 

-► x-y plane 

M2 


Figure 5-45: Adjacent magnetic media (Problem 5.30). 
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If there is no surface current at the interface anti the 
magnetic field in medium 1 is 

H, = xH lx +jH ly + z.H lz 


find: 

(a) H 2 

(b) 0\ and 9 2 

(c) Evaluate II 2 , 0 \, and 0 2 for H [x = 2 (A/m), H ly = 0, 

= 4 (A/m), /i\= no, and yx 2 = 4^i 0 


5.31* Given that a current sheet with surface current 
density J s = x8 (A/m) exists at y = 0, the interface 
between two magnetic media, and Hi = ill (A/m) in 
medium 1 (y > 0), determine H 2 in medium 2 (_y < 0). 

5.32 In Fig. 5-46, the plane defined by a: - y = 1 
separates medium 1 of permeability hi from medium 2 


y 



Figure 5-46: Magnetic media separated by the plane 
x — y = 1 (Problem 5.32). 
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Figure 5-47: Three magnetic media witli parallel 
interfaces (Problem 5.34). 


of permeability yx 2 . If no surface current exists on the 
boundary and 

B, = x2 + y3 (T) 

find B 2 and then evaluate your result for = 5yx 2 . 

Hint: Start by deriving the equation for the unit vector 
normal to the given plane. 

5.33 The plane boundary defined by z = 0 separates 
air from a block of iron. If B, = x4 - y6 I- z8 in air I 
(z > 0), find B, in iron (z < 0), given that yx = 5OOfl/: 0 
for iron. 

5.34 Show that if no surface current densities exist at I 
the parallel interfaces shown in Fig. 5-47, the relationship I 
between 64 and A is independent of yx 2 . 

Sections 5-8 and 5-9: Inductance and Magnetic Energy 

5.35“ Obtain an expression for the self-inductance per 
unit length for the parallel wire transmission line of 
Fig. 5-27(a) in terms of a, d, and /x, where a is the radius 
of the wires, d is the axis-to-axis distance between the 
wires, and yx is the permeability of the medium in which 
they reside. 
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5.36 A solenoid with a length of 20 cm and a radius of 
5 cm consists of 400 turns and carries a current of 12 A. 
If z = 0 represents the midpoint of the solenoid, generate 
a plot for |H(z)| as a function of z along the axis of the 
solenoid for the range —20 cm < z < 20 cm in 1-cm 
steps. 

5.37* In terms of the d-c current I, how much magnetic 
energy is stored in the insulating medium of a 3 m-long, 
air-filled section of acoaxial transmission line, given that 
the radius of the inner conductor is 5 cm and the inner 
radius of the outer conductor is 10 cm? 

5.38 The rectangular loop shown in Fig. 5-48 is 
coplanar with the long, straight wire carrying the current 
/ = 20 A. Determine the magnetic flux through the loop. 


5.39-5.41 Additional Solved Problems — complete 
solutions on . 




Increasing B(f) 


+ y“mi 


>** chapter 


(aBLoub in a changing B field 


Maxwell’s Equations 
for Time-Varying Fields 


changing 


Dynamics Fields 
6-1 Faraday’s Law 

6-2 Stationary Loop in a Time-Varying Magnetic Field 

6-3 The Ideal Transformer 

6-4 Moving Conductor in a Static Magnetic Field 

6-5 The Electromagnetic Generator 

6-6 Moving Conductor in a Time-Varying Magnetic Field 

6-7 Displacement Current 

6-8 Boundary Conditions for Electromagnetics 

6-9 Charge—Current Continuity Relation 

6-10 Free-Charge Dissipation in a Conductor 

6-1 1 Electromagnetic Potentials 


Ri 

M-1 



Dynamic Fields 


Jilectric charges induce electric fields and electric 
currents induce magnetic fields. Those are the lessons 
we learned in the preceding two chapters. As long as the 
charge and current distributions remain constant in time, 
so will the fields that they induce. However, if the charge 
and current sources were to vary with time I, not only will 
the fields also vary with time, but much more happens. 
The electric and magnetic fields become interconnected, 
and the coupling between them produces electromagnetic 
waves capable of traveling through free space and in 
material media. Electromagnetic waves, which include 
light waves, x-rays, infrared waves, gamma rays, and 
radio waves [see Fig. 1-15], are an important part of our 
physical world, and their uses are manifested in many 
fields of science and technology. 

To study time-varying electromagnetic phenomena, 
we need to use Maxwell’s equations as an integrated 
unit. These equations, which were first introduced in 
the opening section of Chapter 4, arc given in both 
differential and integral form in Table 6-1. Whereas 
in the static case {'d/‘St = 0) we were able to use 
the first pair of Maxwell’s equations to study electrical 
phenomena in Chapter 4 and the second pair to study 
magnetic phenomena in Chapter 5. in the dynamic case 
we have to deal with the coupling that exists between 
the electric and magnetic fields, as expressed by the 
second and fourth equations in Table 6-1. The first 
equation represents Gauss’s law, and it is equally valid for 
static and dynamic fields. The same is true for the third 
equation, V - B = 0, which basically states that there 
are no such things as magnetic charges. The second and 
fourth equations, however, exhibit different meanings 


for static and dynamic fields. In the dynamic case, a 
time-varying magnetic field gives rise to an electric field 
(Faraday’s law) and, conversely, a time-varying electric 
field gives rise to a magnetic field (Ampere’s law). 

Some of the results we will obtain in this and 
succeeding chapters might contradict statements made 
and conclusions reached in Chapter 4 and 5. This is 
because the earlier material pertains to the special case 
of steady currents and static charges. When 3/3 1 is 
set equal to zero, the results and expressions for the 
fields under dynamic conditions will reduce to those 
applicable under static conditions. 

We begin this chapter with examinations of Faraday’s 
and Ampere’s laws and some of their practical 
applications. We will then combine Maxwell’s equations 
to obtain relations among the charge and current sources, 
p v and J, the scalar and vector potentials, V and A, 
and the electromagnetic fields, E, D, H, and B, for 
the time-varying case in general and for sinusoidal-time 
variations in particular. 

6-1 Faraday’s Law 

The close connection between electricity and magnetism 
was established by Oersted, who demonstrated that a 
wire carrying an electric current exerts a force on a 
compass needle and that the needle always turns so as 
to point in the ^-direction when the current is along the 
z-dircction. The force acting on the compass needle is due 
to the magnetic field produced by the current in the wire. 
Following this discovery, Michael Faraday developed the 
following hypothesis: if a current can produce a magnetic 
field, then the converse should also be true: a magnetic 
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CHAPTER 6 MAXWELL’S EQUATIONS FOR TIME-VARYING FIELDS 


Tabic 6-1: Maxwell’s equations. 


Reference 

Differential Form 

Integral Form 


Gauss’s law 

V • D = p v 

j)D-ds= Q 

(6.1) 

Faraday’s law 

VxE = - aK 

9 / 

<j E -d\ = - f --ds 

Jc .Is Dt 

(6.2)* 

No magnetic charges 

V • B = 0 

(£n-ds = o 

Js 

(6.3) 

(Gauss’s law for magnetism) 




Ampere’s law 

VxH = J+^ 

at 


(6.4) 

*For a stationary surface S. 


field should produce a current in a wire. To prove his 
hypothesis, he conducted numerous experiments in his 
laboratory in London over a period of about 10 years, 
all aimed at making magnetic fields induce currents in 
wires. Similar work was being conducted by Joseph 
Henry in Albany, New York. Wires were placed next to 
permanent magnets of all different sizes, but no currents 
were detected in the wires. Current was passed through 
a wire while another wire was placed parallel to it, with 
the expectation that the magnetic field of the current- 
carrying wire would induce a current in the other wire, 
but again the result was negative. Eventually, these types 
of experiments led to the true answer, which both Faraday 
and Henry discovered independently at about the same 
time (1831). They discovered that indeed magnetic fields 
can produce an electric current in a closed loop, but only 
if the magnetic flux linking the surface urea of the loop 
changes with time. The key to the induction process is 
change. To explain how the induction process works, let 
us consider the arrangement shown in Fig. 6-1. A square 
conducting loop connected to a galvanometer, which is a 
sensitive instrument used in the 1800s to detect the flow 



of current in a circuit, is placed next to a conducting coil 
connected to a battery. The current in the coil produces 
a magnetic field B whose lines pass through the loop 
as shown in Fig. 6-1. In Section 5-5, we defined the 
magnetic flux <t> passing through a loop as the integral of 
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the normal component of the magnetic flux density over 
the surface area of the loop, S, or 



Under stationary conditions, the d-c current in the coil 
produces a constant magnetic field B, which in turn 
produces a constant ilux through the loop. When the flux 
is constant, no current is detected by the galvanometer. 
However, when the battery is disconnected, thereby 
interrupting the flow of current in the coil, the magnetic 
field drops to zero, and the consequent change in 
magnetic flux causes a momentary deflection of the 
galvanometer needle. When the battery is reconnected, 
the galvanometer again exhibits a momentary deflection, 
but in the opposite direction. Thus, current is induced 
in the loop when the magnetic flux changes, and the 
direction of the current depends on whether the flux is 
increasing (as when the battery is being connected) or 
decreasing (as when the battery is being disconnected). 
It was further discovered that current can also flow in 
the loop, while the battery is connected to the coil, if the 
loop is turned around suddenly or while moving it closer 
to or away from the coil. The physical movement of the 
loop changes the amount of flux linking its surface 5, 
even though the field B due to the coil has not changed. 

A galvanometer is the predecessor of the voltmeter 
and ammeter. When a galvanometer detects the flow of 
current through the coil, it means that a voltage has been 
induced across the galvanometer terminals. This voltage 
is called the electromotive force (emf), V em f, and the 
process is called electromagnetic induction. The emf 
induced in a closed conducting loop of N turns is given by 

„ d<t> d f 

Vemf = —N —— = —N — / B • ds (V). (6.6) 

dt dt J s 

Even though the results leading to Eq. (6.6) were 
also discovered independently by Henry, Eq. (6.6) is 


attributed to Faraday and is known as Faraday’s law. 
The significance of the negative sign in Eq. (6.6) will be 
explained in the next section. 

We note that the derivative in Eq. (6.6) is a total time 
derivative that operates on the magnetic field B, as well 
as the differential surface area ds. Accordingly, an emf 
can be generated in a closed conducting loop under any 
of the following three conditions: 

1. A time-varying magnetic field linking a stationary 
loop: the induced emf is then called the transformer 
«'»/• V“ mf . 

2. A moving loop with a lime-varying area (relative to 
the normal component of B ) in a static field B; the 

induced emf is then called the motional emf , 

ym 

’emf' 

3. A moving loop in a time-varying field B. 

The total emf is given by 

V'em f=Cf+Cf. (6-7) 

with V e ™ f = 0 if the loop is stationary (case (1)) and 
Cr = 0 if B is stalic (case ( 2 »- For case (3), neither 
term is zero. Each of the three cases will be examined 
separately in the following sections. 

6-2 *■ Stationary Loop in a Time-Varying 
Magnetic Field 

The single-turn, conducting, circular loop with contour C 
and surface area S shown in Fig. 6-2(a) is in a 
time-varying magnetic field B(/). As was stated earlier, 
the emf induced when S is stationary and the field is time 
varying is called the transformer emf and is denoted 
''emf- Since the loop is stationary, d/dt in Eq. (6.6) now 
operates on B(r) only. Hence, 
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Increasing B(/) 



'ttt 


(a) Loop in a changing B field 



2 

(b) Equivalent circuit 


Figure 6-2: fa) Stationary circular loop in a changing 
magnetic field B(t), and (b) its equivalent circuit. 


where the full derivative d/dt has been moved inside 
the integral and changed into a partial derivative d/dt. to 
signify that it operates on B only. The transformer emf is 
the voltage difference that would appear across the small 
opening between terminals I and 2, even in the absence of 
the resistor R. That is, — V 12 , where V \2 is the open- 
circuit voltage across the open ends of the loop. Under d-c 
conditions, = 0. For the loop shown in Fig. 6-2(a) 
and the associated definition for V e ^ f given by Eq. (6.8), 
the direction ofds, the loop’s differential surface normal, 
can be chosen to be either upward or downward. The 
two choices are associated with opposite designations of 
the polarities of terminals 1 and 2 in Fig. 6-2(a). The 
connection between the direction of ds and the polarity 
of V e ‘; f is governed by the following right-hand rule: if 
ds points along the thumb of the right hand, then the 


direction of the contour C indicated by the four fingers 
is such that it always passes across the opening from the 
positive terminal of V e * f to the negative terminal. 

If the loop has an internal resistance R\. the circuit in 
Fig. 6-2(a) can be represented by the equivalent circuit 
shown in Fig. 6-2(b), in which case the current I flowing 
through the circuit is given by 

V* f 

' = R?Ri • (6 - 9) 

For good conductors, R\ usually is very small, and it 
may be ignored in comparison with practical values of R, 
except when R = 0 (loop is shorted across its ends). 

The polarity of and hence the direction of I is 
governed by Lenz’s law, which states that the current 
in the loop is always in such a direction as to oppose 
the change of magnetic flux <t> (/) that produced it. The 
current / induces a magnetic field of its own, B; n( i, witha 
corresponding flux <J> inil . The direction of B int i is governed 
by the right-hand rule; if / is in aclock wise direction, then 
Bi„u points downward through S and, conversely, if / is 
in a counterclockwise direction, then Bind points upward 
through S. If the original field B(<) is increasing, which 
means that d<S>/dt > 0, then according to Lenz’s law', / 
has to be in the direction shown in Fig. 6-2(a) in order for 
B ind tq be in opposition toB(t). Consequently, terminal 
would be at a higher potential than terminal 1, and 
would have a negative value. However, if B(f) were to 
remai n in the same direction but to decrease in magnitude, 
then d<P/dt would become negative, the current would 
have to reverse direction, and its induced field B ind would 
be in the same direction as B(r) so as to oppose the change 
(decrease) of B((). In that ease, V c " lf would be positive, 
ft is important to remember that B ind serves to oppose the 
change in B(t), and not necessarily B(z) itself. 

Despite the presence of the small opening between ter¬ 
minals 1 and 2 of the loop in Fig. 6-2(a), we shall treat the 
loop as a closed path with contour C. We do this in order 
to establish the link between B and the electric field E 
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associated with the induced emf, E e ‘L.. Also, at any point 
along the loop, the field E is related to the current / flow¬ 
ing through the loop. For contour C, is related to E by 


Cf = 


For N = 1 (a loop with one turn), equating Eqs. (6.8) 
and (6.10) gives 


E • d\ = — 


r d i 

Js d‘ 


which is the integral form of Faraday’s law given in 
Table 6-1. We should keep in mind that the direction of 
the contour C and the direction of d s are related by the 
right-hand rule. 

By applying Stokes’s theorem to the left-hand side of 
Eq. (6.11), we have 

r f 3 B 

/ (V x E) • ds = — / — • ds. (6.12) 

Js Js dt 

and in order for the two integrals to be equal, their 
integrands have to be equal, which gives 


_ SB 

V x E =- 

dt 


(Faraday's law). (6.13) 


This differential form of Faraday’s law states that a 
time-varying magnetic field induces an electric field E 
whose curl is equal to the negative of the time derivative 
of B. Even though the derivation leading to Faraday’s 
law started out by considering the field associated with a 
physical circuit, Eq. (6.13) applies at any point in space, 
whether or not a physical circuit exists at that point. 

Example ST Inductor in a Changing Magnetic Field 

An inductor is formed by winding N turns of a thin 
conducting wire into a circular loop of radius a. The 
inductor loop is in the x-y plane with its center at the 
origin, and it is connected to a resistor R, as shown in 



/ .V turns 

Figure 6-3: Circular loop with N turns in the x-y plane. 
The magnetic field is B = So(y2+z3) sin cot (Example 6- 
1 ). 


Fig. 6-3. In the presence of a magnetic field given by 
B = Sn(y2+z3) sin cot, where to is the angular frequency, 
find 

(a) the magnetic flux linking a single turn of the 
inductor, 

(b) the transformer emf, given that N = 10, S 0 = 
0.2 T, a — 10 cm, and eo = 10 3 rad/s, 

(c) the polarity of V^f at t = 0, and 

(d) the induced current in the circuit for R — 1 
(assume the wire resistance to be negligibly small). 

Solution: (a) The magnetic flux linking each turn of the 
inductor is 




= J [Bo(y 2 -Fz3) sinrot]-z ds = 3 ku 2 Bosiniot. 

(b) To find V“ mf , we can apply Eq. (6.8) or we can apply 
the general expression given by Eq. (6.6) directly. The 
latter approach gives 

, d<t> 

V" e =-N - 


= — —(?>jrNcrB 0 sin cot) = —inNcoa Ba cos tot. 
dt 






260 


CHAPTER 6 MAXWELL'S EQUATIONS FOR TIM E-VARYING FIELDS 


For N — 10, a = 0.1 in, co = 10 3 rad/s. and B 0 = 0.2 T, 
^emf = —1.88.5 cos 10 3 / (V). 

(c) At t = 0, dt>/dt > 0 and V“ ]f = -188.5 V. Since 
the flux is increasing, the current l must be in the direction 
shown in Fig. 6-3 in order to satisfy Lenz’s law. Conse¬ 
quently, point 2 is at a higher potential than point 1 and 

V? m[ =V l -V 2 = -m.5 (V). 

(d) The current 1 is given by 

, V 2 -Vj 188.5 , , 

1 = ~ R = ~^ 3 ~cos 10 3 r = 0.19cos 10 3 f (A). 


D6.1 


EXERCISE 6.1 For the loop shown in Fig. 6-3, what is 
v emf if B = yfio COSO)/? Explain. 

A ns. = 0 because B is orthogonal to the loop’s 

surface normal ds. (See ^ ) 

EXERCISE 6.2 Suppose that the loop of Example 6-1 is 
replaced with a 10-turn square loop centered at the origin 
and having 20-cm sides oriented parallel to the a:- and 
y-axes. If B = zB () .x 2 cos 10 3 / and B ( > = 100 T, find the 
current, in the circuit. 

Ans. / = — 133sin 10 3 r (mA). (See 


Example 6-2 Lenz’s Law 

Determine the voltages V\ and V 2 across the 2-Q. and 
4-D resistors shown in Fig. 6-4. The loop is located in 
the x-y plane, its area is 4 nr, the magnetic flux density 
is B — —z0.3/ (T), and the internal resistance of the w ire 
may be ignored. 

Solution: The flux flowing through the loop is 

$ = j R ds = J (—z0.3 1) • z ds 

— —0.3/ x 4 = —1.2/ (Wb), 


40 
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■ Area = 4 m 2 


Figure 6-4: Circuit for Example 6-2. 


and the corresponding transformer emf is 




dt 


(V). 


Since the magnetic flux through the loop is along the 
—c-direction (into the page) and it is increasing in 
magnitude with time /.Lenz’s law states that the induced 
current 1 should be in a direction such that the magnetic 
flux density Bind induced by 1 counteracts the direction 
of change of <I>. Hence, I has to be in the direction shown 
in the circuit because the corresponding Bj„,i is along the 
+z-direction in the region inside the loop area. This, in 
turn, means that V\ and Vi are positive voltages. 

The total voltage of 1.2 V is distributed across two 
resistors in series. Consequently, 


and 


I - 


V'r 

y cmf 

R\ + R .2 


1.2 
2 + 4 


= 0.2 A, 


!/[ = //?, =0.2 x 2 = 0.4 V, 

V 2 = JR 2 =0.2x4 = 0.8 V. ■ 


REVIEW QUESTIONS 

Q6.1 Explain Faraday’s law' and the function of Lenz’s 
law. 

Q6.2 Under what circumstances is the net voltage 
around a closed loop equal to zero? 



6-3 THE IDEAL TRANSFORMER 


261 


Q6.3 Suppose the magnetic flux density linking 
the loop of Fig. 6-4 (Example 6-2) is given by 
R = -z 0.3c (T). What would the direction of the 

current be, relative to that shown in Fig. 6-4, for / > 0? 
Explain. 


M6.1-6.2 


6-3 The Ideal Transformer 


The transformer shown in Fig. 6-5(a) consists of two coils 
wound around a common magnetic core. The coil of the 
primary circuit has N\ turns and that of the secondary 
circuit has N 2 turns. The primary coil is connected to 
an a-c voltage source V\(t) and the secondary coil is 
connected to a load resistor Ki_. In an ideal transformer 
the core has infinite permeability (/x — co), and the 
magnetic flux is confined within the core. The directions 
of the currents flowing in the two coils, I\ and I 2 , are 
defined such that, when I\ and h are both positive, the 
flux generated by Z 2 is opposite that generated by I\. The 
transformer gets Us name from the fact that it is used to 
transform currents, voltages, and impedances between 
its primary and secondary circuits. 

On the primary side of the transformer, the voltage 
source V\ generates a current I\ in the primary coil, which 
establishes a flux © in the magnetic core. The flux © and 
the voltage V\ are related by Faraday’s law: 

d© 

V, = -AT,— , (6.14) 

and, similarly, on the secondary side, 

d© 

V 2 = -N 2 —. (6.15) 

The combination of Eqs. (6.14) and (6.15) gives 


Yf = 1 L 

v 2 n 2 ' 


(6.16) 



(b) 


Figure 6-5: In a transformer, the directions of I\ and 1 2 
are such that the flux © generated by one of them is 
opposite that generated by the other. The direction of the 
secondary winding in (b) is opposite that in (a), and so 
are the direction of I 2 and the polarity of V 2 . 


In an ideal lossless transformer, all the instantaneous 
power supplied by the source connected to the primary' 
coil is delivered to the load on the secondary side. Thus, 
no power is lost in the core, and 


P\ = Pi- (6.17) 


Since P\ = I\V\ and P 2 — I 2 V 2 , and in view of 
Eq. (6.16), we have 


h = Ni 
h A', • 


(6.18) 
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Figure 6-6: Equivalent circuit for the primary side of the 
transformer. 


Thus, whereas the ratio of the voltages given by Eq. (6.16) 
is proportional to the corresponding turns ratio, the ratio 
of the currents is equal to the inverse of the turns ratio. 
If NJNi = 0.1, Vi of the secondary circuit would be 
10 times V ] of the primary circuit, but h would be only 

/t/10. 

The transformer shown in Fig. 6-5(b) is identical to that 
in Fig. 6-5(a) except for the direction of the windings of 
the secondary coil. Because of this change, the direction 
of h and the polarity of V 2 in Fig. 6-5(b) are the reverse 
of those in Fig. 6-5(a). 

The voltage and current in the secondary circuit in 
Fig. 6-5(a) are related by V 2 = / 2 Rl- To the input circuit, 
the transformer may be represented by an equivalent input 
resistance R m , as shown in Fig. 6-6, defined as 


n 

Use of Eqs. (6.16) and (6.18) gives 


(6.19) 


V, 


Rin = — = 


Rl- 


(6.20) 


h \.Ni, 

When the load is an impedance Z L and V[ is a 
sinusoidal source, the input resistance representation can 
be extended to an equivalent input impedance Z in given 
by 



6-4 Moving Conductor in a Static 
Magnetic Field 

Consider a wire of length / moving across a static 
magnetic field B = 2 fin at a constant velocity u, as 
shown in Fig. 6-7. The conducting wire contains free 
electrons. From Eq. (5.3), the magnetic force F„. acting 
on any charged particle q moving with a velocity u in: 
magnetic field B is given by 


Pm = <7(u x B). 


( 6 . 22 ) 


This magnetic force is equivalent to the electrical force 
that would be exerted on the particle by an electric 
field E m given by 


,, F [n 

E m = — = u x B. 

q 


( 6 . 23 ) 


The field E m generated by the motion of the charged 
particle is called a motional electric field, and it is in 
a direction perpendicular to the plane containing u and 
B. For the wire shown in Fig. 6-7, E m is along —y. The 
magnetic force acting on the electrons in the wire causes 
them to move in the direction of —E m ; that is, toward 
the end labeled 1 in Fig. 6-7. This in turn induces a 


O 0 © 0 


O 




O 0 




Magnetic field line 
(out of the page) 


Figure 6-7: Conducting wire moving in a static magnetic 
field. 
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Magnetic field B 


Figure 6-8: Sliding bar in a magnetic field that increases linearly with x: that is, B = z Bqx (Example 6-3). 


voltage difference between ends 1 and 2, with end 2 being 
at the higher potential. The induced voltage is called a 
motional emf, V c ™ f , and is defined as the line integral of 
E„> between ends 2 and 1 of the wire, 

Cf = Vi2 = jf 1 E m • dl = J \U X B) • dl (6.24) 

For the conducting wire, u x B = xu x zBq = —y uB {) 
and d\ = ydl. Hence, 

V£ { = V l2 = -uB 0 l. (6.26) 

In general, if any segment of a closed circuit with con¬ 
tour C moves with a velocity u across a static magnetic 
field B, then the induced motional emf is given by 


KZf = £(u X B) -dl. (6.26) 


Only those segments of the circuit that cross magnetic 
field lines contribute to V' e ™ rf . 

Example 6-3 Sliding Bar 

The rectangular loop shown in Fig. 6-8 has a constant 
width l, but its length xq increases with time as a 


conducting bar slides at a uniform velocity u in a static 
magnetic field B = zBqw. Note that B increases linearly 
with x. The bar starts from .x = 0 at f = 0. Find the 
motional emf between terminals 1 and 2 and the current I 
flowing through the resistor R. Assume that the loop 
resistance /?, R. 

Solution: This problem can be solved by using the 
motional emf expression given by Eq. (6.26) or by 
applying the general formula of Faraday’s law. We will 
show' that the two approaches yield the same result. 

The sliding bar, being the only part of the circuit that 
crosses the lines of the field B, is the only part of contour 
2341 that contributes to V^. Hence, at a — xo, 

v Zl= v n= v u=J (uxB)-rtl 

=J^ (xu x zBqXq) • y dl = -u B 0 x 0 l. 

The length of the loop is related to u by x () — ul. Hence, 

Cr = -*o “ 2 lt (V)- (6.27) 

Since B is static, — 0 and V em f — only. To 
verify that the same result can be obtained by the general 
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form of Faraday's law, we start by finding the flux O 
through the surface of the loop. Thus, 

<S> = j^B-ds 
- J ( iB 0 x ) • i dx dy 

C x 0 n / v 2 

= B 0 l xdx = . (6.28) 

J 0 2 

Substituting _r 0 = ui in Eq. (6.28) and then taking the 
negative derivative with respect to time gives 

dd> d (B„lu 2 t 2 \ 

= J 

= —B 0 u 2 lt (V), (6.29) 

which is identical with Eq. (6.27). Since V, 2 is negative, 
the current I = B<,u z lt/R flows in the direction shown 
in Fig. 6-8. ■ 

Example 6-4 Moving Loop 

The rectangular loop shown in Fig. 6-9 is situated in the 
x—y plane and moves away from the origin at a velocity 
it = y5 (m/s) in a magnetic field given by 

B(y) = z0.2e -OI> ' (T). 


If R = 5 £2, find the current / at the instant that the loop 
sides are at y\ = 2 m and y 2 = 2.5 m. The loop resistance 
may be ignored. 

Solution: Since u x B is along x, voltages are induced 
across only the sides oriented along x, namely the side 
between points I and 2 and the side between points 3 
and 4. Had B been uniform, the induced voltages would 
have been the same and the net voltage across the resistor 
would have been zero. In the present case, however, 
B decreases exponentially with y, thereby assuming a 
different value over side 1-2 than over side 3-4. Side 1-2 
is at y\ =2 m, and the corresponding magnetic field is 


B(yi) — z0.2e~°' ]y ‘ =z0.2e 




The induced voltage V\i is then given by 

Vi2 = J 2 [“ x ■ dl 

f-tn 

— (y5 x z0.2<? -0,2 ) • x dx 

Jin 


= -e~ n i l - —2e~ 0 2 - - 1.637 (V). 

Similarly, 

V 43 = -u B(yz) l = -5 x 0.2e-°- 25 x 2 
= -1.558 (V). 

Consequently, the current is in the direction shown in the 
figure and its magnitude is 

, V 43 - V 12 0.079 ^ 

/ =--- = —= 15.8 (mA). ■ 


Example 6-5 Moving Rod Next to a Wire 

The wire shown in Fig. 6-10 is in free space and carries 
a current I — 10 A. A 30-cm-long metal rod moves at a 
constant velocity u = z5 m/s. Find V\ 2 . 


(T). 
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B© 


/= I0A 


Wire 


B0 


®B 


1 


Metal rod 


-10 cm- 4 -i-30 cm-»| 

®B 


Figure 6-10: Moving rod of Example 6-5. 


Solution: The current 1 induces a magnetic field 


r a M o/ 
2nr 


where r is the radial distance from the wire and the 
direction of (j> is into the page at the metal rod side of 
the wire. The movement of the rod in the presence of the 
field B induces a motional emf given by 


p 10 cm 

V\ 2 — I (uxB)'dl 

J 40 cm 
* 10 cm 


J 40 cm V 27T T , 


5/^o I 


2tt 


r' 0cm dr_ 
J4 0 cm r 


5 x 4.T X 10 -7 x 10 /10 

-5F- xl "(« 


= 13.9 (mV). 


C g 


EXERCISE 6.3 For the moving loop of Fig. 6-9, find / 
at the instant that the loop sides are at v, = 4 m and 


J 2 = 4.5 m. Also, reverse the direction of motion such 
that u = -y5 (m/s). 

Aiis. I = —13 (mA). (See %) 

EXERCISE 6.4 Suppose that we turn the loop of Fig. 6-9 
so that its surface is parallel to the x-z plane. What would 
I be in that case? 

Ans. / = 0. (See t) 


REVIEW QUESTIONS 

Q6.4 Suppose that no friction is involved in sliding 
the conducting bar of Fig. 6-8 and that the horizontal 
arms of the circuit are very long. Hence, if the bar is 
given an initial push, it should continue moving at a 
constant velocity, and its movement generates electrical 
energy in the form of an induced emf, indefinitely. Is 
this a valid argument? If not, why not? How can we 
generate electrical energy without having to supply an 
equal amount of energy by other means? 

Q6.5 Is the current flowing in the rod of Fig. 6-10 a 
steady current? Examine the force on a charge q at ends 
1 and 2 and compare. 

... f- 


D6.2 


6-5 The Electromagnetic Generator 

The electromagnetic generator is the converse of the 
electromagnetic motor. The principles of operation of 
both instruments may be explained with the help of 
Fig. 6-11. A permanent magnet is used to produce a static 
magnetic field B in the slot between the two poles of the 
magnet. When a current is passed through the conducting 
loop, as depicted in Fig. 6-11(a), the current flows in 
opposite directions in segments 1-2 and 3-4 of the loop. 
The induced magnetic forces on the two segments are 
also opposite, resulting in a torque that causes the loop to 
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rotate about its axis. Thus, in a motor, electrical energy 
supplied by a voltage source is converted into mechanical 
energy in the form of a rotating loop, which can be 
coupled to pulleys, gears, or other movable objects. 



Figure 6-12: A loop rotating in a magnetic field induces 
an emf. 


If, instead of passing a current through the loop to make I 
it turn, the loop is made to rotate by an external force, the I 
movement of the loop in the magnetic field will produce a 
motional emf, o as shown in Fig. 6-11 (b). Hence, the I 
motor has become a generator, and mechanical energy is I 
being converted into electrical energy. 

Let us examine the operation of the electromagnetic I 
generator in more detail using the coordinate system I 
shown in Fig. 6-12. The magnetic field is given by 

B = zfio, (6.30) 

and the axis of rotation of the conducting loop is along the I 
x-axis. Segments 1-2 and 3-4 of the loop are of length/ I 
each, and both cross the magnetic flux lines as the loop I 
rotates. The other two segments are each of width w, and I 
neither crosses the B lines when the loop rotates. Hence, I 
only segments I -2 and 3-4 contribute to the generation I 
of the motional emf, V e ™ f . 
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As the loop rotates with an angular velocity at about 
its own axis, segment 1-2 moves with a velocity u given 
by 

„ u> 

U = n at—, (6.31) 

where n, the surface normal to the loop, makes an angle a 
with the z-axis. Hence, 


n x z = xsina. (6.32) 

Segment 3 4 moves with a velocity -u. Application of 
Eq. (6.26), consistent with our choice of n, gives 


K emf 


= y u = J 2 (u x B) • dl + jf (u x B) • d\ 


= /_,[(«“!) 

+ / ? [("““t) * * s o] * dx - (6-33) 


Using Eq. (6.32) in Eq. (6.33), we obtain the result 


V e mf = wlaiBo sin a = AcoB 0 sin a. (6.34) 

where A = wl is the surface area of the loop. The angle a 
is related to co by 


o/ = cot + C 0 , (6.35) 

where Cn is a constant determined by initial conditions. 
For example, if a = 0 at t = 0, then C„ = 0. In general, 

Kmf = Ac ; B 0 sin(cut 4- C 0 ) (V). (6.36) 

This result can also be obtained by applying the general 
form of Faraday's law given by Eq. (6.6). The flux linking 
the surface of the loop is 

= J B • ds = j zB<) ■ n ds 
— Bo A ms a 


= B 0 Acos{cot + C’o), 


and 



- — [SoAcos(cot + Co)] 
dt 


= AcoBosmicot + C n ), (6.38) 


which is identical with the result given by Eq. (6.36). 


REVIEW QUESTIONS 

Q6.6 Contrast the operation of an a-c motor with that 
of an a-c generator. 

Q6.7 The rotating loop of Fig. 6-12 had a single turn. 
What would be the emf generated by a loop with 10 turns? 

Q6.8 The magnetic flux linking the loop shown in 
Fig. 6-12 is a maximum when a = 0 (loop in x-y 
plane), and yet according to Eq. (6.34), the induced emf 
is zero when a = 0. Conversely, when a = 90°, the flux 
linking the loop is zero, but I 7 e ™ f is at a maximum. Is this 
consistent with your expectations? Why? 


6-6 moving Conductor in a Time-Varying 
magnetic Field 


For the general case of a single-turn conducting loop 
moving in a time-varying magnetic field, the induced emf 
is the sum of a transformer component and a motional 
component. Thus, the sum of Eqs. (6.8) and (6.26) gives 


Feinf — V C V+ O 


= j>E-dl 


(u x B) dl. 


(6.39) 


(6.37) 
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V' cm f is also given by the general expression of Faraday’s 
law: 


V f d * 

^ f n . ,tc ca am 

Vemf ^ - 

1 D as. 

dt Js 


In fact, it can be shown mathematically that the right-hand 
side of Eq. (6.39) is equivalent to the right-hand side of 
Eq. (6.40). For a particular problem, the choice between 
using Eq. (6.39) or Eq. (6.40) is usually made on the basis 
of which is the easier to apply. If the loop consists of N 
turns, the terms on the right-hand sides of Eqs. (6.39) and 
(6.40) should be multiplied by N. 


6-7 Displacement Current 

From Table 6-1, Ampere’s law in differential form is 
given by 

3D 

VxH = J + — (Ampere’s law). (6.41) 
at 

If we take the surface integral of both sides of Eq. (6.41) 
over an arbitrary open surface 5 with contour C, we have 

/ (V x H) • ds — ( J-ds+ ( --ds. (6.42) 

Js Js Js dt 

The surface integral of J is equal to the conduction current 
7 C flowing through S, and the surface integral of V x H can 
be converted into a line integral of H over the contour C 
by invoking Stokes’s theorem. Hence. 


Example 6-6 Electromagnetic Generator 

Find the induced voltage when the rotating loop of the 
electromagnetic generator of Section 6-5 is in a magnetic 
field B = z2?u cos tor. Assume that a = 0 at t — 0. 

Solution: In this case the fiux is given by Eq. (6.37) 
with Bo replaced with Bo cos cot. Thus, 


4> = Bn A cos 7 cut. 


and 


V'cmf = - 


3 $ 

~Bt 


a ? 

= - — (B U A cos &>r) 

3r 

= 2BoAco cos cot sincot = BqAco sin 2cot. 


(> H • dl = 7 C + f — ■ ds (Ampere’s law). (6.43) 
c Js dt 


The second term on the right-hand side of Eq. (6.43) has 
to have the same unit (amperes) as the current l c , and 
because it is proportional to the lime derivative of the 
electric flux density D (which is also called the electnc 
displacement), it is called the displacement current I t \. 
That is, 



where Jd = 3D/3r represents a displacement current 
density. In view of Eq. (6.44), 

^>H - B1 = / c + / d = /, (6.45) 

where I is the total current. In electrostatics, 3D/3r = 
0 and therefore / a = 0 and / = 7 C . The concept of 
displacement current was first introduced by James Clerk 
Maxwell in 1873 in his successful attempt to establish a 
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unified connection between electric and magnetic fields 
under time-varying conditions. 

The parallel-plate capacitor is commonly used as a 
convenient example to illustrate the physical meaning of 
the displacement current 7 d . The simple circuit shown in 
Fig. 6-13 consists of a capacitor and an a-c source with 
voltage V s (t) given by 

V s (t) = Vocosmf (V). (6.46) 

According to Eq. (6.45). die total current flowing through 
any surface consists, in general, of a conduction current 7 C 
and a displacement current 7 d . Let us find 7 C and 7 d 
through each of the following two imaginary surfaces: (1) 
the cross section of the conducting wire. Si, and (2) the 
cross section of the capacitor (surface S 2 in Fig. 6-13). We 
shall denote the conduction and displacement currents in 
the wire / lc and /i d and those through the capacitor 7 2t 
and / 2d . 


where we used the fact that V c = V s (i). With 
/id = 0, the total current in the wire is simply 
h = he = — C Vow sin cot. 

We now consider the currents flowing through 
surface S? in Fig. 6-13, which is an imaginary, open 
surface parallel to the capacitor plates and situated 
somewhere between them. The space between the two 
plates, each of which is of area A, is filled with a 
perfect dielectric material with permittivity e. Since 
electrical charges cannot physically move through a 
dielectric medium, conduction cannot take place between 
the conducting plates of the capacitor, and therefore 
1 2 c — 0. To determine 7 2d , we need to apply Eq. (6.44). 
From Example 4-11, the electric field E in the dielectric 
spacing is related to the voltage V c across the capacitor 
by 


In a perfect conductor, D = E = 0; hence, Eq. (6.44) 
gives /| d = 0 in the wire. As to I ]c , we know from 
circuit theory that it is related to the voltage across the 
capacitor V c by 



(6.47) 


E = y-^=y-^ 7 Cos cot, (6.48) 

a a 

where d is the spacing between the plates and y is 
the direction from the higher-potential plate toward the 
lower-potential plate. The displacement current l 2d in 
the direction shown in Fig. 6-13 is obtained by applying 
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Eq. (6.44) with ds — y ds: 


f r 9 (- ev o x] 

Ja Lar v d )J 


•(y ds) 


tA . 


= — -j-Vqco sin cot = -CV 0 co sin cot, (6.49) 


where we u sed the relation C = e A /d for the capacitance 
of the parallel-plate capacitor. The expression for ha in 
the dielectric region between the conducting plates is 
identical with that given by Eq. (6.47) for the conduction 
current I\ c in the wire. The fact that these two currents 
are equal ensures the continuity of current flow through 
the circuit. Even though the displacement current does 
not carry’ real charge, it nonetheless behaves like a real 
current. 

In the capacitor example, we treated the wire as a 
perfect conductor, and wc assumed that the spacing 
between the capacitor plates is a perfect dielectric. If the 
wire has a finite conductivity cr w , then D in the wire would 
not be zero, and therefore the current /, would consist 
of a conduction current /, c as well as a displacement 
current / u ; that is, I\ = /| C -h/ia-By the same token, if the 
dielectric spacing material has a nonzero conductivity cr a , 
then charges would be able to flow between the two plates 
and y 2 c would not be zero. In that case, the total current 
flowing through the capacitor would be h = he + lid, 
and it would be equal to the total current in the wire. That 

is, /1 = 72- 


Example 6-7 Displacement Current Density 

The conduction current flowing through a wire with 
conductivity a = 2 x 10 7 S/m and relative permittivity 
e r = 1 is given by 7 C = 2 sin cot (raA). If co — 10 y rad/s, 
find the displacement current. 


Solution: The conduction current 7 C = J A = a FA 
where A is the cross section of the wire. Hence, 

g _ 7 C _ 2 x 10~ 2 sincu/ 

~VA~ 2 x 10 7 A 


1 x KT 10 

---sin cot (V/m). 


Application of Eq. (6.44), with D = sE, leads to 


7d = /a A 


= eAhE/Bt 

d f lx 1(T 10 
— eA — -sincuf 

at V a 

= eco x ]0~ 10 cos<ur = 0.885 x 10~ 12 cos cot 


where we used co = 10 9 rad/s and e = e 0 = 8.85 x 10" 12 
F/m. Note that 7 C and h are in phase quadrature (90° 
phase shift between them). Also, / d is about nine orders of 
magnitude smaller than 7 C , which is why the displacement 
current usually is ignored in good conductors. ■ 


EXERCISE 6.5 A poor conductor is characterized by a 
conductivity o — 100 (S/m) and permittivity e = 4e c . 
At what angular frequency co is the amplitude of the 
conduction current density J equal to the amplitude of 
the displacement current density J,i ? 

Ans. co = 2.82 x 10 12 (rad/s). (See ®) 


6-8 Boundary Conditions 
for Electromagnetics 

In Chapters 4 and 5 we applied the integral form of 
Maxwell’s equations under static conditions to obtain 
boundary conditions that the tangential and normal 
components of E, D, B, and H must satisfy at the interface 
between two contiguous media. These conditions are 
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Table 6-2: Boundary conditions for the electric and magnetic fields. 


Field Components 

General Form 

Medium 1 Medium 2 

Dielectric Dielectric 

Medium 1 Medium 2 

Dielectric Conductor 

Tangential E 
Normal D 
Tangential H 
Normal B 

n 2 x (E 1 - E 2 ) = 0 
n 2 -(D| - D 2 ) = A 
no x (Hi - Ho) = J s 

no • (Ft 1 - Bo) = 0 

Bit = £21 

Din - Dan = Ps 
ffit = /Tot 

Bln = B 2n 

Bit = Ei, =0 

Din = Ps Do n = 0 

Hit = -4 H 2l = 0 

Bln = B 2 n = 0 

Notes: (1) p s is the surface charge density at the boundary; (2) J s is the surface current density at the boundary; 

(3) normal components of all fields arc along n 2 , the outward unit vector of medium 2; (4) E\\ — E 2 t implies 
that the tangential components are equal in magnitude and parallel in direction; (5) direction of J, is orthogonal 
to (Hi - H 2 ). 


given in Section 4-9 for E and D and in Section 5-7 
for B and H. In the dynamic case. Maxwell’s equations 
[Table 6-1] include two new terms, 9B/3/ in Faraday’s 
law and 3D/9; in Ampere’s law. Nevertheless, the 
boundary conditions derived previously for electrostatics 
and magnetostatics remain valid for time-varying fields 
as well. This is because, if we were to apply the same 
procedures outlined in the above-referenced sections, we 
would find that the combination of the aforementioned 
terms vanish as the areas of the rectangular loops in Figs. 
4-18 and 5-24 are made to approach zero. 

For easy access, the combined set of electromagnetic 
boundary conditions is given in Table 6-2. 


REVIEW QUESTIONS 

Q6.9 When conduction current flows through a 
material, a certain number of charges enter the material 
on one end and an equal number leave on the other end. 
What’s the situation like for the displacement current 
through a perfect dielectric? 

Q6.10 Verify that the integral form of Ampere’s law 
given by Eq. (6.43) leads to the boundary condition that 


the tangential component of H is continuous across the 
boundary between tw r o dielectric media. 


6-9 Charge-Current Continuity Relation 

Under static conditions, the charge density p v and the 
current density J at a given point in a material are 
totally independent of one another. This is not tree in 
the time-varying case. To show the connection between 
p v and J, we start by considering an arbitrary volume v 
bounded by a dosed surface S, as shown in Fig. 6-14. The 
net positive charge contained in v is Q. Since, according 
to the law of conservation of electric charge [Section 1- 
2 . 21 , charge can neither be created nor destroyed, the only 
way Q can increase is as a result of a net inward flux of 
positive charge into the volume v and, by the same token, 
for Q to decrease there has to be a net outward flux of 
charge from v. The inward and outward fluxes of charge 
constitute cuircnts flowing across the surface 5 into and 
out of v, respectively. We define / as the net current 
flowing across S out of v. Accordingly, / is equal to the 
negative rate of change of Q: 

r d Q d f , 

i —dT—jih dv ’ 


(6.50) 
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Figure 6-14: Total current flowing out of a volume V is 
equal to the flux of current density J through the surface S, 
which in turn is equal to the rate of decrease of the charge 
enclosed in V. 


where p v is the volume charge density in v. According 
to Eq. (4.12), the current / is also defined as the outward 
flux of the current density vector.I through the surface S. 
Hence, 





(6.51) 


By applying the divergence theorem given by Eq. (3.98), 
we can convert the surface integral of J into a volume 
integral of its divergence V • J, which then gives 



X 


V-J dv = - 


d_ 

dt 


X 


Pv dv. 


(6.52) 


For a stationary volume v, the time derivative operates 
on p v only. Hence, we can move it inside the integral and 
express it as a partial derivative of p v : 


f V • J dv = - [ ^ dv. 
Jv Jv at 


(6.53) 


In order for the volume integrals on the two sides of 
Eq. (6.53) to be equal for any volume v, their integrands 
have to be equal at every point within v. Hence, 


V • J — - 


9pv 

dt 


(6.54) 


which is known as the charge-current contimm 
relation or simply as the charge continuity equation. 

If the volume charge density within an element! 
volume Av (such as a small cylinder) is not a function 
of time (i.e., dp.Jdt — 0), it means that tiie net current 
flowing out of Av is zero or, equivalently, that the current 
flowing into Av is equal to the current flowing out of it 
In this case, Eq. (6.54) becomes 

V-J=0, (6.55)1 

and its integral-form equivalent [from Eq. (6.51)] is 


J • ds — 0 (Kirchhoff’s current law). (6.56) 


Let us examine the meaning of Eq. (6.56) by considerin 
a junction (or node) connecting two or more branches i 
an electric circuit. No matter how small, the junction has 
a volume v enclosed by a surface S. The junction shown 
in Fig. 6-15 has been drawn as a cube, and i ts dimensions 
have been artificially enlarged to facilitate the present 
discussion. The junction has six faces (surfaces), which 
collectively constitute the surface S associated with the 
closed-surface integration given by Eq. (6.56). For each 



Figure 6-15: Kirchhoff’s current law states that the 
algebraic sum of all the currents flowing out of a junction 
is zero. 
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face, the integration represents the current flowing out 
through that face. Thus, Eq. (6.56) can be rewritten as 

y', /, = 0 (Kirchhoff’s current law), (6.57) 

where /, is the current flowing outward through the /th 
face. For the junction of Fig. 6-15, Eq. (6.57) translates 
into (h+h+h) = 0. In its general form, Eq. (6.57) is an 
expression of Kirchhoff’s current law , which states that 
in an electric circuit the algebraic sum of ail the currents 
flowing out of a junction is zero. 

6-10 Free-Charge Dissipation 
in a Conductor 

We stated earlier that current flow in a conductor is 
realized by the movement of loosely attached electrons 
under the influence of an externally applied electric field. 
These electrons, however, are not excess charges ; they 
are balanced by an equal amount of positive charge in 
the atoms' nuclei. In other words, the conductor material 
is electrically neutral, and the net charge density in the 
conductor is zero (p„ = 0). What happens then if an 
excess free charge q is introduced at some interior point 
in a conductor? The excess charge will give rise to an 
electric field, which will force the charges of (he host 
material nearest to the excess charge to rearrange their 
locations, which in turn cause other charges to move, and 
the process will continue until neutrality is reestablished 
in the conductor material and a charge equal to q is 
supplied to the conductor’s surface. 

How fast does the excess charge dissipate? To answer 
thisquestion. let us introduce a voiumecharge density p vo 
at the interior of a conductor and then find out the rate 
at which it decays down to zero. From Eq. (6.54), the 
continuity equation is given by 

(6.58) 


In a conductor, the point form of Ohm’s law, given by 
Eq. (4.67), states that J = <rE. Hence, 

aV-E=-^. (6.59) 

Next, wc use Eq. (6.1), V • E = p v /e, to obtain the partial 
differential equation 

Bp v n 

— + -<o v = 0. (6.60) 

Given that p v = p vo atr = 0, the solution of Eq. (6.60) is 

PAD = Pv 0 e~^ ,e) ‘ = p vo e~' ,r ' (C/m 3 ), (6.61) 

where r, = s/n is called the relaxation time constant. 
Wc see from Eq. (6.61) that the initial excess charge p vo 
decays exponentially at a rate r,. At t = r r , the initial 
charge p m will have decayed to 1/e % 37% of iLs initial 
value, and at t = 3r„ it will have decayed to e~ 3 
5% of its initial value at f = 0. For copper, with e — 
So = 8.854 x 10 12 F/m and rr — 5.8 x 10 7 S/m, r r = 
1.53 x 10~ 19 s. Thus, the charge dissipation process in 
a conductor is extremely fast. In contrast, the decay rate 
is very slow in a good insulator. For a material like mica 
with g = 6fc' 0 and o — 10 -15 S/m, r r = 5.31 x 10 4 s, or 
approximately 14.8 hours. 

REVIEW QUESTIONS 

Q6.ll Explain how the charge continuity equation 
leads to Kirchhoff’s current law. 

Q6.12 How long is the relaxation time constant for 
charge dissipation in a perfect conductor? In a perfect 
dielectric? 


EXERCISE 6.6 Determine (a) the relaxation time constant 
and (b) the time it takes for a charge density to decay to 
1% of its initial value in quartz, given that e r — 5 and 
<t = Hr 17 S/m. 

Ans. (a) r r = 51.2 days, (b) 236 days. (See *■ ) 


Ml 
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EMF Sensors 

An electromotive force (emf) sensor is a device that 
can generate an induced voltage in response to 
an external stimulus. Three types of emf sensors 
are profiled in this technical brief: the piezoelectric 
transducer, the Faraday magnetic flux sensor, and 
the thermocouple. 

Piezoelectric Transducers 

Piezoelectricity refers to the property of certain 
crystals, such as quartz, to become electrically po¬ 
larized when the crystal is subjected to mechanical 
pressure, thereby exhibiting a voltage across it. 
The crystal consists of polar domains represented 
by equivalent dipoles (A). Under the absence of 
an external force, the polar domains are randomly 
oriented throughout the material (A1), but when 
compressive or tensile (stretching) stress is applied 
to the crystal, the polar domains align themselves 
along one of the principal axes of the crystal, 
leading to a net polarization (electric charge) at 
the crystal surfaces (A2 and A3). Compression and 
stretching generate voltages of opposite polarity. 
The piezoelectric effect (piezein means to press or 
squeeze in Greek) was discovered by the Curie 
brothers, Pierre and Paul-Jacques, in 1880, and 
a year later, Lippmann predicted the converse 
property, namely that, if subjected to an electric 
field, the crystal would change in shape. Thus, 
the piezoelectric effect is a reversible (bidirectional) 
electromechanical process. Piezoelectric crystals 
are used in microphones to convert mechanical 
vibrations (of the crystal surface) caused by acous¬ 
tic waves into a corresponding electrical signal, 
and the converse process is used in loudspeakers 
to convert electrical signals into sound (B). In 
addition to having stiffness values comparable to 
that of steel, some piezoelectric materials exhibit 
very high sensitivity to the force applied upon 
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VemggO 

Al. No force 


'emf>0 

A2. Compressed crystal 


f < 0 

A3. Stretched crystal 


them, with excellent linearity over a wide dynamic 
range. They can be used to measure surface 
deformations as small as nanometers (10~ 9 m), 
making them particularly attractive as positioning 
sensors in scanning tunneling microscopes. As 
accelerometers, they can measure acceleration 
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Faraday Magnetic Flux Sensor 

According to Faraday’s law (Eq. 6.6), the emf volt¬ 
age induced across the terminals of a conducting 
loop is directly proportional to the time rate of 
change of the magnetic flux passing through the 
loop. For the configuration in (C), 


Sv ' Coaxial CaWo Canrodor 
N Signal Wire 
Grousd Wire 


Ultrasonic 

Transducer 


Courtesy of NDT Resource Center 


where u — dx/dt is the velocity of the loop (in 
and out of the magnet’s cavity), with the direction 
of u defined as positive when the loop is moving 
inward into the cavity, B 0 is the magnetic field of the 
magnet, and / is the loop width. With B 0 and / being 
constant, the variation of V^mf (r) with time t becomes 
a direct indicator of the time variation of w(r). The 
time derivative of u(t) provides the acceleration a(t). 


B. Example of piezoelectricity 


Magnet 


Conducting Loop 


Thermocouple 

In 1821, Thomas Seebeck discovered that when a 
junction made of two different conducting materials, 
such as bismuth and copper, is heated, it generates 
a thermally induced emf, which we now call the 
Seebpck potential V s (D). When connected to a 
resistor, a current will flow through the resistor, given 
by I = v s /R. 

This feature was advanced by A. C. Becquerel in 
1826 as a means to measure the unknown tempera¬ 
ture T 2 of a junction relative to a temperature 7j, of a 
(cold) reference junction. Today, such a generator of 
thermoelectricity is called a thermocouple. Initially, 
an ice bath was used to maintain 7) at 0° C, but 
in today’s temperature sensor designs, an artificial 
cold junction is used instead. The artificial junction 
is an electric circuit that generates a potential 
equal to that expected from a reference junction at 
temperature Tj. 


C. Faraday accelerometer 

Cold Reference junction 

.» • « J* 

Copper , 


Measurement 

Junction 


Bismuth 

D Thermocouple T\ 


levels as low as 10~ 4 g to as high as 100 g (where 
g is the acceleration due to gravity). Piezoelectric 
crystals and ceramics are used in cigarette lighters 
and gas grills as spark generators, in clocks and 
electronic circuitry as precision oscillators, in medi¬ 
cal ultrasound diagnostic equipment as transducers 
(B), and in numerous other applications. 
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6-11 Electromagnetic Potentials 


Through our discussion of Faraday’s and Ampere’s laws, 
we examined two aspects of the interconnection that 
exists between the electric and magnetic fields when 
the fields are time varying. We will now examine the 
implications of this interconnection with regard to the 
electric scalar potential V and the vector magnetic 
potential A. 

For d/dt — 0, Faraday’s law reduces to 

V x E = 0 (electrostatics), (6.62) 

which states that the electrostatic field E is conservative. 
According to the rules of vector calculus, if a vector 
field E is conservative, it can be expressed as the gradient 
of a scalar. Hence, in Chapter 4 we defined E as 

E = — V T (electrostatics). (6.63) 


In the dynamic case, Faraday’s law is given by 

SB 

V x E = , (6.64) 

and in view of the relation B = V x A, Eq. (6.64) becomes 


V x E = - — (V x A), 
at 


(6.65) 


which can be rewritten as 


3A\ 

V x | E + — j = 0 (dynamic case). 


( 6 . 66 ) 


Let us for the moment define 


E' = E + 


9A 

dt ’ 


(6.67) 


in which case Eq. (6.66) becomes 

VxE' = 0. (6.68) 

Following the same logic that led to Eq. (6.63) from 
Eq. (6.62), we define 

E' = — V V. (6.69) 

Upon substituting Eq. (6.67) for E' in Eq. (6.69) and then 
solving for E, we have 

3A 

E — — V V —— (dynamic case). (6.70) 


Equation (6.70) reduces to Eq. (6.63) in the static case. 

When the scalar potential V and the vector potential 
A are known, E can be obtained from Eq. (6.70), and B 
can be obtained from 


B = V x A. (6.71) 


Next we examine the relations between the potentials, 
V and A, and their sources, the charge and current 
distributions p v and J, in the time-varying case. 

6-11.1 Retarded Potentials 

Consider the situation depicted in Fig. 6-16. A charge 
distribution p v exists over a volume v' centered at the 
origin of a coordinate system. The surrounding mediumis 
a perfect dielectric with permittivity e. From Eq. (4.48a), 
the electric potential V(R) at an observation point in 
space specified by the position vector R is given by 

where Rj denotes the position vector of an elemental vol¬ 
ume Av' containing charge density p„, and R' = |R-R,| 
is the distance between Av' and the observation point, 
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If the charge distribution is a time-varying function, we 
may be tempted to rewrite Eq. (6.72) for the dynamic 
case as 


4tt s J v , R’ 


(6.73) 


but such a form does not account for “reaction time.” If 
V\ is the potential due to a certain distribution p vl , and 
if Am were to suddenly change to Ac. it will lake a finite 
amount of time before V\ at distance R' changes to V 2 - 
In other words, V (R. () cannot change instantaneously. 
The delay time is equal to t' — R'/u p , where u p is the 
velocity of propagation in the medium between the charge 
distribution and the observation point. Thus, V(R, t) at 
time t corresponds to p v at an earlier time, that is, (/ —t'). 
Hence, Eq. (6.73) should be rewritten as 


V (R 


.0 = T —I 

4jT£ J v , 


p v (R„ i-R'/u p ) 
R' 


dv' 


(V), 

(6.74) 


and V (R, t) is appropriately called the retarded scalar 
potential. If the propagation medium is vacuum, u p is 
equal to the velocity of light c. 


Similarly, the retarded vector potential A(R, t) is 
related to the distribution of current density J by 


A(R, 0 = - 7 — f J(R " f A /Up) dv' (Wb/m). 

4 ^ Jyi R 

(6.75) 


This expression is obtained by extending the expression 
for the magnetostatic vector potential A(R) given by 
Eq. (5.65) to the time-varying case. 

6-11.2 Time-Harmonic Potentials 

The expressions given by Eqs. (6.74) and (6.75) for 
the retarded scalar and vector potentials are valid under 
both static and dynamic conditions and for any type 
of time dependence that the source functions p„ and J 
may exhibit. In the dynamic case, p v and J are linked 
to one another by the charge continuity relation given 
by Eq. (6.54). Hence, in general, both quantities will 
have the same functional dependence on time t and, 
by extension, so will the potentials V and A and the 
fields E, D, B, and H. Furthermore, because V and A 
are linearly dependent on p v and J, respectively, and 
also E and B are linearly dependent on V and A, the 
relationships interconnecting all these quantities obey the 
rules of linear systems. When a system is linear, we can 
take advantage of sinusoidal-time functions to determine 
the response of the system due to a source with any type of 
time dependence. As was noted in Section 1 -6, if the time 
dependence is described by a (nonsinusoidal) periodic 
time function, it can always be expanded into a Fourier 
series of sinusoidal components, and if the time function 
is nonperiodic, it can be represented by a Fourier integral. 
In either case, if the response of the linear system is 
known for the steady-state sinusoidal case, the principle 
of superposition can be used to determine the response for 
the specified time function. Thus, the sinusoidal response 
of the system constitutes a fundamental building block 
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determining the response due to a source described by any 
function of time. The term time harmonic is often used 
in this context as a synonym for “steady-state sinusoidal 
time dependence.” 

In this subsection, we will examine the time-harmonic 
responses of the retarded scalar and vector potentials. 
Suppose that p v (Ri, t ) is a sinusoidal-time function with 
angular frequency to, given by 

p v (Ri,t) — pv(Ri) cos cot. (6.76) 

Phasor analysis, which was first introduced in Sectioni- 
6 and then used extensively in Chapter 2 to study wave 
propagation on transmission lines, is a useful tool for 
solving time-harmonic problems. In phasor notation, 
p v (Ri. /) is written in the form 

j°v(Ri. 0 = Wt [pv(Ri) , (6.77) 

where p v (R|) is defined as the phasor function 
corresponding to the time function p v (Rj, t). The phasor 
function is denoted with a tilde (~) over the letter for 
easy recognition. Comparison of Eqs. (6.76) and (6.77) 
shows that in the present case p v (R;) = p v (Ri). 

Next, we express the retarded charge density 
Pv(Ri, t - R'/u v ) in phasor form by replacing t with 
(/ - R'/iip) in Eq. (6.77): 

Pv(R|, t - R' / u p ) = Die [p v (R,)c ;w( ' 

= 9te [p v ( 

= £Re[p v ( Ri) «-■/** V“*] (6.78) 

where 

. cu 

k = — (6.79) 

u p 

is called the wavenumber or phase constant of the 
propagation medium. (In general, the phase constant is 
denoted by the symbol "fi”, but for lossless dielectric 


media, it is commonly denoted by the symbol “k" and 
called the wavenumber.) Similarly, wc define the phasor 
V (R) of the time function V (R, r) according to 

V (R, t) =£Re[V(R)^"]. 

Using Eqs. (6.78) and (6.80) in Eq. (6.74) gives 

9te [V(R) e-"'*] = 

Pv(Ri) e~ ikR ‘ 


me 


If 

477 s J v , 


R' 


e JW ‘ dv’ 


(6.81) 


By equating the quantities inside the square brackets on 
the two sides of Eq. (6.81) and then deleting e io “ from 
both sides, we obtain the phasor-domain expression 


V(R) 


= — / 

4jre J v , 


Pv(Rj) e~ jkR ' 
R 1 


dv' (V). (6.82) 


For any given charge distribution, Eq. (6.82) can be used 
to compute V (R). and then the resultant expression can 
be used in Eq. (6.80) to find V(K, t). In like manner, 
the expression for A(R, r) given by Eq. (6.75) can be 
transformed into 


A(R, t) = me [A(R) e ja ”] 


(6.83) 


with 



where J(Rj) is the phasor function corresponding to 

J ( R i,0. 

The magnetic field phasor H corresponding to A is 
given by 


H = - Vx A. 
P- 


(6.85) 


Recalling that differentiation in the time domain is 
equivalent to multiplication by ja> in the phasor domain, 
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in a nonconducting medium (J = 0), Ampere’s law given 
by Eq. () becomes 



Hence, given a time-harmonic current-density distribu¬ 
tion with phasor J, Eqs. (6.84) to (6.86) can be used 
successively to determine both E and H. The phasor 
vectors E and II also are related by the phasor form of 
Faraday’s law: 



Example 6-8 

In a nonconducting medium with e = 16co and 
p = ix o, the electric field intensity of an electromagnetic 
wave is given by 

E(z, t) = x 10sin(10'°r — kz) (V/m). (6.88) 

Determine the associated magnetic field intensity H and 
find the value of k. 

Solution: Wc begin by finding the phasor E(z) of E(z, t). 
Since E(z, t ) is given as a sine function and phasors are 
defined in this book with reference to the cosine function, 
we rewrite Eq. (6.88) as 

E(z.0 = xlOcosdO 10 / -kz- jt/ 2) (V/m) 

= «e[E(z) e ^'], (6.89) 

with a> = 10 10 (rad/s) and 



E(z) = x 1 0e- jkz e- jn/2 =-xj 1 0e~ ikz . (6.90) 

To find both H(z) and k, we will perform a “circle”: wc 
will use the given expression for E(z) in Faraday’s law 
to find H(z); then we will use H(z) in Ampere’s law to 


k = oJJCs 
= 4coJix<,e 0 
4co 4 x IQ 10 

c 3 x 10 5 


(rad/m). 


(6.93) 
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With k known, the instantaneous magnetic field intensity 
is then given by 


H(z, t) = Ke [HQ) e>’'] 

= mc 

L " m 

= yO.l 1 sin( IO 10 / - 1332) 


1 Ok 

-y j 

W/l 


(A/m). (6.94) 


Wc note that k has the same expression as the phase 
constant of a lossless transmission line [Eq. (2.39)J. ■ 


EXERCISE 6.7 The magnetic field intensity of an 
electromagnetic wave propagating in a lossless medium 
with s = 9eo and il = /to is given by 

H(z, t) = x0.3cos(10 8 r -kz + tr/4) (A/m). 

FindE(z, t) and/:. 

Ans. E(z, t) = -y37.7cos(10 8 / - z + jt/ 4) (V/m); 
k = 1 (rad/m). (See ) 


CHAPTER HIGHLIGHTS 


• The charge continuity equation is a mathematical 
statement of the law of conservation of electric 
charge. 

• Excess charges in the interior of a good conductor 
dissipate very quickly; through a rearrangement 
process, the excess charge is transferred to the 
surface of the conductor. 

• In the dynamic case, the electric field E is related to 
both the scalar electric potential V and the magnetic 
vector potential A. 

• The retarded scalar and vector potentials at a given 
observation point take into account the finite time 
required for propagation between their sources, the 
charge and current distributions, and the location of 
the observation point. 


GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 


• Faraday’s law states that a voltage is induced across 
the terminals of a loop if the magnetic flux linking 
its surface changes with time. 

• In an ideal transformer, the ratios of the primary to 
secondary voltages, currents, and impedances are 
governed by the turns ratio. 

• Displacement current accounts for the “apparent" 
flow of charges through a dielectric. In reality, 
charges of opposite polarity accumulate along the 
two ends of a dielectric, giving the appearance of 
current flow through it. 

• Boundary conditions for the electromagnetic fields 
at the interface between two different media are the 
same for both static and dynamic conditions. 


Faraday’s law 
electromotive force V om f 
electromagnetic induction 
transformer emf 
motional emf V e ” f 
Lenz’s law 

displacement current /j 
charge continuity equation 
Kirchhoff’s current law 
charge dissipation 
relaxation time constant 
wavenumber k 
retarded potential 
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PROBLEMS 

Sections 6-1 to 6-6: Faraday’s Law 
and its Applications 

6.1 The switch in the bottom loop of Fig. 6-17 is closed 
at t = 0 and then opened at a later time t \. What is the 
direction of the current / in the top loop (clockwise or 
counterclockwise) at each of these two times? 



Ri 

tit 



7YV 

i 

+ 

/ AAA 



vW 

Ri 


Figure 6-17: Loops of Problem 6.1. 


6.2 The loop in Fig. 6-18 is in the x-y plane and 
B = z/?osinct>r with 2?o positive. What is the direction 
of I (4> or -<p) at: 

(a) t - 0 

(b) cot — rc/4 

(c) cot = n/2 

6.3 s A coil consists of 100 turns of wire wrapped 
around a square frame of sides 0.25 m. The coil is 
centered at the origin with each of its sides parallel to 
the a- or y-axis. Find the induced emf across the open- 
circuited ends of the coil if the magnetic field is given by 

(a) B = z20e -3 ' (T) 



(b) B = z20cos.r cos 10 3 z (T) 

(c) B = z20cosx sin2y cos JO 3 / (T) 

6.4 A stationary conducting loop with an internal 
resistance of 0.5 £2 is placed in a time-varying magnetic 
field. When the loop is closed, a current of 5 A Hows 
through it. What will the current be if the loop is opened 
to create a small gap and a 2-L2 resistor is connected 
across its open ends? 

6.5'' A circular-loop TV antenna with 0.02 m 2 area is 
in the presence of a uniform-amplitude 300-MHz signal. 
When oriented for maximum response, the loop develops 
an emf with a peak value of 30 (mV). What is the peak 
magnitude of B of the incident wave? 

6.6 The square loop shown in Fig. 6-19 is coplanar with 
a long, straight wire carrying a current 

/(/) = 5cos2tt x 10 4 f (A) 


*Answer(s) available in Appendix D. (a) Determine the emf induced across a small gap 

Solution available in CD-ROM. Created in the loop. 
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(b) Determine the direction and magnitude of the 
current that would flow through a 4-Q resistor 
connected across the gap. The loop has an internal 
resistance of 1 £2. 


z 



Figure6-19: Loop coplanar with long wire (Problem 6.6). 


6.7* The rectangular conducting loop shown in 
Fig. 6-20 rotates at 6,000 revolutions per minute in a 
uniform magnetic flux density given by 

B = y 50 (mT) 

Determine the current induced in the loop if its internal 
resistance is 0.5 £2. 

6.8 A rectangular conducting loop 5 cm x 10 cm with 
a small air gap in one of its sides is spinning at 7200 
revolutions per minute. If the Held B is normal to the 
loop axis and its magnitude is 6 x 10 -6 T, what is the 
peak voltage induced across the air gap? 



Figure 6-20: Rotating loop in a magnetic field 
(Problem 6.7). 


6.9* A 50-cm-long metal rod rotates about the z-axis at 
90 revolutions per minute, with end 1 fixed at the origin 
as shown in Fig. 6-21. Determine the induced emf Vn if 
B = z2 x 10“ 4 T. 



Figure 6-21: Rotating rod of Problem 6.9. 


6.10 The loop shown in Fig. 6-22 moves away from a 
wire carrying a current 7| = 10 A at a constant velocity 





PROBLEMS 


283 






1 

|-* —10cm—H 
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Figure 6-22: Moving loop of Problem 6.10. 



Figure 6-23: Rotating cylinder in a magnetic field 
(Problem 6.11). 


u — y7.5 (m/s). II' R — 10 £2 and the direction of h 
is as defined in the figure, find I 2 as a function of _v 0 , 
the distance between the wire and the loop. Ignore the 
internal resistance of the loop. 

6.11 The conducting cylinder shown in Fig. 6-23 
rotates about its axis at 1,200 revolutions per minute in a 
radial field given by 

B = r 6 (T) 

The cylinder, whose radius is 5 cm and height is 10 cm, 
has sliding contacts at its top and bottom connected to a 
voltmeter. Determine the induced voltage. 

6.12 The electromagnetic generator shown in Fig. 6-12 
is connected to an electric bulb with a resistance of 150 Q. 
If the loop area is 0.1m 2 and it rotates at 3,600 revolutions 
per minute in a uniform magnetic flux density Do = 0.4T, 
determine the amplitude of the current generated in the 
light bulb. 

6.13' The circular disk shown in Fig. 6-24 lies in the 
x-y plane and rotates with uniform angular velocity co 
about the z-axis. The disk is of radius a and is present 


in a uniform magnetic flux density B = zB 0 . Obtain an 
expression for the emf induced at the rim relative to the 
center of the disk. 





Figure 6-24: Rotating circular disk in a magnetic field 
(Problem 6.13). 
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Section 6-7; Displacement Current 

6.14 The plates of a parallel-plate capacitor have areas 
of 10 cm 2 each and arc separated by 2 cm. The capacitor 
is filled with a dielectric material with s = 4s 0 , and the 
voltage across it is given by V (/) — 30 cos 2 jt x 10 6 f (V). 
Find the displacement current. 

6.15* A coaxial capacitor of length / = 6 cm uses an 
insulating dielectric material with e r = 9. The radii of 
the cylindrical conductors are 0.5 cm and 1 cm. If the 
voltage applied across the capacitor is 

V(t) — 50sin(1207ir) (V) 

what is the displacement current? 

6.16 The parallel-plate capacitor shown in Fig. 6-25 
is filled with a lossy dielectric material of relative 
permittivity e r and conductivity a. The separation 
between the plates is d and each plate is of area A. The 
capacitor is connected to a time-varying voltage source 

Vf/). 

(a) Obtain an expression for 7 C . the conduction current 
flowing between the plates inside the capacitor, in 
terms of the given quantities. 

(b) Obtain an expression for I d , the displacement 
current flowing inside the capacitor. 

(c) Based on your expressions for parts (a) and (b), 
give an equivalent-circuit representation for the 
capacitor. 

(d) Evaluate the values of the circuit elements for A = 
4 cm 2 , d = 0.5 cm, e r = 4, cr = 2.5 (S/m), and 
V(t) = 10cos(3tt x 10 3 /) (V). 

6.17 An electromagnetic wave propagating in seawater 
has an electric field with a time variation given by E = 
z/To cos cot. If the permittivity of water is 81 to and its 
conductivity is 4 (S/m), find the ratio of the magnitudes 


1 



Figure 6-25: Parallel-plate capacitor containing a lossy 
dielectric material (Problem 6.16). 


of the conduction current density to displacement current 
density at each of the following frequencies: 

(a) 1 kHz 

(b) 1 MHz 

(c) 1 GHz 

(d) 100 GHz 

Sections 6-9 and 6-10: Continuity Equation and Charge 
Dissipation 

6.18 At f = 0, charge density p v o was introduced 
into the interior of a material with a relative permittivity 
Sr — 9. If at / — 1 /.is the charge density has dissipated 
down to 10 _ Vvo, what is the conductivity of the material? 

6.19* If the current density in a conducting medium is 
given by 

JC*, y, z; 0 = (xz - y3y 2 + 22*) cos cot 
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determine the corresponding charge distribution 

p v (x, y, z; t ). 

6.20 In a certain medium, the direction of current 
density J points in the radial direction in cylindrical 
coordinates and its magnitude is independent of birth cp 
and z■ Determine J, given that the charge density in the 
medium is 


p v — Par cos cot (C/m 3 ) 


6.21 If we were to characterize how good a material is 
as an insulator by its resistance to dissipating charge, 
which of the following two materials is the better 
insulator? 

Dry Soil: e r = 2.5, a = 10 -4 (S/m) 

Fresh Water: e r = 80, a = 10 -3 (S/m) 

Sections 6-11: Electromagnetic Potentials 

6.22 The electric field of an electromagnetic wave 
propagating in air is given by 

E(z, t) = x4cos(6 x 10 s r - 2 z) 

+ y3 sin(6 x 10 s / - 2c) (V/m) 

Find the associated magnetic field H(z, /). 

6.23* The magnetic field in a dielectric material with 
e = 4fc'o, /e = !M>. and a = 0 is given by 

H(y, /) = x5cos(2rr x 10 7 / -f ky) (A/m) 

Find k and the associated electric field E. 

6.24 Given an electric held 

E — x£o sin ay cos(a»/ — kz) 

where Eq, a, a>, and k are constants, find H. 


6.25" The electric field radiated by a short dipole 
antenna is given in spherical coordinates by 

E(R,8;i) = 

^ 2x 10-2 • „ s 

0 ---sin^ cos(6m x 10 s / -2nR) (V/m) 

R 

Find H(/?. 0; t ). 

6.26 A Hertzian dipole is a short conducting wire 
carrying an approximately constant current over its 
length/. If such a dipole is placed along the z-axis with its 
midpoint at the origin, and if the current flowing through 
it is i(r) = I 0 cos cot, find the following: 

(a) The retarded vector potential A (R, 0, tl>) at an ob¬ 
servation point Q(R, 9, <p) in a spherical coordinate 
system. 

(b) The magnetic field phasor H(R, 9, </>). 

Assume l to be sufficiently small so that the observation 
point is approximately equidistant to all points on the 
dipole; that is, assume R' ~ R. 

6.27-6.30 Additional Solved Problems — complete 
solutions on 45 . 




X 


1.271 (mV/m) - 


W \x r-v 


V __ 10 (|iA/m) 0 
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Unbounded EM Waves 


We established in Chapter 6 that a time-varying 
electric field E(f) produces a time-varying magnetic 
field H(z) and, conversely, a time-varying magnetic 
field produces an electric field. This cyclic pattern 
generates electromagnetic (EM) waves capable of 
propagating through free space and in material media. 
When its propagation is guided by a material structure, 
such as a transmission line, the F-M wave is said to 
be traveling in a guided medium. Earth's surface and 
ionosphere constitute parallel boundaries of a natural 
guiding structure for the propagation of short-wave 
radio transmissions in the HF band* (3 to 30 MHz); 
the ionosphere is a good reflector at these frequencies, 
thereby allowing the waves to zigzag between the two 
boundaries [Fig. 7-1]. EM waves also can travel in 
unbounded media-, light waves emitted by the sun and 
radio transmissions by antennas are typical examples. 

When we discussed wave propagation on a transmis¬ 
sion line in Chapter 2, we dealt with voltages and currents. 
For a transmission-line circuit such as that shown in 
Fig. 7-2, the a-c voltage source excites an incident wave 
that travels down the coaxial line toward the load, and 
unless the load is properly matched to the line, part (or 
all) of the incident wave is reflected back toward the 
generator. At any point z on the line, the instantaneous 
total voltage v(z, t) is the sum of the incident and re¬ 
flected waves, both of which vary sinusoidally with time. 
Associated with the voltage difference between the inner 
and outer conductors of the coaxial line is a radial electric 
field E that exists in the dielectric material between the 


*See Fig. 1-16. 



Figure 7-1: The atmospheric layer bounded by the 
ionosphere at the top and Earth's surface at the bottom 
forms a guiding structure for the propagation of radio 
waves in the HF band. 



Figure 7-2: A guided electromagnetic wave traveling in a 
coaxial transmission line consists of lime-varying electric 
and magnetic fields in the dielectric medium between the 
inner and outer conductors. 

conductors, and since v{z,t) varies sinusoidally with 
lime, so does E(z, t). Furthermore, the current flowing 
through the inner conductor induces an azimuthal mag¬ 
netic field H(z, /) in the dielectric material surrounding 
it. These coupled fields, E(z, t) and H(z, t), constitute 
electromagnetic waves. Thus, we can model wave 
propagation on such a transmission line either in terms of 
the voltages across the line and the currents through its 
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conductors or in terms of the electric and magnetic fields 
in the dielectric medium between the conductors. 

In this chapter we focus our attention on wave 
propagation in unbounded media. We will consider both 
lossless and lossy media. Wave propagation in a lossless 
medium (perfect dielectric such as air) is similar to 
that on a lossless transmission line. In a lossy medium 
characterized by a nonzero conductivity, such as water, 
part of the power carried by the EM wave gets converted 
into heal, just like what happens to a wave propagating 
on a lossy transmission line. 

When energy is emitted by a source, such as an 
antenna, it expands outwardly from the source in the 
form of spherical waves , as depicted in Fig. 7-3(a). 
F.ven though the antenna may radiate more energy along 
some directions than along others, the spherical wave 
travels at the same speed in all directions and therefore 
expands at the same rate. To an observer very far away 
from the source, the wavefront of the spherical wave 
appears approximately planar, as if it were part of a 
uniform plane wave with uniform properties at all points 
in the plane tangent to the wavefront [Fig. 7-3(b)]. 
Plane-wave propagation can be accommodated by 
Cartesian coordinates, which are easier to work with 
mathematically than the spherical coordinates needed for 
describing the propagation of a spherical wave. Hence, 
even though strictly speaking a uniform plane wave 
cannot exist, we will nonetheless use it in this chapter to 
develop a physical understanding for wave propagation 
in lossless and lossy media, and then in Chapter 8 we 
will examine how waves, both planar and spherical, 
are reflected by and transmitted through boundaries 
between dissimilar media. The processes of radiation and 
reception of waves by antennas are treated in Chapter 9. 

7-1 Time-Harmonic Fields 

In the time-varying case, the electric and magnetic fields, 
E, D, B, and H, and their sources, the charge density p v 



Uniform plane wave 

/ 


•-* / 




\ \ 

\ \ 
t i 
i 


i i 
/ / 


i i 
/ / 


v 


Aperture 


Observer 


(b) Plane-wave approximation 

Figure 7-3: Waves radiated by an EM source, such as 
a light bulb or an antenna, have spherical wavefronts, as 
in (a); to a distant observer, however, the wavefront across 
the observer’s aperture appears approximately planar, as 
in (b). 


and current density J, are each, in general, a function of 
the spatial coordinates (,r, y, z) and the time variable t. 
If their time variation is a sinusoidal function with an 
angular frequency co, each of these quantities can be 
represented by a time-independent phasor that depends 
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on (x, y, z) only. Thus, the vector phasor E(x, y, z) 
corresponding to the instantaneous held E(x, y, z; t) is 
defined according to 

E(x, y, z; f) = 9te [E(x, y, z) e ia >'], (7.1) 

and similai- definitions apply to the other fields and to p„ 
and J. For a linear, isotropic, and homogeneous medium 
characterized by electrical permittivity e, magnetic 
permeability ft, and conductivity cr, and recalling 
that differentiation in the time domain corresponds to 
multiplication by jo> in the phasor domain. Maxwell’s 
equations given by Eqs. (6.1) to (6-11.2) assume the 
following form in the phasor domain: 


V • E = p y /e, 

(7.2a) 

VxE=- yai/xH, 

(7.2b) 

V • H = 0, 

(7.2c) 

V x H = J + jcoe E, 

(7 2d) 


where we have used the relations D — eE and B = /xII. 
This set of equations defines the starting point for the 
subject matter treated in this chapter. 

7-1.1 Complex Permittivity 

In a medium with conductivity cr, the current density J 
is related to E by J = crE. Consequently, Eq. (7.2d) may 
be written as 

V x H = .] + jcosE 

— (cr + jcoe )E = joj (e — j—'j E. (7.3) 
By introducing the complex permittivity s c defined as 


«c = (7.4) 

CO 


Eq. (7.3) can be rewritten as 


V x H = jm c E. 

(7.5) 

The complex permittivity £ c given by Eq. (7.4) is often 
written in terms of a real part e' and an imaginary parte". 

Thus. 


e c = £ - j- = s' — js", 

(7.6) 

at 


with 


e — e. 

(7.7a) 

e"=^. 

CO 

(7.7b) 


For a lossless medium with cr = 0, it follows that e" — 0 
and e c = e' — s. 


7-1.2 Wave Equations tor a Charge-Free 
Medium 

A medium is said to be charge free if it contains no excess 
charges, that is, if p v — 0. Upon replacing Eq. (7.2d) with 
Eq. (7.5) and setting p y = 0 in Eq. (7.2a), Maxwell’s 
equations for a charge-free medium become 


V • E — 0, 

(7.8a) 

V x E = — jco/iH, 

(7.8b) 

V - H = 0, 

(7.8c) 

V x H = jcoe c E. 

(7.8d) 


Todescribethe propagation of an EM wave in a charge- 
free medium, we need to derive w'ave equations for E 
and H and then solve them to obtain explicit expressions 
for E and H as a function of the spatial variables (x, y, z). 
To this end, we start by taking the curl of both sides of 
Eq. (7.8b) to get 


V x (V x K) = —jco/j,(V x H). 


(7-9) 
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Upon substituting Eq. (7.8d) into Eq. (7.9) we have 
V x (V x E) = - ja)/j.(jo)S c E ) = w 2 p.£ c E. (7.10) 
From Eq. (3.113), the curl of the curl of E is given by 


V x (V x E) = V(Y • E) - V 2 E, 


(7.11) 


where V 2 E is the Laplacian of F, and is given in Cartesian 
coordinates by 


d 2 8 2 d 2 

v ‘ E = t &lllfe E - 


(7.12) 


In view of Eq. (7.8a), which states that V • E = 0, the use 
ofEq. (7.11) in Eq. (7.10) gives 


V 2 E + cu 2 /i£ c E = 0, 


(7.13) 


which is called the homogeneous wave equation for E. 
Upon introducing the propagation constant y defined 
such that 


y 2 = ~(o 2 ii £ 0 , (7.14) 

Eq. (7.13) can be rewritten as 


V 2 E-y 2 E = 0. (7.15) 


In deriving Eq. (7.15), we started by taking the curl of 
both sides of Eq. (7.8b) and then we used Eq. (7.8d) to 
obtain an equation in E only. If we reverse the process, 
that is, if we start by talcing the curl of both sides of 
Eq. (7.8d) and then use Eq. (7.8b), we obtain the wave 
equation for H: 


V 2 H — y 2 H = 0. (7.16) 


Since the wave equations for E and H are of the same 
form, their solutions will have the same form also. 


7-2 Piane-Wave Propagation 
in Lossless Media 

The propagation properties of an electromagnetic wave, 
such as its phase velocity n p and wavelength k. are 
governed by the angular frequency a> and the three 
constitutive parameters of the medium: e, /x, and o. 
If the medium is nonconducting (a = 0), the wave 
does not suffer any attenuation as it travels through the 
medium, and hence the medium is said to be lossless. 
From Eq. (7.4), e c = s in a lossless medium, in which 
case Eq. (7.14) becomes 

r = -CO 2 p,e. (7.17) 

When the medium is lossless, it is customary to introduce 
the wavenumber k defined by 


k = co^fjfe . (7.18) 

In view of Eq. (7.17), y 2 = - k 2 and Eq. (7.15) becomes 
V 2 E + k 2 E = 0. (7.19) 

7-2.1 Uniform Plane Waves 

For an electric field phasor given in Cartesian coordinates 

by s 

E = xE x +yE y +zE z , (7.20) 

substitution of Eq. (7.12) into Eq. (7.19) gives 

/ 3 2 a 2 a 2 \„~ 

{^ + W + ^) (xEx+yEy+2ED 

+ k 2 (\E x + y E y + XE.) = 0. (7.21) 

To satisfy Eq. (7.21), each vector component on the 
left-hand side of the equation has to equal zero. Hence, 

( 3 2 d 2 9 2 ,\ - 

(^ + ^ + a? + ^j^ = 0 ’ (7 ' 22) 

and similar expressions apply to E y and E z . 
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A uniform plane wave is characterized by electric and 
magnetic fields that have uniform properties at all points 
across an infinite plane [see Fig. 7-3(b)]. If this is the x-y 
plane, then E and H do not vary with x and y. Hence, 
dE r /dx — 0 and dE x /dy = 0, in which case Eq. (7.22) 
reduces to 

cl 2 E x 

— +k-E x =0, (7.23) 

and similar expressions apply to E v , H x , and H y . The 
remaining components of E and H are zero; that is, 
E, = H z = 0. To show that E- = 0, let us consider 
the z-component of Eq. (7.8d), 


„ f'dHy 9H X \ A 

(7 - 24) 

Since dH y /dx = dH x /dy — 0, it follows that 
E, = 0. A similar examination involving Eq. (7.8b) 
reveals that H z — 0. This means that a plane wave 
has no electric- or magnetic-field components along its 
direction of propagation. 

For the phasor quantity E x , the general solution of the 
ordinary differential equation given by Eq. (7.23) is 


Exit) = Ef(z) + Ef(z) = E+e~J k ' + Ef 0 e Jk \ (7.25) 


where E x0 and Ef 0 are constants to be determined from 
boundary conditions. The solution given by Eq. (7.25) is 
similar in form to the solution for the phasor voltage V (z) 
given by Eq. (2.44a) for the lossless transmission line. 
The first term in Eq. (7.25), containing the negative 
exponential e~ ikz . represents a wave with amplitude E* 0 
traveling in the +z-direction, and the second term (with 
e' k: ) represents a wave with amplitude Ef 0 traveling in 
the — z-direction. Let us assume for the time being that 
E has only a component along x (i.c., E y = 0) and that 
E x consists of a wave traveling in the +z-direction only 
(i.e., Ef 0 = 0). Hence, 

E(z) = xEf(z) = xE>-'*b 


(7.26) 
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With E y = E z — 0, we apply Eq. (7.8b) to find the 
magnetic field H(z): 

x y z 

AAA 

dx dy 3 z 
Ef(z) 0 0 

= -jcop[xH x + y H y + z Hf). (7.27) 
For a plane wave traveling in the z-direction, 
i)E+(z)/3x = dEf (z)/dy = 0. 

Hence, Eq. (7.27) gives 


H x 

= o, 


(7.28a) 

H 

i 

3 Ef(z) 

(1 OSM 

n y 

-jcop 

dz 

V / .AOV) 

M 

1 

9 E+(z) 


n z 

-jop 

3y 

.LoL) 


Use of Eq. (7.26) in Eq. (7.28b) gives 

H y Cz ) = ~ E+ 0 e~ jkz = H+e ~ jkz , (7.29) 

where Hy 0 is the amplitude of H y (z) and is given by 

< 7 '30) 

For a wave traveling from the source toward the load 
on a transmission line, the amplitudes of its voltage 
and current phasors, and Iff, are related by the 
characteristic impedance of the line, Zo- A similar 
connection exists between the electric and magnetic fields 
of an electromagnetic wave. The intrinsic impedance of 
a lossless medium is defined as 



V x E = 
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x 



Figure 7-4: A transverse electromagnetic (TEM) wave 
propagating in the direction k = z. For all TEM waves, 
k is parallel to E x H. 


where we used the expression for k given by Eq. (7.18). 
In view of Eq. (7.31), we can summarize our results as 

E (z) = x£+(z) = \E+e- jkz , (7.32a) 
H (z) = y^- = y^e~ tkz . (7.32b) 

4 4 

The electric and magnetic helds are perpendicular to 
each other, and both are perpendicular to the direction 
of wave travel (Fig. 7-4). These direclional properties 
characterize a transverse electromagnetic (TEM) wave. 
Other examples of TEM waves include cylindrical waves 
traveling along coaxial transmission lines (E is along r, 
H is along <p, and direction of travel is along z) and 
spherical waves radiated by antennas. 

In (he general case, E* 0 may be a complex quantity 
composed of a magnitude |£, + 0 | and a phase angle tj> + . 
That is, 

E+o = |E>'*\ (7.33) 

The instantaneous electric and magnetic fields are then 
given by 

E(z,f)=93e [E(z)e iM ] 

=x|Ej,| cos(cot - kz + $ + ) (V/m), (7.34a) 


H(z, f)=93e [H {z)e^'] 

1£+ I 

-cos(wr -kz + cp + ) (A/m). (7.34b) 


=y- 


4 


Because E(z,;) and H(z, r) exhibit, the same functional 
dependence on z and t, they are said to be in phase] 
when the amplitude of one of them is a maximum, the 
amplitude of the other is a maximum also. This in-phase 
property is characteristic of waves propagating in lossless 
media. Their time variation is defined by the oscillation 
frequency / = to/2n, and their spatial variation is 
characterized by the wavelength X. From the material 
on wave motion given in Section 1-3, we deduce that the 
phase velocity of the wave is given by 


to 


1 


CO 

p k to^/JIe J\xe. 


(m/s), (7.35) 


and the wavelength is 



If the medium is vacuum, s — so and u = \x 0 , in which 
case the phase velocity i/ p and the intrinsic impedance t] 
given by Eq. (7.31) become 


u„ = c = 


n//'oAj 


= 3 x 10 s 


(m/s). 


4 = 4o = J— - 377 (£2) *» 120tt 


(7.37) 


(Q), (7.38) 


where c is the velocity of light and t/o is called the 
intrinsic impedance of free space. 


Example 7-1 EM Plane Wave in Air 

This example is analogous to the “Sound Wave in 
Water” problem described by Example 1-1. 






The electric field of a 1-MHz plane wave traveling in 
the Tz-direction in air points along the a- direction. If the 
peak value of E is 1.2 jt (mV/m) and E is maximum at 
t = 0 and z. = 50 m, obtain expressions for E(z, t) and 
H(z, t), and then plot these variations as a function of z 
at / = 0. 

Solution: At / = 1 MHz, the wavelength in air is given 
by 


field traveling in the 4-z-direction is given by Eq. (7.34a) 
as 

E(z, i)=x\E; 0 \cos(a>t-kz+<l> 4 ~) 

=x 1.2 jt cos^r x 10 6 / - +</> + ^ (mV/m). 

The field E(z, t) is maximum when the argument of the 
cosine function equals zero or multiples of 27r. At t = 0 
and z = 50 m, this condition is 



3 x 10 8 
1 x 10 6 


- 300 m, 


2n x 50 
300 


+ <p + = 0 


Hence. 


or 



and the corresponding wavenumber is k = (27r/300) ^ / fi 2nz jt\ 

(rad/m). The general expression for an a; -directed electric E(z ' 0=x 1.2zr cos (2arx 10 / -— + jj (mV/m), 
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and from Eq. (7.34b) we have 

Vo 


2ttz j r 

- + 7T 


=ylOcos 2 jtx10/ — 

’ 300 3 

where we have used the approximation i ]o 
At t = 0, 


(//A/m), 
12077 (fi). 


E (z. 0) = x 1.271 cos (mV/m), 

H(s, 0) = y 10 cos (/tA/m). 

Plots of E(z, 0) and H(z, 0) are shown in Fig. 7-5 as a 
function of z.. m 


7-2.2 General Relation between e and H 

It can be shown that, for any uniform plane wave traveling 
in an arbitrary direction denoted by the unit vector k, the 
magnetic field phasor H is interrelated to the electric field 
phasor E by 


~ 1 - ~ 


H — -k x E, 

(7.39a) 

V 


E=-tjkx H. 

(7.39b) 


The cross product can be phrased in terms of the 
following right-hand rule: when we rotute the four fingers 
of the right hand from the direction of E toward the 
direction of II, the thumb will point in the direction 
of wave travel , k. The relations given by Eqs. (7.39a 
and b) are valid not only for lossless media, but for lossy 
media as well. As we will see later in Section 7-4, the 
expression for 7/ of a lossy medium is different from that 
given by Eq. (7.31). As long as the expression used for 
/? is appropriate for the medium in which the wave is 
traveling, the relations given by Eqs. (7.39a and b) always 
hold. 


Let us apply Eq. (7.39a) to the wave given by 
Eq. (7.32a). The direction of propagation k = z and 
E = x E+(z). Hence, 

~ 1 - ~ 1 ~ E + (?) 

H = -k x E = -(z x x) £+(z) = y—, (7.40) 

n v v 

which is the same as the result given by Eq. (7.32b). For 
a wave traveling in the -direction with an electric field 
given by 

E = x Ef(z) = xEf 0 e ikz , (7.41) 


application of Eq. (7.39a) gives 


H = -(-z x x) £ (z) = -y 


E * ^ ElE Jkz 


V 


= -y- 


v 


(7.42) 

Hence, in this case. H points in the negative y-direction. 

In general, a uniform plane wave traveling in the 
I z-direction may have both x- and y-components, in 
which case E is given by 

E = x£+(z)+y£+(z), (7.43a) 

and the associated magnetic field is 

H = x H* (z) + y H* (z). (7.43b) 

Application of Eq. (7,39a) gives 

H = -ixE = —x-S^+y-S^ . (7.44) 

V V V 

By equating Eq. (7.43b) to Eq. (7.44), we have 

II 


= - 


These results are illustrated in Fig, 7-6. The wave may 
be considered the sum of two waves, one with (Ef, Hj ) 
components and another with (£+, Hf) components. In 
general, a TEM wave may have an electric field in any 
direction in the plane orthogonal to the direction of wave 
travel, and the associated magnetic field is also in the 
same plane and its direction is dictated by Eq. (7.39a). 
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REVIEW QUESTIONS 

Q7.1 What is a uniform plane wave? Describe its 
properties, both physically and in mathematical terms. 
Under what conditions is it appropriate to treat a spherical 
wave as a plane wave? 

Q7.2 Since E and H are governed by wave equations 
of tire same form [Eqs. (7.15) and (7.16)]. does it follow 
that E = H? Explain. 

07.3 If a TEM wave is traveling in the y-direction, 
can its electric field have components along x, y, and z? 
Explain. 

EXERCISE 7.1 A 10-MHz uniform plane wave is 
traveling in a nonmagnetic medium with p — p o and 
«Y = 9. Find (a) the phase velocity, (b) the wavenumber, 
(c) the wavelength in the medium, and (d) the intrinsic 
impedance of the medium. 


Ans. (a) u v = I x 10 s m/s, (b) k = 0.2?r rad/m, (c) 

A = 10 m, (d) tj = 125.67 (2. (See *■) 

EXERCISE 7.2 The electric field phasor of a uniform 
plane wave traveling in a lossless medium with an intrin¬ 
sic impedance of 188.5 Q is given by E = % \ 0e -' Any 
(mV/m). Determine (a) the associated magnetic field 
phasor and (b) the instantaneous expression for E(y, t) 
if the medium is nonmagnetic (/ j, = p 0 ). 

Ans. (a) H = x53e~ j4 ^ (pA/m), (b) 

E(y, t) = i 10cos(67t x 10 8 f - Any) (mV/m). (See -) 

EXERCISE 7.3 If the magnetic field phasor of a plane 
wave traveling in a medium with intrinsic impedance i) = 
100 12 is given by H = (y 10 + z 20)e~ j4x (mA/m), find 
the associated electric field phasor. 

Ans. E = (-z + y 2)«T> 4 * (V/m). (See 9) 

EXERCISE 7.4 ^Repeat Exercise refexer7.3 for a magnetic 
field given by H = y( 1 0e~-i 3x - 20e i3x ) (mA/m). 

Ans. E = -z(e~i 3x + 2e i3x ) (V/m). (Sec 



7-3 Wave Polarization 

Tlie polarization of a uniform plane wave describes 
the shape and locus of the tip of the E vector (in the 
plane orthogonal to the direction of propaga tion) at a 
given point in space as a function of time. In the most 
general case, the locus of E is an ellipse, and die wave 
is called elliptica/ly polarized. Under certain conditions, 
the ellipse may degenerate into a circle or a segment of a 
straight line, in which case the polarization state is then 
called circular or linear, respectively. 

As was shown in Section 7-2, the e-components of the 
electric and magnetic fields of a--propagating plane wave 
are both zero. Hence, die electric field phasor E(z) may 
consist of an x-component, E ( (z), and a y-component, 

E y (z): 


E (z) = kE x (z) +y£ y (z) 


(7.46) 
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with 

E x (z) = E x0 e~' k \ (7.47a) 

E y (z) = Eyoe-l**, (7.47b) 

where E xU and E y0 arc the complex amplitudes of E x (z) 
arid E y (z), respectively. For the sake of simplicity, the 
plus sign superscript has been suppressed throughout; 
the negative sign in e~ jk: is sufficient to remind us that 
the wave is traveling in the positive --direction. 

The two amplitudes £\o and E y0 are, in general, com¬ 
plex quantities, with each characterized by a magnitude 
and a phase angle. The phase of a wave is defined relative 
to a reference condition, such as z = 0 and t — 0 or any 
other combination of z and t. Wave polarization depends 
on the phase of E y0 relative to that of £ v0 , but not on the 
absolute phases of E x 0 and E v0 . Hence, for convenience, 
we will choose the phase of E x0 as our reference (thereby 
assigning E x0 a phase angle of zero), and wc will denote 
the phase of E y0 , relative to that of E x0 , as 8. Thus, 8 is 
the phase difference between the y-component of E and 
its x -component. Accordingly, we define E x o and E,, 0 as 

Ex o — a x i (2.48a) 

E y o — a y e jS , (7.48b) 

where a x — \ E x0 | and a y = \E y0 \ are the magnitudes of 
£,() and E y o, respectively. Thus, by definition, a x and a y 
may not assume negative values. Using Eqs. (7.48a) and 
(7.48b) in Eqs. (7.47a) and (7.47b), the total electric 
field phasor is then given by 

E(z) = (\a x + y a y e iS )e~ jkz , (7.49) 

and the corresponding instantaneous field is 

E(z,t) = me[E(z)e iM ] 

— xa x cos (cat — kz) 

4- ya y cos(cuf — kz + S). (7.50) 

When characterizing the behavior of an EM wave, two 
properties of particular interest are the intensity and 


direction of its electric field. The intensity of E(z, t) is 
given by its modulus |E(z. /)|, namely 

|E(z, 01 = [E]{z,t) + E 2 v (z, /)| i/2 

= [a 2 x cos 2 (cot — kz) 

+ a 7 - cos 2 (cot — kz + 6)1 l/2 . (7.51) 

The electric field E(z, f) has components along the 
w- and y-directions. At a specific position z, the direction 
of E(z, l) is defined in the x-y plane (at that value of z) 
by the inclination angle f. defined with respect to the 
zero-phase reference component of E(z, /), which is the 
x-componcnt in the present case. Thus, 

1 | ■ (152 | 

In the general case, both the intensity of E (z, t) and its 
direction are functions of z and t. Next, we examine 
some special cases. 

7-3.1 Linear Polarization 

The polarization state of a wave traveling in the 
z-dircction is determined by tracing the tip of E(z, 0 as a 
function of time in a plane orthogonal to the direction 
of wave travel. For convenience and without loss of 
generality, we usually choose the z = 0 plane. A wave is 
said to be linearly polarized if E x (z, t) and E,.(z, t) are 
in phase (i.e., 8 = 0) or out of phase (6 = n). This is 
because, at a specified value of z, say z = 0, the tip of 
E(0. t) traces a straight line in the x-y plane. At z = 0 
and for S = 0 or n, Eq. (7.50) simplifies to 

E(0. t) = (xa x + ya y ) cos cot (in-phase), (7.53a) 

E((). /) = (xa x - y a y ) cos cot (out-of-phase). (7.53b) 

Let us examine the out-of-phase case. At cot = 0, 
E(0, 0) -- \a x - yu y . which means that E extends from 
the origin in Fig. 7-7 to the point (a x , —a v ) in the fourth 
quadrant in the x-y plane. As t increases, the modulus 
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of E(0, t ) varies as cos cot: 

|E(0, 01 = [a 7 x + a 2 y ]' /2 cos cot . (7.54a) 

and the inclination angle defined by Eq. (7.52) is given 
by 

iff = tan 1 ^ (out-of-phase), (7.54b) 

which is independent of both z and t. Thus, the length 
of the vector representing E(0. f) decreases to zero 
at cot = z/2. then reverses direction and increases in 
magnitude to [a 7 + a].]' 17 in the second quadrant of the 
x-y plane at cot = n. Since if/ is independent of both z 
and t, E(z, t) maintains a direction along the line making 
an angle if/ with the x-axis. 


If a y — 0, if/ = 0° or 180°, and the wave becomes 
x-polarized. and if a x =0, ifr = 90° or -90°, and the 
wave becomes y-polarized. 

7-3.2 Circular Polarization 

We now consider the special case when the magnitudes 
of the x- and y-components of E(z) are equal, and the 
phase differenced = izn/2. For reasons that will become 
evident shortly, the wave polarization is called left-hand 
circular when S — jt/2, and it is called right-hand 
circular when <5 — —rr/2. 

Left-Hand Circular (LHC) Polarization 

For a x = a y = a and 5 = m/2, Eqs. (7.49) and (7.50) 
become 

EL) = (xa + yae j * l2 )e- ilz 

= ci{x +jy)e-’ kl , (7.55a) 

E(z, t) = y\c [E(z)e''“] 

= xa cos (cut — kz) + y a cos (cot — kz + n/2) 

= xa cos [cot — kz) — y a sin(wr — kz.). (7.55b) 

The corresponding modulus and inclination angle are 
given by 

|E(z, f)| = [E%(z, t) + £^(z,/)] l/2 

= [a 3 cos 2 (a>t - kz) + a 2 sin 2 (<uf — kz)\ ]/2 
= a, (7.56a) 


\f/(z, f) = tan 1 

’ Eyiz, tY 

_EAz,n 

— fan - * 

~ —a sin(m/ — kz) 

- Lull 

_ a cos(o it — kz) 

— -(cot 

- kz). 


We observe that in this case the modulus of E is 
independent of both z and t, whereas if/ depends on 
both variables. These functional dependencies are the 
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(a) LHC polarization 



Figure 7-8: Circularly polarized plane waves propagaling 
in the +z-direction (out of the page). 


converse of those applicable to the linear-polarization 
case. 

At a fixed position z, say 7=0, Eq. (7.56b) gives 
t \r = —col; the negative sign means that the inclination 
angle decreases with increasing time. As illustrated in 
Fig. 7-8(a), the tip of E(/) traces a circle in the x-y plane, 
and it rotates in a clockwise direction as a function of 
time (when viewing the wave approaching). Such a wave 
is called left-hand circularly polarized because, when 
the thumb of the left hand points along the direction of 


Transmitting 

antenna 



Figure 7-9: Right-hand circularly polarized wave 
radiated by a helical antenna. 


propagation of the wave (the z-direction in this case), the 
other four fingers point in the direction of rotation of E. 

Right-Hand Circular (RHC) Polarization 

For a x — a, = a and <5 — —tt/2. we have 

|E(s, 01 = «, ifs = (cot — fez). (7.57) 

S' 

The trace of E as a function of t is shown in Fig. 7-8(b) for 
z = 0. For RHC polarization, the fingers of the right hand 
point in the direction of rotation of E when the thumb 
is along the propagation direction. Figure 7-9 depicts a 
right-hand circularly polarized wave radiated by a helical 
antenna. Note that polarization handedness is defined in 
terms of the rotation of E as a function of time in a fixed 
plane orthogonal to the direction of propagation, which 
is opposite of the direction of rotation of E as a function 
of distance at a fixed point in time. 

Example 7-2 RHC Polarized Wave 





7-3 WAVE POLARIZATION 


299 



An RHC polarized plane wave with electric field 
modulus of 3 (mV/m) is traveling in (lie -^-direction in 
a dielectric medium with s — 4e 0 , E = /z 0 , and a = 0. 
If (he wave frequency is 100 MHz, obtain expressions for 
E(y, t) and H(y./). 

Solution: Since the wave is traveling in the +y-dircc- 
tion, its field components must be along the x- and 
z-directions. The rotation of E(y, t) is depicted in 
Fig. 7-10, whereyis out of the page. By comparison wiih 
the RHC polarized wave shown in Fig. 7-8(b), we assign 
the ^-component of E(y) a phase angle of zero and the 
r-component a phase shift 8 = —tt/2. Both components 
have a magnitude a — 3 (mV/m). Hence, 

E(y) = xE x + z E, 

— xae~ i * ,2 e~' ky + iae~ jky 
= (—xj + z)3e Jky (mV/m), 



= ~(ij + x)e jky (mA/m). 

With co — 2nf — 2rr x 10 8 (rad/s), the wavenumber k is 

coy^r 2 jt x 10 8 -»/4 4 

k = — = 3 x 10 s = 3” 

and the intrinsic impedance jj is given by 
1 ) o 1207T 

h= - —7=- = 60 tt (fi). 

V4 

The instantaneous functions E(y, r) and H(y, t) arc then 
given by 

E (y,t)=9U [E (y)^'] 

=We [(-xj+i)3e-^e Jo, ‘] 

=3 [x sin (cot —ky) + zcos(a>/ —Ay) ] (mV/m), 

H(y,r)=lBe[H(y)<>’'] 

=SBe ^(z j -\-x)e~ ,ky e jM 

1 - 

= rx— Lx cos {cot - ky ) — z sin (cot —ky)] (mA/m), 
Zkjtv 

with w — 2rc x 10 s (rad/s) and k = 4jt/ 3 (rad/m). ■ 


7-3.3 Elliptical Polarization 

In the most general case, where a x yt= 0, a y 0, and 
5^0, the tip of E traces an ellipse in the x-y plane, and 
the wave is said to be elliptically polarized. The shape 
of the ellipse and its handedness (left-hand or right-hand 
rotation) are determined by the values of the ratio (a y /a x ) 
and the polarization phase difference 8. 

The polarization ellipse shown in Fig. 7-11 has a major 
axis along the £ -direction and a minor axis a„ along the 
/(-direction. The rotation angle y is defined as the angle 
between the major axis of the ellipse and a reference 
direction, chosen here to be the x-axis, with y being 
bounded within the range -n/2 < y < nr/2. The shape 
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of the ellipse and its handedness are characterized by the 
ellipticity angle x> defined as follows: 

tanx=±^ = ±i (7.58) 

R 

with the plus sign corresponding to left-handed rotation 
and the minus sign corresponding to right-handed 
rotation. The limits for % are -.t/4 < / < t/4. 
The quantity R = at ja n is called the axial ratio of 
the polarization ellipse, and it varies between 1 for 
circular polarization and oo for linear polarization. The 
polarization angles y and x 316 related to the wave 
parameters a x , a y , and S by* 

tan2y = (tan 2 ^ 0 )cos <5 (—jt/2 < y < n/2), (7.59a) 

sin 2x = (sin 2</'o) sin 8 (-t/4 <x< t/ 4), (7.59b) 

w'here tfeo is an auxiliary angle defined by 

tan \Jr 0 = — (0 < . (7.60) 

a x \ 2/ 

*From M. Bom and E. Wolf, Principles of Optics, New York: 
Macmillan, 1965, p. 27. 


Sketches of the polarization ellipse are shown in Fig. 7-12 
for various combinations of the angles (y, x). The ellipse 
reduces to a circle for x = ±45° and to a line for x = 0. 

Positive values of x> corresponding to sin S > 0, are 
associated with left-handed rotation, and negative values 
of X- corresponding to sin S < 0, are associated with 
right-handed rotation. 

Since the magnitudes a x and a y are, by definition, 
nonnegative numbers, the ratio a y /a x may vary between 
zero for an x-polarized linear polarization and 00 for 
a y-polarized linear polarization. Consequently, the 
angle r/r 0 is limited to the range 0 < i// 0 < 90 e . 
Application of Eq. (7.59a) leads to two possible solutions 
for the value of y, both of which fall within the defined 
range from —rr/2 to t/ 2. The correct choice is governed 
by the following rule: 

y > 0 if cos S > 0, 
y < 0 if cos 5 < 0. 

In summary, the sign of the rotation angle y is the same 
as the sign of cos S and the sign of the ellipticity angle y 
is the same as the sign of sin ft. 

Example 7-3 Polarization State 

Determine the polarization state of a plane wave with 
electric field 

E(z, /) = x 3 cos(&)f — kz + 30 c ) 

— y 4 sin (not — fez 4 - 45°) (mV/m). 

Solution: We begin by converting the second term into a 
cosine reference, 

E = x 3 cos(tw/ - fez + 30°) 

— y 4 cos(m/ — fez -f 45° — 90°) 

= x3cos(cv/ - fez + 30°) — y4cos(ft)t - fez — 45°). 
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| y — ► -90° 

45° Left circular polarization ) 

-45° 

0° 

45° 

90° 

o 

o 

0 

o 

22.5° Left elliptical polarization 


o 

o 

0 

0° Linear polarization 

\ 

_ 

/ 

1 

-22.5° Right elliptical polarization 'Q 


o 

o 

0 

- 45° Right circular polarization C^) 

0 

o 

o 

o 

Figure 7-12: Polarization states for various combinations of the polarization angles (y, x ) for a wave 
page. 

traveling out of the 


The corresponding field phasor E(s) is From Eq. (7.59a), 

E(j) — x 3e~ jiz e jW - y Ae~ ikz e~' AS ' tan 2 y — (tan 2i// 0 ) cos 5 

= x 3e~ jkz e j30 ° 4 - y Ae~ ikz e~ J45 ° e Ji80 ° >- = tan 106.2° cos 105° 

= x3e~ /kz e Ji0 ° + yAe~ ikz e im \ = 0.89, 


where we have replaced the negative sign of the second 
term with e ji80 ° in order to have positive amplitudes for 
both terms, thereby allowing us to use the definitions 
given in Section 7-3.3. According to the expression for 
E(z), the phase angles of the x- and y-components are 
Si = 30° and S y — 135°, giving a phase difference S = 
S y - S x = 135° — 30° = 105°. The auxiliary angle ipa is 
obtained from 



which gives two solutions for y, namely y = 20.8° and 
Y = -69.2°. Since cos S < 0. the correct value of y is 
-69.2°. From Eq. (7.59b), 

sin 2/ = (sin 2\/r 0 ) sin 5 

= sin 106.2° sin 105“ 

= 0.93 or x = 34.0°. 

The magnitude of x indicates that the wave is 
elliptically polarized and its positive polarity specifies 
its rotation as left handed. ■ 
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Liquid Crystal Display (LCD) 


Physical Principle 


LCDs are used in digital clocks, cellular phones, 
desktop and laptop computers, and some televi¬ 
sions and other electronic systems. They offer a 
decided advantage over other display technologies, 
such as cathode ray tubes, in that they are much 
lighter and thinner and consume a lot less power to 
operate. LCD technology relies on special electrical 
and optical properties of a class of materials known 
as liquid crystals, first discovered in the 1880 s by 
botanist Friedrich Reinitzer. 


Liquid crystals are neither a pure solid nor a pure 
liquid, but rather a hybrid of both. One particular 
variety of interest is the twisted nematic liquid 
crystal whose molecules have a natural tendency! 
to assume a twisted spiral structure when the 
material is sandwiched between finely grooved 
glass substrates with orthogonal orientations (At. 
Note that the molecules in contact with the grooved 
surfaces align themselves in parallel along the 
grooves. The molecular spiral causes the crystal 
to behave like a wave polarizer; unpolarized light 
incident upon the entrance substrate follows the 
orientation of the spiral, emerging through the exit 
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substrate with its polarization (direction of electric 
field) parallel to the groove’s direction. 


B1. ON state 


Liquid 

Crystal 


LCD Structure 


Bright 

Pixel 


A single-pixel LCD structure is shown in (B1) 
and (B2) for the OFF and ON states, with OFF 
corresponding to a bright-looking pixel and ON 
to a dark-looking pixel. The sandwiched liquid- 
crystal layer (typically on the order of 5 microns in 
thickness, or 1/20 of the width of a human hair) is 
straddled by a pair of optical filters with orthogonal 
polarizations. When no voltage is applied across 
the crystal layer (B1), incoming unpolarized light 
gets polarized as it passes through the entrance 
polarizer, then rotates by 90° as it follows the 
molecular spiral, and finally emerges from the 
exit polarizer, giving the exited surface a bright 
appearance. A useful feature of nematic liquid 
crystals is that their spiral untwists (B2) under 
the influence of an electric field (induced by a 
voltage difference across the layer). The degree of 
untwisting depends on the strength of the electric 
field. With no spiral to rotate the wave polarization 
as the light travels through the crystal, the light 
polarization will be orthogonal to that of the exit 
polarizer, allowing no light to pass through it. Hence, 
the pixel will exhibit a dark appearance. 


Dark 

Pixel 


Molecule of 
Liquid Crystal 


■ - 5 //.m . 

B2. OFF state 


Two-Dimensional 
. Pixel Array 


Exit 

Polarizer 


Entrance 
Polarizer. .• 


Two-Dimensional Array 

By extending the concept to a iwo-dimensional 
array of pixels and devising a scheme to control 
the voltage across each pixel individually (usually 
by using a thin-film transistor), a complete image 
can be displayed as illustrated in (C). For color 
displays, each pixel is made up of three subpixels 
with complementary color filters (red, green, and 
blue). 


Unpolarized 

Light 


C. 2-B array 



































304 


REVIEW QUESTIONS 

Q7.4 An elliptically polarized wave is characterized by 
amplitudes a x and a, and by the phase difference S. If a x 
and a y are both nonzero, what should S be in order for 
the polarization state to reduce to linear polarization? 

Q7.5 Which of the following two descriptions defines 
an RHC polarized wave: A wave incident upon an 
observer is RHC polarized if its electric field appears 
to the observer to rotate in a counterclockwise direction 
(a) as a function of time in a fixed plane perpendicular to 
the direction of wave travel or (b) as a function of travel 
distance at a fixed time /? 


EXERCISE 7,5 The electric field of a plane wave is given 
by 

E (z,t) =H3cos(cot—kz)+y4cos((ot-kz) (V/m). 

Determine (a) the polarization stale, (b) the modulus of E, 
and (c) the inclination angle. 

Ans. (a) Linear, (b) |E| — 5 cosfcvf - kz) (V/m), (c) 
f 0 = 53.1°. (See®) 

EXERCISE 7.6 If the electric field phasor of a TEM 
wave is given by E=(y —z j)e~ jkx , determine the 
polarization state. 

Ans. RHC polarization. (See ® ) 


D7.I-7.5 


7-4 Plane-Wave Propagation 
in Lossy Media 

To examine wave propagation in a conducting medium, 
we return to the wave equation given by Eq. (7.15), 

V 2 E - Y 2 E = 0, (7.61) 
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with 


y 2 — —a?pe c - —cu 2 p(e' - ye"). 


(7.62) 


where s' — e and e" — a/co. Since y is complex, we 
express it as 


y = o + jp. 


(7.63) 


where u is the attenuation constant of the medium and 
P is its phase constant. By replacing y with (a + jp) in 
Eq. (7.62), we have 


(a + jp) 2 = (a 2 - p 2 ) + j2afi 
= —arpe' + jar/ if". 


(7.64) 


The rules of complex algebra require the real and 
imaginary parts on one side of an equation to be 
respectively equal to the real and imaginary parts on the 
other side. Hence, 

a 2 - p 2 = -w 2 pe\ (7.65a) 

lap = o? p,e". (7.65b) 

Solving these two equations for a and p gives 


a = to 

ps' 

1 f s "\ 2 

./1 + ( — - 1 



2 

V \ e J 



1/2 


P =0) 


pe 

~Y 


+ 


1/2 


(Np/m), 

(7.66a) 

(rad/m). 

(7.66b) 


For a uniform plane wave with an electric field 
E = xE,(z) traveling in the +z-direction, the wave 
equation given by Eq. (7.61) reduces to 


Ex{z) 

dz 2 


— y 2 E x (z) = o. 


(7.67) 
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The solution of this wave equation leads to 

E (z) = xE x (z) = xE x0 e~ yz = xE x0 e- az e-j» z . (7.68) 

The associated magnetic field H can be determined either 
(1) by applying Eq. (7.2b): V x E = - jcoix H, (2) by 
applying Eq. (7.39a): H = (kx E.)/jj c , where ij c is 
the intrinsic impedance of the lossy medium , or (3) 
by analogy with the lossless case. Any one of these 
approaches gives 



We noted earlier that in a nonconducting medium, E(z, i ) 
is in phase with H(z,r). hut because t] c is a complex 
quantity in a conducting medium, the fields no longer 
have equal phase (as will be illustrated in Example 7-4). 

From Eq. (7.68), the magnitude of E x (z) is given by 

| £, (. z ) I = \E x0 e~ ai e~ iPz \ = \E x0 \e ~ oz , (7.71) 

which decreases exponentially with z at a rate specified 
by the attenuation constant a. Since H y — E x /i) c . the 
magnitude of H y also attenuates as e~ az . The attenuation 
process converts part of the energy carried by the 
electromagnetic wave into heat as a result of conduction 
in the medium. Through a distance z — S s such that 


4=i 

(m), (7.72) 

a 



the wave magnitude decreases by a factor of <? _l % 0.37 
compared with its value at z = 0, as shown in Fig. 7-13. 
This distance <5 S , called the skin depth of the medium, 
characterizes how well an electromagnetic wave can 



penetrate into a conducting medium. In a perfect 
dielectric, a = 0; hence, a — 0 and therefore S s = oc. 
Thus, in free space, a plane wave can propagate with 
no loss in magnitude indefinitely. On the other extreme, 
if the medium is a perfect conductor with <t = cc, 
use of s" = o/co in Eq. (7.66a) leads to cc = cc and 
hence <5 S = 0. In a coaxial cable, if the outer conductor 
is designed to be several skin depths thick, it serves 
to prevent the energy inside the cable from leaking 
outward, as well as to shield against the penetration of 
outside electromagnetic energy into the cable. 

The expressions given by Eqs. (7.66a), (7.66b), 
and (7.70) for a, p, and i; c arc valid for any linear, 
isotropic, and homogeneous medium. If the medium is 
a perfect dielectric (cr = 0), these expressions reduce 
to the lossless case [Section 7-2], wherein a = 0, 
P = k = and iy c = r/. For a lossy medium, 

the ratio e"/e' = ojios appears in all these expressions 
and plays an important role in determining how lossy 
a medium is. When e"/e' <& 1, the medium is called a 
low-loss dielectric, and when s"/s' 1, the medium 

is characterized as a good conductor. In practice, the 
medium may be regarded as a low-loss dielectric if 
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e"/s' < 10 2 , as a good conductor if e"/s' > 10 2 , and 
as a quasi-conductor if 10~ 2 < e"/s' < 10 2 . 

7-4.1 Low-Loss Dielectric 

From Eq. (7.62), the general expression for •/ is given by 

/ s"\ m 

Y = jco^ll- j-\ (7.73) 

For any quantity |x| <SC 1, the function (1 — x) i,: can 
be approximated by the first two terms of its binomial 
series; that is, (1 — a) 1/2 ~ 1 - .c/2. By applying such 
an expansion to Eq. (7.73) for a low-loss dielectric with 
a* = js"/s’ and s"/s’ «; 1, we have 

y = -j^j • (7.74) 

The real and imaginary parts of Eq. (7.74) give 

“ - = l/f (Np/m)i (7 - 75a) 

= co~J lie' — coJJls (rad/m). (7.75b) 

We note that the expression for /? is the same as that 
for the wavenumber k of a lossless medium. Applying 
the binomial approximation (1 — x) -l/2 ~ (1 + x/2) to 
Eq. (7.70) leads to 



In practice, these approximate expressions for a, ft, 
and tj c are used whenever s"/e' = cr/coe < 1/100, in 
which case the second term in Eq. (7.76a) may be ignored. 
Thus, 


= (7.76b) 

which is the same as the expression given by Eq. (7.31) 
for the lossless case. 


7-4.2 Good Conductor 

We now examine the case of a good conductor 
characterized by e"/e' > 100. Under this condition, 
Eqs. (7.66a), (7.66b), and (7.70) can be approximated as 


Ifte" /—z — 

a = 0, v ~ =£t Y 2 “ = VrtJucr 

(Np/m), 


(7.77a) 

P=a= ~/nf fco (rad/m), 

(7.77b) 

(i+A 

“ (0)- 

V s" V 0 

0 


(7.77c) 


In Eq. (7.77c), we used the relation given by Eq. (1.53): 
V7 = (1 + j)/\/2. Fora perfect conductor with a = co, 
these expressions give a = ft = 00 , and p c = 0. A 
perfect conductor is equivalent to a short circuit. 

Expressions for the propagation parameters in various 
types of media are summarized in Table 7-1 for easj 
reference. 

Example 7-4 Plane Wave in Seawater 

A uniform plane wave is traveling downward in the +z- 
direction in seawater, with the x-y plane denoting the sea 
surface and z — 0 denoting a point just below the surface. 
The constitutive parameters of seawater are c r = 80, 
/i r = 1, and o=4 S/m. If the magnetic field at z = 0 is 
given by H(0, f) = y 100cos(2tt x 10 3 r + 15°) (mA/m), 

(a) obtain expressions for E(z, t) and H(z, t), and 

(b) determine the depth at which the amplitude of E is 
1% of its value at z = 0. 

Solution: (a) Since H is along y and the propagation 
direction is z, E must be along x. Hence, the general 
expressions for the phasor fields are 

E(z ) = xE x0 e- az e-^, (7.78a) 

r 

H(z) =y — e - az e~ ifiz . (7.78b) 

4c 








To determine cr, fi. and q c for seawater, we begin by 
evaluating the ratio e"/e'. From the argument of the 
cosine function of H(0,r), we deduce that a> = 2ix 10 3 
(rad/s), and therefore / = 1 kHz. Hence, 

e" _ o _ a _ 4 

s' cos we T eo 2 n x 10 3 x 80 x (10 —9 /36zr) 

= 9 x 10 5 . 


Since s"/e' » 1, seawater is a good conductor at 1 kHz. 
This allows us to use the good-conductor expressions 
given in Table 7-1; 

a — y Jixf ixo 


= v 7T X 10 3 X 47T X 10~ 7 X 4 
= 0.126 (Np/m), 

= ff = 0.126 (rad/m), 


(7.79a) 

(7.79b) 


a 

>/c = (l + /)- 

(7 

= (V2 c Jn/4 ) ° A ^ 6 = 0.044e Jn/ * (Q). (7.79c) 

As no explicit information has been given about the 
electric held amplitude E x0 , we should assume it to be 
complex; that is, E : o = \E x o\e jlh . The wave’s instanta¬ 
neous electric and magnetic fields are then given by 

E(z, /) = 9de [\\E x Q\e^e- ai e- j ^e jM } 

= xl^ole -01262 cos(27r x 10 3 f - 0.126z + <j>o) 

(V/m), (7.80a) 

H(z, t) = 9He 

L 0.044 ei"!* 

= y22.5|£ l0 |£-° 12fe cos(2^ x 10 3 / 

- 0.126z + <t>o~ 45°) (A/m). (7.80b) 
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At z = 0, 

H(0, t) = y22.5|£,ol cos(2^xl0 3 ?+</> 0 -45°) (A/m). 

(7.81) 

By comparing Eq. (7.81) with the expression given in 
the problem statement. 

H(0, t) = y 100 cos( 27 t x 10 3 / + 15°) (mA/m), 

we deduce that 

22.5|E* 0 | = 100 x lO" 3 
or 


£^1=4.44 (mV/m), 


and 


- 45° = 15° or = 60°. 

Hence, the final expressions for E(z, t) and H(z, t) are 

E(z, r) —x 4.44£~° 126c cos(2rr x 10 3 r - 0.126z + 60°) 

(mV/m), (7.82a) 

H(z, t) = y 100e _ol26: cos(2tt x 10 3 / - 0.126z + 15°) 

(mA/m). (7.82b) 

(b) The depth at which the amplitude of E lias decreased 
to 1% of its initial value at z — 0 is obtained from 


0.01 = e~ 0A26z 


or 


z = 


ln(0.01) 

-0.126 


= 36 m. ■ 


EXERCISE 7.7 The constitutive parameters of copper are 
/i = /x 0 = 47r x I0 -7 (H/m), e = £(, — (1/36 jt) x 1CT 9 
(F/m), and cr = 5.8 x 10 7 (S/m). Assuming that 
these parameters are frequency independent, over what 
frequency range of the electromagnetic spectrum [see 
Fig. 1-151 is copper a good conductor? 

Ans. / < 1.04 x 10 16 Hz, which includes the radio 
spectrum, the infrared and visible regions, and part of the 
ultraviolet region. (See ®) 


EXERCISE 7.8 Over what frequency range may dry soil, 
with e, =3, /x, = 1, and a = 10 -4 (S/m), be regarded 
as a low-loss dielectric medium? 

Ans. / > 60 MHz. (See ^ 

EXERCISE 7.9 For a wave traveling in a medium with a 
skin depth <S s , W'hat is the amplitude of E at a distance 
of 35 s compared with its initial value? 

Ans. e -3 «s 0.05 or 5%. (See ") 


7-5 Current Flow in a Good Conductor 


When a d-c voltage is connected across the ends of a 
conducting wire, the current flowing through the wire has 
a uniform current density J over the wire’s cross section, 
That is, T has the same value along the axis of the wire 
as along its outer perimeter (Fig. 7-14(a)], This is not 
true in the a-c case. As we will see shortly, the current 
density in the time-varying case is maximum along 



TV] 

_ \ A A_In 

vvv +r- 

K V 

(a) d-c case 

Bh 


I—VW 
K 


V(t) 


(b) a-c case 

Figure 7-14: Current density J in a conducting wire is (a) 
uniform across its cross section in the d-c case, but (b) in 
the a-c case, J is highest along the wire’s perimeter. 
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the perimeter of the wire and decreases exponentially 
as a function of distance toward the axis of the wire 
[Fig. 7-14(b)]. In fact, at very high frequencies most 
of the current flows through a thin outer layer of the 
wire, and if the wire material is a perfect conductor, the 
current flows entirely along the surface of the wire. 

Before we deal with the situation for a wire with 
circular cross secfion, let us consider the simpler 
geometry of a semi-infinite solid, as shown in 
Fig. 7-15(a). The conducting solid is infinite in depth and 
has a planar surface coincident with the x-y plane. If at 
z = 0~ (just above the surface), an a:-polarized EM field 
with E = \E 0 and H = y£<)/'? exists in the medium 
above the conductor, a similarly polarized EM field will 
be induced in the conducting medium and will constitute 
a plane wave that travels along the -Fz-direction. As a 
consequence of the boundary condition mandating that 
the tangential component of E be continuous across the 
boundary between any two contiguous media, at z = 0+ 
(just below the boundary) the electric field of the wave 
is E(0) = xEq. The fields of the EM wave at any depth z 
in the conductor arc then given by 

E (z) = xE 0 e- az e- J/iz , (7.83a) 

H(z) = y— e ~ az e-^ z . (7.83b) 

fic 

From J = crE, the current flows in the v-direction, and 
its density is 

J(z) = x7 r (z), (7.84) 

with 

JAz) = a Eac~ az e~^ z = he~ a7 e~^ z , (7.85) 

where Jo = o Eo is the magnitude of the current density 
at the surface. In terms of the skin depth <5 S = 1 ja defined 
by Eq. (7.72) and in view of Eq. (7.77b), which states that 
a = for a good conductor, Eq. (7.85) can be written as 



oo Z 

(b) Equivalent 7o over 
skin depth 


Figure 7-15: Exponential decay of current density J x (z) 
with z in a solid conductor. The total current flowing 
through (a) a section of width w extending between 
z = 0 and z = oo is equivalent to (b) a constant current 
density Jo flowing through a section of depth 5 S . 

JAz) = J 0 e~ ll+j)z ' s ' (A/m 2 ). (7.86) 

The current flowing through a rectangular strip extending 
between zero and oo in the z-direction and of width w in 
the y -direction is 

r oo 

! = w JAz) dz 

Jo 

— f dz = (A). (7.87) 

Jo (1+7) 

The numerator of Eq. (7.87) is equivalent to a uniform 

current density J 0 flowing through a thin surface section 
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of width w and depth 5 S . Because J x (z) decreases 
exponentially with depth z, a conductor with a finite 
thickness d may be treated in practice as infinitely deep 
as long as d is several skin depths in extent. If d = 35 s 
[instead of oo in the integral of Eq. (7.87)1, the error 
incurred in using the result on the right-hand side of 
Eq. (7.87) is less than 5%; and if d = 5 S s , the error 
is less than 1 %. 

The voltage across a length / at the surface 
[Fig. 7-15(b)] is given by 

V = £„/ = —/. (7.88) 

a 

Hence, the impedance of a slab of width w, length /. and 
depth d — oo (or, in practice, d > 5S s ) is 

Z = I = - (Q). (7.89) 

l ab % w 

It is customary to represent Z as 

Z = Z s - , (7.90) 

w 

where Z s , which is called the internal or surface 
impedance of the conductor, is defined as the 
impedance Z for a unit length l-lm and a unit width 
w = 1 m. Thus, 


Z s = (£2) . (7.91) 

cro s 


Since the reactive part of Z s is positive, Z s can be defined 
as 


Z s = R s + jioL s 

with 

I l^fu 

^ = < fi )> ( ? - 92a ) 
ads V a 

, 1 1 nr 

^ 7 = nJ~T- (H) ’ (7 - 92b) 

cucos 2 V rt f a 


where we used the relation S s = l/a — 1 j^nfiia given 
by Eq. (7.77a). In terms of the surface resistance R s , t 
a-c resistance of a slab of width w and length l is 


R = R s -= J— 
w ao s w 


(fl). 


(7.93) 


The expression for the a-c resistance R is equivalent to 
the d-c resistance of a plane conductor of length l and 
cross section A = 8 s w. 

The results obtained for the planar conductor will 
now be extended to the coaxial cable shown in 
Fig. 7-16(a). If the conductors are made of copper wilh 
a = 5.8 x 10 7 S/m, the skin depth — I /-/rtf pc r = 
0.066 mm at 1 MHz, and since S s varies as i A/7, it 
becomes smaller at higher frequencies. For the inner 
conductor, as long as its radius a is greater than 5<S s , 
or 0.33 mm at 1 MHz, its “depth" may be regarded 
as semiinfinite, and a similar criterion applies to the 
thickness of the outer conductor. The current flowing 


/Outer conductor 


Dielectric 


Dielectric 


— 2 a 2b~ 


Inner conductor 


(a) Coaxial cable 



(b) Equivalent inner conductor 

Figure 7-16: The inner conductor of the coaxial cable in 
(a) is represented in (b) by a planar conductor of width 
2 jt a and depth d K . as if its skin has been cut along its 
length on the bottom side and then unfurled into a planar 
geometry. 
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through the inner conductor is concentrated on its outer 
surface and is approximately equivalent to a uniform 
current flowing through a thin layer of depth S s and 
circumference lira. This is equivalent to a planar 
conductor of width w = 2rta, as shown in Fig. 7-16(b). 
The corresponding resistance per unit length is obtained 
by setting w = 2 na and dividing by / in Eq. (7.93): 

R ' = T = £-a (794) 

Similarly, for the outer conductor, the current is 
concentrated within a thin layer on the inside surface of 
the conductor adjacent to the insulating medium between 
the two conductors, which is where the EM fields exist. 
The resistance per unit length for the outer conductor 
with radius b is 

*2 = ~ (Q/m), (7.95) 


and the total a-c resistance per unit length is 



This expression was used in Chapter 2 for characterizing 
the resistance per unit length of a coaxial transmission 
line. 


REVIEW QUESTIONS 

Q7.6 How does 0 of a low-loss dielectric medium 
compare to that of a lossless medium? 

Q7.7 In a good conductor, does the phase of H lead or 
lag that of E and by how much? 

Q7.8 Attenuation means that a wave loses energy as it 
propagates in a lossy medium. What happens to the lost 
energy? 

Q7.9 Is a conducting medium dispersive or dispersion¬ 
less? Explain. 


Q7.10 Compare the flow of current through a wire in 
the d-c and a-c cases. Compare the corresponding d-c and 
a-c resistances of the wire. 


7-6 Electromagnetic Power Density 

This section deals with the flow of power carried by an 
electromagnetic wave. For any wave with an electric field 
E and magnetic field H, the Poynting vector S is defined 
as 

S = E x H (W/m 2 ). (7.97) 

The unit of S is (V/m) x (A/m) = (W/m 2 ), and the 
direction of S is along the propagation direction of the 
wave, k. Thus, S represents the power per unit area (power 
density) carried by the wave, and if the wave is incident 
upon an aperture of area A with outward surface unit 
vector li as shown in Fig. 7-17, then the total power that 
flows through or is intercepted by the aperture is 

P= S-ndA (W). (7.98) 

Ja 

For a uniform plane wave propagating in a direction k 
that makes an angle 9 with n, P = SAcosfl, where 
S = \S\. 

Except for the fact that the units of S are per unit area, 
Eq. (7.97) is the vector analogue of the scalar expression 
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for the instantaneous power P(z. t) flowing through a 
transmission Jine; that is, 

P(z,t) = v(z,t)i(z,t), (7.99) 

where v(z,t) and i(z,t) are the instantaneous voltage 
and current on the line. 

Since both E and H are functions of time, so is the 
Poynting vector S. In practice, however, the quantity 
of greater interest is the average power density of the 
wave, S av , which is the time-average value of S. For a 
transmission line excited by a time-harmonic (sinusoidal) 
source, we showed in Chapter 2 that the time-average 
power flowing toward the load can he computed by 
applying Eq. (2.87): 

/> av (:0 = |fRe[V(z)r(z)], (7.100) 

where V (z) and I(z) are the phasors corresponding 
to v(z.t) and respectively. The analogous 

expression for an electromagnetic wave is 


S av = |!Re[Ex fi* (W/m 2 ). (7.101) 


7-6.1 Plane Wave in a Lossless Medium 

The general expression for the phasor electric held of a 
uniform plane wave with arbitrary polarization, traveling 
in the +<:-direction, is given by 

E(z)=x£ t (z)+y£v(<) 

= (* E x0 + y E y0 )e~ jkz , (7.102) 

where, in the general case, E x o and E y o may be complex 
quantities. The magnitude of E is 

|E| = (E • E*) 1/2 - [\E x0 \ 2 + \Eyo\ 2 V' 2 . (7.103) 


The phasor magnetic field associated with E is obtained 
by applying Eq. (7.39a): 

H(z) = -7, x E = -(-xE„o + yE x o)e~ Jkz - (7.104) 
7 7 

The wave can be considered to be the sum of two waves, 
one with ( E x , H y ) and another with ( E y ,H x ). Using 
Eqs. (7.102) and (7.104) in Eq. (7.101) leads to 


S av = z^(|£,ol 2 + |£ y ol 2 ) 

„ |E| Z 

= z J — L (W/m 2 ), (7.105) 

27 


which states that the power flow is in the .--direction and 
the average power density is equal to the sum of the 
average power densities of the (E v , H y ) wave and the 
(E y , Hy) wave. Note that, because S- ;V depends only on 
7 and |E|, waves characterized by different polarizations 
carry the same amount of average power if their electric 
fields have the same magnitudes. 

Example 7-5 Solar Power 

If solar illumination is characterized by a power 
density of 1 kW/m 2 at Earth’s surface, find (a) the total 
power radiated hy the sun, (b) the total power intercepted 
by Earth, and (c) the electric field of the power density 
incident upon Earth's surface, assuming that all the solar 
illumination is at a single frequency. The radius of Earth’s 
orbit around the sun, R s . is approximately 1.5 x 10 8 km, 
and Earth’s mean radius R e is 6,380 km. 

Solution: (a) Assuming that the sun radiates isotropically 
(equally in all directions), the total power it radiates is 
equal to S av v4 sptl , where A sp h is the area of a spherical 
shell of radius [Fig. 7-18(a)]. Thus, 

P sun = S m (4nR 2 s ) = 1 x 10 3 x 47T x (1.5 x 10 11 ) 2 
= 2.8 x 10 26 W. 
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spherical surface 
Asph = 4.T/C 

(a) Radiated solar power 



(b) Earth intercepted power 

Figure 7-18: Solar radiation intercepted by (a) a spherical 
surface of radius /\’ s . and (b) Earth’s surface (Example 7- 
5). 

(b) With reference to Fig. 7-18(b), the power intercepted 
by Earth’s cross section A c = rcR] is 

Pin, = S av (jT R:) = 1 x I0 3 x tc x (6.38 x 10 6 ) 2 
= 1.28 x 10 17 W. 


(c) The power density ,S av is related to the magnitude of 
the electric field | E\)\ by 



where r/ 0 = 377 (Q) for air. Hence, 

|£ol = j2ri Q S m = yjl x 377 x HP 

= 870 (V/m). ■ 

7-6.2 Plane Wave in a Lossy Medium 

The expressions given by Eqs. (7.68) and (7.69) 
characterize the electric and magnetic fields of a z- 
directed, x-polarized plane wave propagating in a lossy 
medium with a propagation constant y = a + jf. i. By 
extending these expressions to the more general ease of 
a wave with components along both x and y, we have 

E(z)=.i£ x (z) + y£,(z) 

— (xE xl o + yEyo)e~ az e~-iP z , (7.106a) 

H(z) = -(-*£, o + yE x0 )e- az e~M, (7.106b) 
r\c 

where 7c is the intrinsic impedance of the lossy medium. 
Application of Eq. (7.101) gives 

Sav(z) = ^«e[ExH*] 

= j(l^ 2 ^/) ^, e (l). (7 , 07) 

2 WcJ 

By expressing 7c in polar form as 

*lc = \Vc\e' e ", (7.108) 

Eq. (7.107) can be rewritten as 

I F' 1^ 

S uv (z) = z — e ■ 2o ’ : cos (9,, (W/m 2 ), (7.109) 

where |E<)| — [|£,ol 2 + |£?ol 2 ] l/2 is the magnitude 
of E(z) at z - 0. Whereas the fields E(z) and H(z) 
decay with z as e~" z , the power density S av decreases 
as e 2az . When a wave propagates through a distance 
z = = 1 /a, the magnitudes of its electric and magnetic 
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fields decrease to e~ l 37% of their initial values, and 
its average power density decreases to e~ 2 14% of its 

initial value. 


7-6.3 Decibel Scale for Power Ratios 

The unit for power P is watts (W). In many engineering 
problems, the quantity of interest is the ratio of two 
power levels, P\ and P 2 , such as the incident and 
reflected powers on a transmission line, and often the 
ratio P\/P 2 may vary over several orders of magnitude. 
The decibel (dB) scale is logarithmic, thereby providing a 
convenient representation of the power ratio, particularly 
when numerical values of / P 2 are plotted against some 
variable of interest. If 


G=T-’ (7-110) 

‘2 

then 

G [dB] = 10 log G = 10 log (dB). (7.111) 

Table 7-2 provides a comparison between some values of 
G and the corresponding values of G |dB], Even though 
decibels are defined for power ratios, they can sometimes 
be used to represent other quantities. For example, if 
P] — V\ 2 /R is the power dissipated in a resistor R with 
voltage Vi across it at time and P 2 = Vf j R is the 
power dissipated in the same resistor at time t 2 , then 

G [dB] = 10 log 




= 201og(g) = g [dB], (7.112) 



Table 7-2: Power ratios in natural numbers and in decibels. 


G 

G [dB J 

10 v 

1 Ox dB 

4 

6 dB 

2 

3 dB 

1 

0 dB 

0.5 

—3 dB 

0.25 

—6 dB 

0.1 

-10 dB 

io- 2 

-30 dB 


where g = V\jV 2 is the voltage ratio. Note that for 
voltage (or current) ratios the scale factor is 20 rather 
than 10. which results in G [dB] = g [dB]. 

Tbs attenuation rule, representing the rate of decrease 
of the magnitude of S av (z) as a function of propagation 
distance, is defined as 

,p.v(z)‘ 


where 


A = 10 log , 

Uav(0)J 

= 10 log (e -2 " 2 ) 

= —20 az log e 

— -8.68ar: = -a [dB/rn] z 

a [dB/m] = 8.68a [Np/m], 


(dB). (7.113) 


(7.114) 


We also note that, since S av (z) is directly proportional to 

|E(z)| 2 , 


-4 = 10 log 


i2 n 


mz)\ 

Li£(0)i 2 J 


= 20 log —— (dB). 

Ll£(0)ij 

(7.115) 

Example 7-6 Power Received by a Submarine Antenna 

A submarine at a depth of 200 m uses a wire antenna 
to receive signal transmissions at 1 kHz.. Determine the 
power density incident upon the submarine antenna due 
to the EM wave of Example 7-4. 
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Solution: From Example 7-4, |£ 0 | = I E*o1 = 4.44 
(mV/m), a = 0.126 (Np/m), and r/ c = 0.044 /45° (£ 2 ). 
Application of Eq. (7.109) gives 



„ (4.44 x HU 3 ) 2 
- z- 


2 x 0.044 
= z0.16<T°- 252i 


e ~0.252z cos 45° 
(mW/m 2 ). 


At z = 200 m, the incident power density is 
S av — z(0.16 x HTV 0 ' 252 * 200 ) 

= 2.1 x 10 -26 (W/m 2 ). ■ 


EXERCISE 7.10 Convert the following values of the 
power ratio G from natural numbers to decibels: (a) 2.3, 
(b) 4 x 10\ (c) 3 x 10- 2 . 

Ans. (a) 3.6 dB. (b) 36 dB, (c) -15.2 dB. (See *•) 
EXERCISE 7.11 Find the voltage ratio g in natural units 
corresponding to the following decibel values of the 
power ratio G: (a) 23 dB, (b) —14 dB. (c) -3.6 dB. 
Ans. (a) 14.13, (b) 0.2, (c) 0.66. (See S) 


CHAPTER HIGHLIGHTS 

• A spherical wave radiated by a source becomes 
approximately a uniform plane wave at large 
distances from the source. 

• The electric and magnetic fields of a transverse 
electromagnetic (TEM) wave are orthogonal to each 
other, and both are perpendicular to the direction of 
wave travel. 

• The magnitudes of the electric and magnetic fields of 
a TEM wave are related by the intrinsic impedance 
of the medium. 

• Wave polarization describes the shape and locus of 
the tip of the E vector at a given point in space 
as a function of time. The polarization state, which 


may be linear, circular, or elliptical, is governed by 
the ratio of the magnitudes of and the difference in 
phase between the two orthogonal components of 
the electric field vector. 

• Media are classified as lossless, low-loss, 
quasi-conducting, or good conducting on the 
basis of the ratio s" j s' = afios. 

• Unlike the d-c case, wherein the current flowing 
through a wire is distributed uniformly across its 
cross section, in the a-c case most of the current is 
concentrated along the outer perimeter of the wire. 

• Power density carried by a plane EM wave traveling 
in an unbounded medium is akin to the pow er carried 
by tlie voltage/current wave on a transmission line. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

guided medium 

unbounded media 

spherical wave 

uniform plane wave 

complex permittivity s c 

wavenumber k 

TF.M wave 

intrinsic impedance r] 

wave polarization 

elliptical polarization 

circular polarization 

linear polarization 

LHC and RHC polarizations 

attenuation constant a 

phase constant fi 

skin depth S s 

low-loss dielectric 

quasi-conductor 

good conductor 

internal or surface impedance 
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surface resistance R s 
d-c and a-c resistances 
Poynting vector S 
average power density S av 

PROBLEMS 

Section 7-2: Propagation in Lossless Media 

7.T The magnetic field of a wave propagating through 
a certain nonmagnetic material is given by 

H = z30cos(10 8 r-0.5y) (mA/m) 

Find the following: 

(a) The direction of wave propagation. 

(b) The phase velocity. 

(c) The wavelength in the material. 

(d) The relative permittivity of the material. 

(e) The electric field phasor. 

7.2 Write general expressions for the electric and 
magnetic fields of a 1-GHz sinusoidal plane wave 
traveling in the +)■-direction in a lossless nonmagnetic 
medium with relative permittivity e, = 9. The electric 
field is polarized along the x-direction, its peak value is 
6 V/m, and its intensity is 4 V/m at t = 0 and y = 2 cm. 
73' The electric field phasor of a uniform plane wave 
is given by E — y iOe ,tl7z (V/m). If the phase velocity of 
the wave is 1.5 x 10 s m/s and the relative permeability 
of the medium is /x r — 2.4, find the following: 

(a) The wavelength. 

(b) The frequency / of the wave. 

(c) (c) the relative permittivity of the medium. 

(d) The magnetic field H(z, i). 

*.Answer(s) available in Appendix D. 

Solution available in CD-ROM. 


7.4 The electric field of a plane wave propagating in a 
nonmagnetic material is given by 

E=[y3sin(m x 10 7 / — 0.2nx) 

+ z4cos(zr x 10 7 / — 0.2 tix) 1 (V/m) 

Determine 

(a) The wavelength. 

(b) e r . 

(c) H. 

7.5 s A wave radiated by a source in air is incident upon 
a soil surface, whereupon apart of the wave is transmitted 
into the soil medium. If the wavelength of the wave is 
60 cm in air and 20 cm in the soil medium, what is the 
soil’s relative permittivity? Assume the soil to he a very 
low-loss medium. 

7.6 The electric field of a plane w-ave propagating in a 
lossless, nonmagnetic, dielectric material with e r = 2.56 
is given by 

E = y 20 cos(6jt x 10 Q r - kz.) (V/m) 
Determine: 

(a) /, n p . A, k, and t], 

(b) The magnetic field H. 

Section 7-3: Wave Polarization 

7.7* An RHC-polarized wave with a modulus of 2 
(V/m) is traveling in free space in the negative z-direction. 
Write the expression for the wave’s electric field vector, 
given that the wavelength is 6 cm. 

7.8 For a wave characterized by the electric field 

E(z, t) = xa x cos (cot - kz) + y a y cos (on -kz+8) 

identify the polarization state, determine the polarization 
angles (y, y ), and sketch the locus of E(0, 1 ) for each of 
the following cases: 
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(a) a x = 3 V/m, u y = 4 V/m, and 5 = 0 

(b) a, - 3 V/m, a y = 4 V/m, and 5 = 180° 

(c) a, = 3 V/m, a y = 3 V/m, and 5 = 43° 

(d) a x = 3 V/m, a v = 4 V/m, and 5 = -135° 

7.9“ The electric field of a uniform plane wave 
propagating in free space is given by 

E = (x + jy)30e~'* z/6 (V/m) 

Specify the modulus and direction of the electric field 
intensity at the z. = 0 plane at r = 0, 5, and 10 ns. 

7.10 A linearly polarized plane wave of the form 
E = \a x c~' kz can be expressed as the sum of an RHC 
polarized wave with magnitude a R , and an LHC polarized 
wave with magnitude a^. Prove this statement by finding 
expressions for ur and at in terms of a x . 

7.11“ The el ectric field of an elliptically pol arized plane 
wave is given by 

E(z, t ) = [—x 10 sin(ft>? — kz- 60°) 

+ y 30cos(<x>f — kz)] (V/m) 
Determine the following: 

(a) The polarization angles (y, /). 

(b) The direction of rotation. 

7.12 Compare the polarization states of each of the 
following pairs of plane waves: 

(a) Wave 1: Ei = x2cos(<or - kz) + y2 sin(cof - kz). 
Wave 2: Ej = x2cos(tur + kz) + y2 sin(<wt + kz). 

(b) Wave 1: E, = x2cos(&>r - kz) — y2sin(<uf - kz). 
Wave 2: E? = x2cos(<uf + kz) - y2 sin(mr + kz). 

7.13 Plot the locus of E(0, /) for a plane wave with 
E(z, t) = xsin(cu/ + kz) + y2cos(aif + kz) 

Determine the polarization state from your plot. 


Sections 7-4: Propagation in a lossy Medium 

7.14 For each of the following combinations of 
parameters, determine if the material is a low-loss 
dielectric, a quasi-conductor, or a good conductor, and 
then calculate o:, /3, A, « p , and )j c : 

(a) Glass with /z r = 1, e t = 5, and a = 10 -12 S/m at 
10 GHz. 

(b) Animal tissue with /U r = 1, e r = 12, and a = 0.3 
S/m at 100 MHz. 

(c) Wood with n r = 1, e v = 3, and a = 10 -4 S/m at 
1 kHz. 

7.15 Dry soil is characterized by s, = 2.5, ji, = 1, and 
a = 10 -4 (S/m). At each of the following frequencies, 
determine if dry soil may be considered a good conductor, 
a quasi-conductor, or a low-loss dielectric, and then 
calculate a, /3, A, /x p , and j] c : 

(a) 60 Hz 

(b) 1 kHz 

(c) 1 MHz 

(d) 1 GHz 

7.16 In a medium characterized by s, = 9, /i, = 1, 
and a = 0.1 S/m, determine the phase angle by which 
the magnetic field leads the electric field at 100 MHz. 

7.17 Generate a plot for the skin depth 5 S versus 
frequency for seawater for the range from 1 kHz to 
10 GHz (use log-log scales). The constitutive parameters 
of seawater are /z r = 1, e, = 80, and <7=4 S/m. 

7.18 Ignoring reflection at the air-soil boundary, if the 
amplitude of a 3-GHz incident wave is 10 V/m at the 
surface of a wet soil medium, at what depth will it be 
down to 1 mV/m? Wet soil is characterized by /i r = 1, 
£, = 9, and a = 5 x 10 -4 S/m. 
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7.19* The skin depth of a certain nonmagnetic 
conducting material is 3 /xm at 2 GHz. Determine the 
phase velocity in the material. 

7.20 Based on wave attenuation and reflection meas¬ 
urements conducted at 1 MHz, it was determined that the 
intrinsic impedance of a certain medium is 28.1 /*s° (£2) 
and the skin depth is 2 m. Determine the following: 

(a) The conductivity of the material. 

(b) The wavelength in the medium. 

(c) The phase velocity. 

7.21* The electric field of a plane wave propagating in 
a nonmagnetic medium is given by 

E = z 25e~ 30x cos(2 n x 10 9 t - 40x) (V/m) 

Obtain the corresponding expression for H. 

Section 7-5: Current Flow in Conductors 

7.22 In a nonmagnetic, lossy, dielectric medium, a 300- 
MHz plane wave is characterized by the magnetic field 
phasor 

H - (x - j4i)e~ 2y e~ j9y (A/m) 

Obtain time-domain expressions for the electric and 
magnetic field vectors. 

7.23* A rectangular copper block is 30 cm in height 
(along z). In response to a wave incident upon the 
block from above, a current is induced in the block in 
the positive x -direction. Determine the ratio of the a-c 
resistance of the block to its d-c resistance at 1 kHz. The 
relevant properties of copper are given in Appendix B. 

7.24 The inner and outer conductors of a coaxial 
cable have radii of 0.5 cm and 1 cm, respectively. The 
conductors arc made of copper with e r = 1, /x r = 1, and 
o = 5.8 x 10 7 S/m, and the outer conductor is 0.5 mm 
thick. At 10 MHz: 


(a) Are the conductors thick enough to be considered 
infinitely thick as far as the flow of current through 
them is concerned? 

(b) Determine the surface resistance R % . 

(c) Determine the a-c resistance per unit length of the 
cable. 

Section 7-6: EM Power Density 

7.25* The magnetic field of a plane wave traveling in 
air is given by H = x50sin(27r x 10 7 f — ky) (mA/m). 
Determine the average power density carried by the wave. 

7.26 A wave traveling in a nonmagnetic medium with 
£ r — 9 is characterized by an electric field given by 

E = [y 3 cos(jt x 10 7 r + kx) 

- z2cos(?r x 107 -f kx)] (V/m) 

Determine the direction of wave travel and average power 
density carried by the wave. 

7.27* The electric-field phasor of a uniform plane wave 
traveling downwind in water is given by 

E = x 5e~°' 2z e~ j02z (V/m) 

where z is the downward direction and z = 0 is the water 
surface. If a = 4 S/m, 

(a) Obtain an expression for the average power density. 

(b) Determine the attenuation rate. 

(c) Determine the depth at which the power density has 
been reduced by 40 dB. 

7.28 The amplitudes of an elliptically polarized plane 
wave traveling in a lossless, nonmagnetic medium with 
e r = 4 are 7/ v n = 3 (mA/m) and H- o — 4 (mA/m). 
Determine the average power flowing through an aperture 
in the y—z plane if its area is 20 m 2 . 
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7.29* A wave traveling in a lossless, nonmagnetic 
medium has an electric field amplitude of 24.36 V/m and 
an average power density of 2.4 W/m 2 . Determine the 
phase velocity of the wave. 

7.30 At microwave frequencies, the power density 
considered safe for human exposure is 1 (mW/cm 2 ). A 
radar radiates a wave with an electric field amplitude F, 
that decays with distance as E(R) = (3, 000/ R) (V/m), 
where R is the distance in meters. What is the radius of 
the unsafe region? 

7.31 Consider the imaginary rectangular box shown in 
Fig. 7-19. 

(a) Determine the net power flux P (/) entering the box 
due to a plane wave in air given by 

E = x£'o cos (cot — ky ) (V/m) 

(b) Determine the net time-average power entering the 
box. 


a/ 

+ 

* 

-> - 

b 

* i 

/ ■ 

/ ■ 

f 

1 

1 

1 ' . r 

c : 

■ / 

< / 

| / 

. / 

1 / 

_1* 

Figure 7-19: Imaginary rectangular box of Problems 7.31 
and 7.32. 


7.32 Repeat Problem 7.31 for a wave traveling in a lossy 
medium in which 

E = x 100<r 2Oy cos(2nr x 10 9 / - 40y) (V/m) 

H = —z0.64e~ 20y cos(2jt x 10 9 r - 40y - 36.85°) 

(A/m) 

The box has dimensions A = 1 cm, b — 2 cm, and 
c = 0.5 cm. 

7.33 Given a wave with 

E = xEq cos (lot — kz) 

calculate: 

(a) The time-average electric energy density 

\ r r | rT 

(u> e )av = jJ g Wedt = 2f Jo eEl dt 

(b) The time-average magnetic energy density 

(^m)av = J I ^ dt = — ^ ICH Z dt 

(c) Show that (ui c ) av = (W m )av- 

7.34-^7.36 Additional Solved Problems — complete 
solutions on ". 
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EM Waves at Boundaries 


The sketch in Fig. 8 1 depicts the propagation path 
that a signal travels between a shipboard transmitter 
and a receiver on a submerged submarine. Let us use 
this communication system to examine the wave-related 
processes that take place along the signal path. Starting 
with the transmitter (denoted Tx for short in Fig. 8-1), the 
signal travels along a transmission line to the antenna. 
The relationship between the transmitter (generator) 
output power, P t , and the power supplied to the antenna 
is governed by the transmission-line equations given 
in Chapter 2. If the transmission line is approximately 
lossless and if it is properly matched to the transmitter 
antenna, then all of P t is delivered to the antenna. The 
next wave-related process is that of radiation; that is, 
converting the guided wave provided to the antenna 
by the transmission line into a spherical wave radiated 
outward into space. The radiation process is the subject 
of Chapter 9. From point 1, denoting the location of 
the shipboard antenna, to point 2, denoting the point 
of incidence of the wave onto the water’s surface, the 
signal is governed by the equations characterizing wave 
propagation in a lossless medium, which we covered 
in Chapter 7. As the wave impinges upon the air-water 
boundary, a part of it gels reflected by the surface and 
another part gets transmitted across the boundary into 
the water medium. The transmitted part undergoes 
refraction, wherein the direction of wave travel moves 
closer toward the vertical. The reflection and transmission 
processes are treated in this chapter. Wave travel from 
point 3, representing a point just below the water surface, 
to point 4, denoting the location of the submarine 
antenna, is subject to the laws of wave propagation in 
a lossy medium, which also were treated in Chapter 7. 



Figure 8-1: Signal path between a shipboard transmitter 
(Tx) and a submarine receiver (Rx). 


Transmitter 


The final step involves intercepting the wave incident 
upon the receiver antenna and converting its power into 
a received power, P Kc , for delivery via a transmission 
line to the receiver. The receiving properties of antennas 
are covered in Chapter 9. In summary, then, each 
wave-related aspect of the transmission process depicted 
in Fig. 8-1, starting with the transmitter and ending up 
with the receiver, is treated in some section or chapter in 
this book. 

This chapter begins with examinations of the reflection 
and transmission properties of plane waves incident 
upon planar boundaries and concludes with sections on 
waveguides and cavity resonators. The in-between topics 
include discussions of power relations, and fiber optics. 
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8-1 Wave Reflection and Transmission 
at Normal Incidence 

We know from Chapter 2 that when a guided 
wave traveling along a transmission line encounters 
an impedance discontinuity, such as that shown in 
Fig. 8-2(a) at the boundary between two lines with 
different characteristic impedances, the incident wave 
is partly reflected back toward the source and partly 
transmitted across the boundary into the second 
line. A similar process applies to a uniform plane 
wave propagating in an unbounded medium when it 
encounters a boundary. In fact, the situation depicted in 
Fig. 8-2(b) is exactly analogous to the transmission-line 


Transmission line 1 



Transmission line 2 

Incident wave 

Zoi 

Reflected wave 

Transmitted 
wave 2b 

1 


z 

= 0 

(a) Boundary between transmission lines 

Incident plane wave 

Transmitted plane wave 

Reflected plane wave 


Medium 1 

Medium 2 

m 

<h 


z = 0 


(b) Boundary between different media 

Figure 8-2: Discontinuity between two different 
transmission lines is analogous to that between two 
dissimilar media. 


configuration of Fig. 8-2(a). The boundary conditions 
governing the relationships between the electric and 
magnetic fields of the incident, reflected, and transmitted 
waves in Fig. 8-2(b) are similar to those we developed 
in Chapter 2 for the voltages and currents of the 
corresponding waves on the transmission line. 

For convenience, we divide our treatment of wave 
reflection by and transmission through planar boundaries 
into two pails: in this sect ion we confine our discussion to 
the normal-incidence case depicted in Fig. 8-3(a), and in 
Sections 8-2 to 8-4 we will examine the more general 
oblique-incidence situation depicted in Fig. 8-3(b). 
Wc will show' the basis for the analogy between the 
transmission-line and plane-wave configurations so that 
wc may use transmission-line equivalent models for 
solving plane-wave problems. 

Before wc proceed with our treatment, however, 
we should explain the relationship between rays and 
wavefronts, as both will be used to represent the 
propagation of electromagnetic waves. A ray is a 
line drawn to represent the direction of flow of 
electromagnetic energy carried by the wave, and 
therefore it is parallel to the propagation unit vector k 
and orthogonal to the wavefront. The ray representation 
of wave incidence, reflection, and transmission shown in 
Fig. 8-3(b) is equivalent to the wavefront representation 
depicted in Fig. 8-3(c). The two representations are 
complimentary; the ray representation is easier to 
use in graphical illustrations, whereas the wavefront 
representation provides greater physical insight when 
examining what happens to a wave when it encounters 
a discontinuous boundary. Both representations will be 
used in our forthcoming discussions. 

8-1.1 Boundary between Lossless Media 

The planar boundary located at z = 0 in Fig. 8-4(a) 
separates two lossless, homogeneous, dielectric media. 
Medium 1, defined for z < 0, is characterized by (ei , m), 




8-1 WAVE REFLECTION AND TRANSMISSION AT NORMAL INCIDENCE 


323 



Reflected 


Incident wave 
Reflected wave 


Transmitted wave 


Transmitted 
wave _ 


''Incident 
wave 
Medium 1 


Medium 2 


Medium 1 


Medium 2 


Medium 1 


Medium 2 


(a) Normal incidence 


(b) Ray representation of 
oblique incidence 


(c) Wavefront representation of 
oblique incidence 


Figure 8-3: Ray representation of wave reflection and transmission at (a) normal incidence and (b) oblique incidence, and (c) 
wavefront representation of oblique incidence. 


and medium 2, defined for j > 0, is characterized 
by (t-T./r-a). In medium 1, an incident x-polarized 
plane wave with fields (E 1 , H 1 ) is traveling in direction 
k| = i toward medium 2. Reflection and transmission 
at the discontinuous boundary result in a reflected wave 
(E r , H r ) with k r = —z in medium 1 and a transmitted 
wave (E 1 , H 1 ) with k, = z in medium 2. On the basis of 
the formulations developed in Sections 7-2 and 7-3 for 
characterizing the fields of a TEM wave, the three waves 
can be described in phasor form by: 

Incident Wave 

E i (z)=i£j«' J * 1 *, (8.1a) 

H'(z) = z x = y — e~ Jk,z . (8.1b) 
fit 7i 

Reflected Wave 

E 7(z)=xE r 0 e jk, \ (8.2a) 

~ E r (?) E : 

H r (z) = (—z) x —^ = -y -a e jkiz . (8.2b) 
fit m 


Transmitted Wave 

E ‘( 2 )= $£$«-■>***, (8.3a) 

H'(z) = z x ^ = y ^ e~ jhz . (8.3b) 
m Vi 

The quantities E' 0 , Eg, and Cq are, respectively, the 
amplitudes of the incident, reflected, and transmitted 
electric fields, all specified at t = 0 and z = 0 (the 
boundary between the two media). The wavenumber and 
intrinsic impedance of medium 1 arc k\ = oJJTfel 
and t]\ = and, similarly, ko = tOy/JTfei and 

72 = VM 2 /for medium 2. 

The amplitude E' 0 is related to the source responsible 
for generating the incident wave, and therefore it is 
assumed to be a known quantity. Our goal is to relate 
E' 0 and E l 0 each to E' 0 . We do so by applying boundary 
conditions for E and H at z — 0. According to Table 
6-2, the tangential component of E is always continuous 
across a boundary between two contiguous media, and 
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magnitudes and polarities of these two amplitudes are 
governed by the values of the intrinsic impedances of the 
two media, ij] and t) 2 . 

The total electric field E|(j) in medium 1 is the sum of 
the electric fields of the incident and reflected waves, and 
a similar statement applies to the magnetic field H|(z). 
Hence, 

Medium 1 

E l (z) = E 1 (z)+E r (z) 

= UE[e~ jk ' z + E r 0 e> k ' z ), (8.4a) I 

H l (z) = H i (z) + H r ( 2 ) 

= y-(Ele- Jk ' i -E r 0 e ik ' z ). (8.4b) | 

hi 

With only the transmitted wave present in medium 2, the 
fields are 

Medium 2 

E 2 (z) = E'(z) = xE l 0 e-< k * z , (8.5a) ‘ 

T?\ 

H 2 (z) = H l (z) = y-! e -''^. (g.5b) 

m 


in the absence of current sources at the boundary, the 
tangential component of H also is continuous across 
the boundary. In the present case, both E and H 
of the normally incident wave are tangential to the 
boundary. Consequently, since no free charges or currents 
exist at the boundary, the fields of the reflected and 
transmitted waves will have tangential components only. 
In Fig. 8-4(a) and correspondingly in Eqs. (8.2a) and 
(8.3a), we arbitrarily chose the directions of E r and E 1 
to coincide with the direction of E 1 along the positive x- 
direction. Their true directions, relative to the assumed 
directions, will be determined by the polarities of the 
amplitudes Eg and Eg. As we will see shortly, both the 


At the boundary {z — 0), the tangential components of 
the electric and magnetic fields are continuous. Hence, 

Ej(0) = E>(0) or Ej+ (8.6a) 

H,(0)=H 2 (0) or = (8.6b) 

hi hi m 

Simultaneous solutions for E r 0 and E' 0 in terms of E' 0 give 


F r — 

/ 12 - '?! ' 

r' _ rri 


c 0 — 1 

\ 12 + 11/ 

1 c o — 1 e 0 . 


F l — 1 

( 2jj 2 > 

1 pi T p i 

/Q 7M 


\12 + 11/ 

| L 0 — TE 0 , 

vo./DJ 
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where 


rJ, 

E'o 

12 ~ hi 

h2 + hl 

(normal incidence), 

(8.8a) 

r - E 'o- 

2)?2 

(normal incidence). 

(8.8b) 


>12 + hi 


The quantities T and r are called the reflection 
coefficient and transmission coefficient, respectively. 
For lossless dielectric media, rq and t] 2 are real quantities; 
consequently, both T and r are real also. As we will see 
in Section 8-1.4, the expressions given by Eqs. (8.8a) 
and (8.8b) are equally applicable when the media are 
conductive, but in that case pi and p 2 may be complex, 
and hence T and z may be complex as well. From 
Eqs. (8.8a) and (8.8b), it can be easily shown that T and r 
are interrelated by the simple formula 


t = 1 + T (normal incidence). (8.9) 


For nonmagnetic media, 



where r? 0 is the intrinsic impedance of free space, in which 
case Eq. (8.8a) may be rewritten as 


T = 




(nonmagnetic media). (8.10) 


8-1.2 Transmission-Line Analogue 


The transmission-line configuration shown in Fig. 8-4(b) 
consists of a lossless transmission line with characteristic 
impedance Z C i, connected at z = 0 to an infinitely 
long lossless transmission line with characteristic 
impedance Z 02 . The input impedance of an infinitely long 
line is equal to its characteristic impedance. Hence, at 
z = 0, the voltage reflection coefficient (looking toward 
the boundary from the vantage point of the first line) is 


p _ Zq2 — Zpi 

Z(i2 -F Zoi 

which is identical in form to Eq. (8.8a). To show 
the basis for the analogy between the plane-wave and 
transmission-line situations, the expressions for the two 
cases are given in Table 8-1. Comparison of the two 
columns shows that there is a one-to-one correspondence 
between the transmission-line parameters (V, /, f), Z 0 ) 
and the plane-wave parameters (E, H ,k,t]). This 
correspondence allows us to use the techniques we 
developed in Chapter 2, including the Smith-chart 
method for calculating impedance transformations, to 
solve plane-wave propagation problems. 

Simultaneous presence of incident and reflected waves 
in a medium, such as medium 1 in Fig. 8-4(a), 
gives rise to a standing-wave pattern. By analogy with 
the transmission-line case, the standing-wave ratio in 
medium 1 is given by 



If the two media have equal impedances (rq = iq), then 
T = 0 and 5=1, and i f medium 2 is a perfect conductor 
with 1/2 — 0 (which is equivalent to a short-circuited 
transmission line), then T = -1 and S = oo. The 
distances from the boundary to where the magnitude of 
the electric field intensity in medium 1 is at a maximum. 
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Table 8-1: 
conditions. 


Analogy between plane-wave equations for normal incidence and transmission-line equations, both under lossless 


^5 


M8.I-8.3 
D8.1-8.3 


Plane Wave [Fig. 8-4(a)] 


Ei(z) = xEj(e-^' z + IV*' 2 ) (8.11a) 


H,(z) = y-0( e --''*' 2 - Te> k ' z ) 

m 

E 2 (z) - it Ej,e-J k » 

H 2 (z) = yr— e-'te 
<11 

r = (.17 -vi)/(.v 2 + v 0 

t = i + r 

k\ = &VAi e i. k.2 = co^/jZTei 

’ll = VVi/O , >11 = Jliil&i 


( 8 . 12 a) 

(8.13a) 

(8.14a) 


Transmission Line [Fig. 8-4(b)] 


Vi(z) = V+(e-jP' z + rV**' 2 ) 
~ V + 

Zoi 

V 2 (z) = rV+e-Jfo 


T 2 (z) = r -2- e-j& 1 

T = (^02 — Zoi)/(Z 0 2 + Zoi) 

r = i + r 

fa = “V/D«l - fa = <0^/1X282 

Zoi and Z 02 depend on 
transmission-line parameters 


( 8 . 11 b) 

( 8 . 12 b) 

(8.13b) 

(8.14b) 


denoted l m „, are described by the same expression as 
that given by Eq. (2.56) for the voltage maxima on a 
transmission line: 


-z = 1 

0 r + 2rnt <Ut nk\ 
m “ “ 2 fc, “ An + 2 ’ 

" = 1 - 2 ,..., if^ r < 0 , 

[it = 0 , 1 , 2 ,... , if() r > 0 , (8 I6) 

where A., — 2n/k\ and 9, is the phase angle of T 
(i.e., P = |T |e" ,flr , and 6, is bounded in the range 
-it < 9, < jt). The spacing between adjacent maxima 
is A |/ 2 , and the spacing between a maximum and the 
nearest minimum is k |/4. The electric-field minima 
occur at 

^min — 

Anax + ^-l/4, if /max < ^l/4, „ 

/max-A,/4, ifZ ma x>A,/4. ’’ 


The expressions for l max and / m j n are valid provided 
that the medium containing the standing-wave pattern is 
either lossless or a low-loss dielectric, but no restrictions 
are imposed on the nature of the reflecting medium. 

8-1.3 Power Flow in Lossless Media 

Medium 1 of Fig. 8-4(a) contains an incident wave and a 
reflected wave, which together produce the electric and 
magnetic fields Ej (z) and Hj (z) given by Eqs. ( 8 .11) and 
(8.12) of Table 8-1. Using Eq. (7.101), the net average 
power density flowing in medium 1 is 


Sav,(z) = |<Re[Ei(z) x H*(z)] 

xE { 0 (e~> k ' z + Te jk ' z ) 


= |5Re 


nix 

X 5 . —<L( e Aiz _ r*e ~ ik ' z ) 

t)i 


, i^i* 

2 »Ji 


= L - 


(i — in 2 ). 


(8.18) 
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which is analogous to Eq. (2.86) for the lossless trans¬ 
mission-line case. The first term in Eq. (8.18) represents 
the average power density of the incident wave, and the 
second term (proportional to |T| 2 ) represents the average 
power density of the reflected wave. Thus, 

S av , = Sj, v + S r av , (8.19a) 

with 

\E' I 2 

S ^ =2 oir ■ < 8 - 19b > 

s^v = = -in 2 si v . (8.190 

Even though T is purely real when both media are lossless 
dielectrics, we chose to treat it as complex, thereby 
providing in Eq. (8.19c) an expression that is also valid 
when medium 2 is conducting. 

The average power density of the transmitted wave in 
medium 2 is 

Sav,(2) = ^RelEjfc) x H'( Z )1 

[ pi* 

xr E l 0 e~ Jku x yr* -2- e jk2Z 
V2 

,2 i4i 2 

= z|r | 2 -—2—. (8.20) 

2 % 

This expression is applicable when both media are 
lossless, as well as when medium 1 is conducting and 
only medium 2 is lossless. 

Through the use of Eqs. (8.8a) and (8.8b), it can be 
easily shown that for lossless media (for which I' and x 
arc real) 


r 2 1 - r 2 

— —- (lossless media). (8.21) 

Vi n i 


S av , = S, 


av 2 * 


This result is as expected from considerations of power 
conservation. 


Example 8-1 Radar Radome Design 

A 10-GHz aircraft radar uses a narrow-beam scanning 
antenna mounted on a gimbal behind a dielectric radome, 
as shown in Fig. 8-5. Even though the radome shape is far 
from planar, it is approximately planar over the narrow 
extent of the radar beam. If the radome material is a 
lossless dielectric with /t r = 1 and e r = 9, choose its 
thickness d such that the radome appears transparent to 
the radar beam. Mechanical integrity requires d to be 
greater than 2.3 cm. 

Solution: The propagation problem is shown in 
Fig. 8-6(a) at an expanded scale. The incident wave 
is approximated as a plane wave propagating in 
medium 1 (air) with intrinsic impedance no- the radome 
(medium 2) is of thickness d and intrinsic impedance t} s , 
and medium 3 is semi-infinite with intrinsic impe¬ 
dance »(o- Figure 8-6(b) is an equivalent transmission¬ 
line model with z = 0 selected to coincide with the 
outside surface of the radome, and the load impedance 
Zl = no represents the input impedance of the semi- 
infinite medium. 



which leads to 
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Incident wave 


Radome Transmitted wave 


Medium 1 (air) Medium 2 Medium 3 (air) 


z — -d z = 0 

(a) 


. Line 2 , 

_ Line 1 _|“" I 

Z 0l = '/() Z in —*- Z 0 2 - 'lr < Z L = TJo 

z-'-d z = 0 

(b) 

Figure 8-6: (a) Planar section of die radome of Fig. 8-5 at 
an expanded scale and (b) its transmission-line equivalent 
model (Example 8-1). 


Requiring the radome to “appear” transparent to the 
incident wave simply means that the reflection coefficient 
must be zero at z = —d, thereby achieving total 
transmission of the incident power into medium 3. Since 
Zi — r/o in Fig. 8 - 6 (b), no reflection will take place 
at z — —d if Zj n = ? 7 o, which can be realized by 
choosing d — nk 2 /2 [see Section 2-7.4], where A 2 is 
the wavelength in medium 2 and n is a positive integer. 
At 10 GHz, the wavelength in air is Ao = c/f = 3 cm, 
and in the radome material 

A 0 3 cm 

= ~r = 1 


Hence, if we choose d = 5A 2 /2 = 2.5 cm, we will 
satisfy both the no-reflection and the mechanical integrity 
requirements. ■ 

Example 8-2 Yellow Light Incident 
upon a Glass Surface 

A beam of yellow light with wavelength of 0.6 jrm 
is normally incident in air upon a glass surface. If the 
surface is situated in the plane z = 0 and the relative 
permittivity of glass is 2.25, determine: 

(a) the locations of the electric field maxima in 
medium 1 (air), 

(b) the standing-wave ratio, and 

(c) the fraction of the incident power transmitted into 
the glass medium. 


Solution: (a) We 

begin 

by determining the value of i/|, 

i] 2 , and ! 

r: 



Vi - 

flM _ 

V £i 

iw _ 

V So " 

: 120jT (Q), 


[ji 2 

jlM) 

1 I207r ^ _ 

m = 

V £2 ~ 

V £o 

— ~ -== = 80tt (£ 2 ). 
V2.25 

r = 

V2-V\ 

80tt 

- 12 0 tt 

-= - 0 . 2 . 


m + v i 

80tt 

+ 120 tt 

Hence, 

|F| = 0 

.2 and 

9 t = rt. From Eq. (8.16), the 


electric-ficld magnitude is a maximum at 
6 r Ai A] 

mu ax — “ h n ~ 

2 

A| A j 

= j +«y (« = 0,1,2 

with A| = 0.6 /rm. 

(b) 

i + in 1 + 0.2 , 


= -r+n^r («= 0,1,2,...) 


1 +0.2 
I - 0.2 


= 1.5. 


i — in 1-0.2 

(c) The fraction of the incident power transmitted imo 
the glass medium is equal to the ratio of (he transmitted 
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power density, given hy Eq. (8.20), to the incident power 
density, S‘ v = |E|,| 2 /2jji: 


£iy 2 _ ^.2 I ^j)l~ 

S L ~ r 2r n 

In view of Eq. (8.21), 

^ = i- in a = i - 
S' 


nrii2n 


l^o 


L 2 »?, J 



(0.2 ) 2 = 0.96, or 96%. ■ 


M8.4 


8-1.4 Boundary between Lossy Media 

In Section 8-1.1 we considered a plane wave in a lossless 
medium incident normally on a planar boundary of 
another lossless medium. We will now generalize our 
expressions to lossy media. In a medium with constitutive 
parameters (s,/x,a), the propagation parameters of 
interest are the propagation constant y = a + jfi and the 
complex intrinsic impedance )/ c . The general expressions 
for a, /!, and q c are given by Eqs. (7.66a), (7.66b), 
and (7.70), respectively, and approximate expressions are 
given in Tabic 7-1 for the special cases of low-loss media 
and good conducting media. If medium 1 is characterized 
by (e,, fi\, <T \) and medium 2 by (£ 2 , fx 2 , 02 ), as shown 
in Fig. 8-7. the expressions for the electric and magnetic 
fields in media 1 and 2 can be obtained from Eqs. (8.11) 
through (8.14) of Table 8-1 by replacing jk with y and 
7 with rj c everywhere. Thus, , 

Medium I 


Medium 2 


E,(z) = x£o(<?"" m -(- r« m ), 
~ E' 

H,(z) = y-^(£“ ni - rV**), 
4c, 


£ 2 ( 2 ) — xr E l 0 e~ nz , 

H 2 (z) = yr — e~ nz , 
7c 2 


( 8 . 22 a) 

( 8 . 22 b) 


(8.23a) 

(8.23b) 


E' x 

' ' E l . 

. i 

A A x 

j 


. HiO-S' k,: 

E r 

. 

i © -► Z 

y 

V 

A 1 


k r 

;; ■ ■ ; . 

7c, 

Vc, 

Medium 1 (£|, /z,, ay) 

Medium 2 (£ 2 , ix-i- <r 2 ) 

Z- 

-0 


(a) Boundary between dielectric media 


Z 01 = 7c, 1 2q2 = r} c . 


1 

z = 0 

(b) Transmission-line analogue 


Figure 8-7: Normal incidence at a planar boundary 
between two lossy media. 


where y, = a, + j/i ,, y 2 = a 2 + jp 2 , and 


r 7c 2 ~ 7c, 

(8.24a) 

7c 2 + 7c, ’ 


r i + r 2, =» . 

(8.24b) 

7c 2 + 7c, 



Because r/ 0l and )/ c , are, in general, complex, T and t 
may be complex as well. 

Example 8-3 Normal Incidence on a Metal Surface 

A I-GHz a;-polarized TEM wave traveling in the +z- 
direction is incident in air upon a metal surface coincident 
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with the x-y plane at z — 0. If the amplitude of the 
electric field of the incident wave is 12 (mV/m) and 
the metal surface is made of copper with p r = 1 , 
£ r = 1, and cr — 5.8 x 10 7 (S/m), obtain expressions 
for the instantaneous electric and magnetic fields in the 
air medium. Assume the metal surface to be several skin 
depths deep. 


Solution: In medium 1 (air), u —0, 

0 , oj lit x 10 9 20 tt 

^ l, = c = i^w = — (iad,m) - 


A = — — 0.3 m. 

Ci 


hi = 4o = 377 (£2), 

At / = 1 GIIz. copper is an excellent conductor because 
e" _ a 5.8 xl () 7 

s' cos r ea 2n x 10 9 x (10 _9 /36jr) 


= 1 x 10 9 » 1 . 


Use of Eq. (7.77c) gives 


hc 2 = (1 + j) 


= (1+7) 


nfV- 


n x 10 9 x 4rr x IQ- 7 1 1/2 


= 8.25(l+y) 


5.8 x 10 7 

(m£2). 


Since r\ Cl is so small compared to t] 0 — 377 (£2) for 
air, the copper surface acts, in effect, like a short circuit. 
Hence, 


hc 2 + ha 

Upon setting F = -1 in Eqs. (8.11) and (8.12) of 
Table 8-1, we have 

Ei(z) —\El(e~ jklz - e jkiZ ) 

= —xj2E' 0 sink\z, (8.25a) 

Hi(z)=y^(«~ J * , ‘+e J * ,i ) 

hi 

E' 

= v2 — cos k\z- (8.25b) 

hi 


With E' 0 — 12 (mV/m), the instantaneous fields 
corresponding to these phasors are 


E l (z+)=(Re[E,(z) e ^l 

= x2E'o s inf'iZsinr ( )/ 

= x24sin(207rz/3)sin(27r x 10 9 f) (mV/m), 
II+z, i) — (He(H,(z) e j '"') 


- 4 

= y 2 — cosA]ZCOs cot 
hi 

= y64cos(207rz/3)cos(27r x 10 9 r) (yrA/m). 


Plots of the magnitude of E](z, t) andH,(z, t) are shown 
in Fig. 8-8 as a function of negative z at various values 
of cot. The standi ng-wave patterns exhibit a repetition 
period of A/2, and E and H are in phase quadrature 
(90° phase shift) in both space and time. This behavior 
is identical with that of the standing-wave patterns for 
voltage and current on a shorted transmission line. ■ 


REVIEW QUESTIONS 

Q8.1 What boundary conditions were used in the 
derivations of the expressions for F and z ? 

Q8.2 In the radarradome design of Example 8-1, all the 
incident energy in medium 1 ends up getting transmitted 
into medium 3, and vice versa. Does this imply that no 
reflections take place within medium 2? Explain. 

Q8.3 Explain on the basis of boundary conditions why 
it is necessary that F = — 1 at the boundary between a 
dielectric and a perfect conductor. 


EXERCISE 8.1 To eliminate wave reflections, a dielectric 
slab of thickness d and relative permittivity e r2 is to he 
inserted between two semi-infinite media with relative 
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permittivities e r , = 1 and s rj = 16. Use the quarter-wave 
transformer technique to select d and e r , for normally 
incident waves at 3 GHz. 

Ans. e t2 = 4 and d = (1.25 + 2.5/t) (cm), with 
n = 0, 1,2,.... (See 

EXERCISE 8.2 Express the normal-incidence reflection 
coefficient at the boundary between two nonmagnetic, 
conducting media in terms of their complex permittivi¬ 
ties. 


Ans. For incidence in medium 1 (e : , /x 0 , o^) onto 
medium 2 (e 2 , /x () , cr 2 ), (See 



with e C| = (ei - joi/w) and e C2 = (s 2 - ja 2 /co). 

EXERCISE 8.3 Obtain expressions for the average power 
densities in media 1 and 2 for the fields described by 
Eqs. (8.22a) through (8.23b), assuming medium 1 is 
slightly lossy with ;j C| approximately real. 

Ans. (See *>) 

S av , = 2 -^- (c~ 2aiz - |r|V Q|; ), 


8-2 Snell’s Laws 

In the preceding sections we examined the reflection and 
transmission properties of plane waves when incident 
normally upon a planar interface between two different 
media. We now consider the oblique-incidcnce case 
depicted in Fig. 8-9. The z = 0 plane is the boundary 
between two dielectric media characterized by (£|, /x, ) 
for medium 1 and (e 2 , ii 2 ) for medium 2. The two lines 
with direction lq represent rays drawn normal to the 
wavefront of the incident wave and, similarly, those along 
k r and k, represent the reflected and transmitted waves, 
respectively. Defined with respect to the normal to the 
boundary (the z-axis),th tangles of incidence,reflection, 
and transmission (or refraction) are, respectively, 0 ,, 6 r , 
and 9,. These three angles are interrelated by Snell’s laws, 
which we will derive by considering the propagation of 
the wavefronts of the three waves. The incident wave 
intersects the boundary at 0 and O'. The constant- 
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Figure 8-9: Wave reflection and refraction at a planar 
boundary between different media. 


phase wavefront of the incident wave is A\0, and the 
wavefronts of the reflected and transmitted waves are 
A,0' and A t O', as shown in Fig. 8-9. The incident and 
reflected waves propagate in medium 1 with the same 
phase velocity « P| = 1 /y/ix\S\, and the transmitted wave 
in medium 2 propagates with a velocity «p 2 = l / v >it 5 . 
The time it takes the incident wave to travel from A\ 
to O' is the same as the time it takes the reflected wave 
to travel from O to A r and also the time it takes the 
transmitted wave to travel from O to A t . Since time is 
equal to distance divided by velocity, it follows that 


AjO 1 _ OAr _ OA t 

U P\ U P , M P: 2 


(8.26) 


From the geometries of the three right triangles in 
Fig. 8-9, we deduce that 


AiO' = O O'sin 9i, (8.27a) 

= OlT 7 sin 9 r , (8.27b) 

OA = DO'sin 9,. (8.27c) 


Use of these expressions in Eq. (8.26) leads to 



(Snell’s law of reflection), 

(8.28a) 

sin d, u P2 

/M i«i 


sin dj m P| 

V 



(Snell’s law of refraction). 

(8.28b) 


Snell’s law of reflection states that the angle of reflection 
is equal to the angle of incidence, and Snell’s law of 
refraction provides a relation between sin 9, and sin 6, in 
terms of the ratio of the phase velocities. 

The index of refraction of a medium, n, is defined as 
the ratio of the phase velocity in free space (i.e.. the speed 
of light c) to the phase velocity in the medium. Thus, 


c 

1— = • 

(8.29) 

Up 

Mo£o 



In view of Eq. (8.29). Eq. (8.28b) may be rewritten as 


Sindi _ «i_ _ j /l r|£n 
sindi n 2 V tir 2 e r2 


(8.30) 


For nonmagnetic materials, /x r , = 11 , 2 = 1, in which 
case 



where ;; — is the intrinsic impedance of a die¬ 

lectric medium. Usually, materials with higher densities 
have higher permittivities. Air, with /a r — e r — 1, has 
an index of refraction «o = 1. Since for nonmagnetic 
materials n — Jef r ,a material is often referred to as more 
dense than a second material if the index of refraction of 
the first material is greater than that of the second. 

At normal incidence (0, = 0), Eq. (8.31) gives d t = 0, 
as expected, and at oblique incidence 9, < 6\ when 
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»t=ir/2 n | 


(8.32b) 


If ft exceeds (9 C , the incident wave is totally reflected, and 
the refracted wave becomes a nonuniform surface wave 
that travels along the boundary between the two media. 
This wave behavior is called total internal reflection. 


Example 8-4 


Light Beam Passing through a Slab 

A dielectric slab with index of refraction m is 
surrounded by a medium with index of refraction n ,, as 
shown in Fig. 8-11. If 0- < 0 C , show that the emerging 
beam is parallel to the incident beam. 

Solution: At the slab’s upper surface, Snell’s law gives 


and, similarly, at the slab’s lower surface, 


Figure 8-10: Snell’s laws state that 0, = 6 { and sin9, = 
(n\jni) sin £*;. Refraction is (a) inward if n \ < n > and (b) 
outward if ;i| > n 2 ; and (c) the refraction angle is 90° 
if m > ii 2 and 9\ is equal to or greater than the critical 
angle 6 C = sin -1 (w 2 /«i). 


ill > n i and 9, > 6\ when no < «[. That is, if the wave 
in medium I is incident on a more dense medium, as 
in lif. 8-/()(a), the transmitted wave refracts inwardly 
toward the z-axis, and the opposite is true if the wave 
is incident on a less dense medium [Fig. 8-10(b)/. A 
case of particular interest is when 0, = tc/2, as shown in 
Fig. 8-10(c); in this case, the refracted wave flows along 
the surface and no energy is transmitted into medium 2. 
The value of the angle of incidence 6\ corresponding to 
6, — ,t/2 is called the critical angle 6 C and is obtained 


Figure 8-11; The exit angle Oo, is equal to the incidence 
angle 6\ if the dielectric slab has parallel boundaries and 
is surrounded by the same index of refraction on both 
sides (Example 8-4). 
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Substituting Eq. (8.33) into Eq. (8.34) gives 


sin #3 = 




sin 6 <i — sin 0 i. 


Hence, 0$ = 0\. The slab displaces the beam’s position, 
but the beam’s direction remains unchanged. ■ 


EXERCISE 8.4 In the visible part of the electromagnetic 
spectrum, the index of refraction of water is 1.33. What is 
the critical angle for light waves generated by an upward- 
looking underwater light source? 

Ans. 6c = 48.8°. (See 9) 

EXERCISE 8.5 If the light source of Exercise 8.4 is 
situated at a depth of 1 m below the water surface and if 
its beam is isotropic (radiates in all directions), how large 
a circle would it illuminate when observed from above? 

Ans. Circle’s diameter — 2.28 m. (See 9) 


8-3 Fiber Optics 

By successive total internal reflections, as indicated in 
Fig. 8 -12(a), light can be guided through thin dielectric 
rods made of glass or transparent plastic, known as 
optical fibers. Because the light is confined to traveling 
within the rod, the only loss in power is due to reflections 
at the sending and receiving ends of the fiber and 
absorption by the fiber material (because it is not a perfect 
dielectric). Fiber optics is useful for the transmission of 
wide-bandwidth signals and in a wide range of imaging 
applications. 

An optical fiber usually consists of a cylindrical fiber 
core with an index of refraction n f, surrounded by 
another cylinder of lower index of refraction, n c , called 
a cladding, as shown in Fig. 8-12(b). The cladding 
layer serves to optically isolate the fiber from adjacent 
fibers when a large number of fibers are packed in close 


proximity, thereby avoiding the leakage of light from one 
fiber to another. To satisfy the condition of total internal 
reflection, the incident angle Oy in the fiber core must be 
equal to or greater than the critical angle 6 C for a wave 
in the fiber medium (with n f) incident upon the cladding 
medium (with n c ). From F.q. (8.32a), we have 

sin(? c = — . (8.35) 

Uf 

To meet the total-reflection requirement that > 0 ~, it 
is then necessary that sin 0 2 > n c /n. f. The angle 9 2 is the 
complement of angle 9 3 , and cos 0> = sin 0 } . Hence, the 
necessary condition may be written as 

cos 0 2 > — • (8.36) 

n f 

Moreover, 9 2 is related to the incidence angle on the face 
of the fiber, 9\, by Snell's law: 

„ "a 

sin(?) = — sin0j, (8.37) 

where «o is the index of refraction of the medium 
surrounding the fiber (no = 1 for air and no = 1.33 
if the fiber is in water), or 


t COS 0 2 = 




(8.38) 


Using Eq. (8.38) in the left-hand side of Eq. (8.36) and 
then solving for sin 0, gives 

sinOj < — (nj-nj) 1 ' 2 . (8.39) 

no 

Th ^acceptance angle 9 3 is defined as the maximum value 
of 6\ for which the condition of total internal reflection 
remains satisfied: 


sin 0 a = —{n} - n 7 c )' 12 . (8.40) 

no 
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Figure 8-12: Waves can be guided along optical fibers as long as the reflection angles exceed the critical angle for total internal 
reflection. 
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Figure 8-13: Distortion of rectangular pulses caused by modal dispersion in optical fibers. 


The angle 0 a is equal to half the angle of the acceptance 
cone of the fiber. Any ray of light incident upon the 
face of the core fiber at an incidence angle within the 
acceptance cone can propagate down the core. This 
means that there can be a larger number of ray paths, 
called modes , by which light energy can travel in the 
core. Higher-angle rays travel longer paths than rays 
that propagate along the axis of the fiber, as illustrated 
by the three modes shown in Fig. 8-13. Consequently, 
different modes have different transit times between the 
two ends of the fiber. This property of optical fibers is 
called modal dispersion and has the undesirable effect of 
changing the shape of pulses used for the transmission of 


digital data. When a rectangular pulse of light incident 
upon the face of the fiber gets broken up into many 
modes and the different modes do not arrive at the other 
end of Ihe fiber at the same time, the pulse shape gets 
distorted, both in shape and length. In the example shown 
in Fig. 8-13, the narrow rectangular pulses at the input 
side of the optical fiber are of width v, separated by 
a time duration T. After propagating through the fiber 
core, modal dispersion causes the pulses to look more 
like spread-out sine waves with spread-out width r. If 
the output pulses spread out so much that r > T, the 
output signals will smear out, making it impossible to 
read the transmitted message. Hence, to ensure that the 
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transmitted pulses remain distinguishable at the output 
side of the fiber, it is necessary that r be shorter than T. 
As a safety margin, it is common practice to require that 
T > 2t. 

The spread-out width t is equal to the time delay A/ 
between the arrival of the slowest ray and the fastest ray. 
The slowest ray is the one traveling the longest distance 
and corresponds to the ray incident upon the input face of 
the fiber at the acceptance angle 9 a . From the geometry 
of Fig. 8-12(b) and Eq. (8.36), this ray corresponds to 
cos $2 — Uc/uf- For an optical fiber of length/, the length 
of the path traveled by such a ray is 


^inax — 


l t n f 

cos 9? n c 


(8.41) 


and its travel time in the fiber at the velocity u p = cjn\ 
is 


_ hniix _ l n \ 
‘max — - • 

Up cn c 


(8.42) 


The minimum time of travel is realized by the axial ray 
and is given by 


/ / 

Imin — — n f- 

Up C 

The total time delay is therefore 


r — A/ — / max 




/«£ 

c 



(8.43) 


(s). (8.44) 


As we stated before, to retrieve the desired information 
from the transmitted signals, it is advisable that T, the 
interpulse period of the input train of pulses, be no shorter 
than 2r. This, in turn, means that the data rate (in bits per 
second), or equivalently the number of pulses pet second, 
that can be transmitted through the fiber is limited to 


/p - 


1 

T 


J_ _ C«c 
2t 2/n f (nf — J7 0 ) 


(bits/s). (8.45) 


Example 8-5 Transmission Data Rate 
on Optical Fibers 

A 1-km-long optical fiber (in air) is made of a fiber 
core with an index of refraction of 1.52 and a cladding 
with an index of refraction of 1.49. Determine 

(a) the acceptance angle A„ and 

(b) the maximum usable data rate that can be 
transmitted through the liber. 


Solution: (a) From Eq. (8.40), 

sin f9 a = —(nf -n;)' n = [(1.52) 2 — (1.49) 2 ] 1/2 = 0.3, 
n o 


which corresponds to 0 A = 17. 5°. 
(b) From Eq. (8.45), 

_ cn c 
' p 2Itif(nt - n c ) 

3 x 10 x x 1.49 

_ 2 x 10’ x 1.52(1.52- 1.49) 


= 4.9 (Mb/s). ■ 


EXERCISE 8.6 If the index of refraction of the cladding 
material in Example 8-5 is increased to 1.50, what would 
be the new maximum usable data rate? 

Ans. ‘ 7.4 (Mb/s). (See %) 


8-4 Wave Reflection and Transmission at 
Oblique Incidence 

For normal incidence, the reflection coefficient V and 
transmission coefficient r of a boundary between two 
different media is independent of the polarization of the 
incident wave, because the electric and magnetic fields of 
a normally incident plane wave are both always tangential 
to the boundary regardless of the wave polarization. 
This is not the case for oblique incidence at an angle 
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0j 0. A wave with any specified polarization may 
be described as the superposition of two orthogonally 
polarized waves, one with its electric field parallel 
to the plane of incidence—and it is called parallel 
polarization —and another with its electric field per¬ 
pendicular to the plane of incidence—and it is called 
perpendicular polarization. The plane of incidence 
is defined as the plane containing the normal to the 
boundary and the direction of propagation of the 
incident wave. These two polarization configurations are 
shown in Fig. 8-14, in which the plane of incidence 
is coincident with the .v-z plane. Polarization with 
E perpendicular to the plane of incidence is also 
called transverse electric (TE) polarization because E 
is perpendicular to the plane of incidence, and that 
with E parallel to the plane of incidence is called 
transverse magnetic (TM) polarization because in this 
case it is the magnetic field that is perpendicular to the 
plane of incidence. 

Instead of solving the reflection and transmission 
problems for the general case of a wave with an 
arbitrary polarization, it is more convenient in practice 
to first decompose the incident wave (EMI 1 ) into a 
perpendicularly polarized component (Ef, H' ) and a 
parallel polarized component (Ej |t Hj ( ), and then after 
determining the reflected waves (E^, H',) and (Ej, HJ) 
due to the two incident components, the reflected waves 
can be added together to give the total reflected wave 
corresponding to the original incident wave. A similar 
process applies to the transmitted wave. 

8-4.1 Perpendicular Polarization 

In Fig. 8-15, we show a perpendicularly polarized 
incident plane wave propagating along the .^-direction in 
dielectric medium 1. The electric field phasor E', points 
along the y-direction, and the associated magnetic field 
phasor HJ_ is along the yj-axis. The directions of E' 
and satisfy the condition that Ef x Hj_ points along 
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Figure 8-14: The plane of incidence is the plane contain¬ 
ing the direction of wave travel, k, and the surface normal 
to the boundary, which in the present case is the plane of 
the paper. A wave is (a) perpendicularly polarized when 
its E is perpendicular to the plane of incidence and (b) 
parallel polarized when its E lies in the plane of incidence. 
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-X COS 0\ + zsill ft 
Medium 2 (ej, Pi) 


Medium 1 (sj, p i) 


Figure 8-15: Perpendicularly polarized plane wave incident at an angle ft upon a planar boundary. 


)',• = x cos ft -t- z sin 0 t L /'• r - ' 


xsin ft-zcosft- f x t 


the propagation direction, Xj. The expressions for such a 
plane wave are given by 

E!L=y £ V~ jMl > (8-46a) 

H‘ =^ g -^, (8.46b) 

Vi 

where £\ () is the amplitude of the electric field phasor 
at Xi = 0, k\ — w,J is the wavenumber, 
and r/[ = y/p\/s\ is the intrinsic impedance, both for 
medium 1. From Fig. 8-15, the distance x; and the unit 
vectoryjinay be expressed in terms of the (x, y, z) global 
coordinate system as follows: 

(8.47a) 


Yj = —x cos ft + z sin 0,. (8.47b) 

Substituting Eqs. (8.47a) and (8.47b) into Eqs. (8.46a) 
and (8.46b) gives: 

Incident Wave 


_ jrgi^g-Aitrsinft+zcosft) 

H‘ 2 = (—x cos ft + zsinft) 
pi 

x J -0 „-/liUsinft+zoo8ft) 

71 


(8.48a) 

(8.48b) 


With the aid of the directional relationships given in 
Fig. 8-15 for the reflected and transmitted waves, the 
fields are given by: 


Xj = x sin 9 , + z cos ft, 
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Reflected Wave 


E‘ ± = y E' ±0 e-^ x ’ 

— yE r xo P~^ k '(-'sinSr-zcose,) 

Hj = y r ^ e -jku, 

01 

— (x cos 0 r -(- 2 sin 0 ,) 


(8.49a) 


x _A0 f -Ai(^sin9 r -Ecos9rl 


(8.49b) 


Transmitted Wave 


K=yE l LO e~^ 

— y gI^ o g-y*2(jTSin4+ZCOSS,) 

fit 

m 

— (—x cos (9 t + z sin 00 

rt 

x _A0 ^-j7; 2 (A.'sinl?,+ s cos9|) 
02 


(8.49c) 


(8.49d) 


where 6 r and 0, are rhe reflection and transmission angles 
shown in Fig. 8 15 and k 2 and i} 2 arc the wavenumber 
and intrinsic impedance of medium 2. Our goal is to 
characterize the reflected and transmitted fields in terms 
of the parameters of the incident wave, which include 
the incidence angle 9 j and the amplitude £%. The four 
expressions given by Eqs. (8.49a) through (8.49d) contain 
four unknown quantities: £*_ 0 , £%, 0 „ and 0,. Angles 0 t 
and 0 t can be related to 6\ by Snell’s laws, Eqs. (8.28a) 
and (8.28b), but we choose to keep them as unknowns 
for the time being, because we intend to show that Snell’s 
laws can also be derived by applying the fields’ boundary 
conditions at z = 0. The total electric field in medium 1 is 
the sum of the incident and reflected electric fields: = 
e !l + E 11 andjhe same is tree for the total magnetic field 
in medium 1: TH^. Boundary conditions state 

that the tangential components of E and H must each be 
continuous across the boundary between the two media. 


Field components tangential to the boundary are those 
along x and y. Since the electric fields in media 1 
and 2 have y-components only, the boundary condition 
for E is 

(Ei y + El v )| = ft . (8.50) 


Upon using Eqs. (8.48a), (8.49a), and (8.49c) in 
Eq. (8.50) and then setting z — 0, we have 

EV- y *' rsinWi + E ! L0 e~j klXS ' a6r — E ', 

(8.51) 

The boundary condition for the tangential component of 
the magnetic field (i.e., the x-component) is 

(tfL + £i,)Lo= (8-52) 


-— COS 0i e jk ' xs ' n0i + TLM. cos 5 intf r 

01 01 

E { 

= -— cos 0, e-JtoKto*' (8.53) 

02 

To satisfy Eqs. (8.51) and (8.53) for all possible values 
of x (ail along the boundary), it follows that all three 
exponential arguments must be equal. That is, 

(q Sin 0; = k, sin0 r = k 2 sin0 t , (8.54) 

which is known as the phase-matching condition. The 
first equality in Eq. (8.54) leads to 

0 r — 9; (Snell’s law of reflection). (8.55) 

and the second equality leads to 

sin0 t _ ki _ _ m 

sin 0i k 2 (D'Jil 2 S 2 «2 

(Snell’s law of refraction). (8.56) 

The results expressed by Eqs. (8.55) and (8.56) are 
identical with those derived previously in Section 8 2 
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through consideration of the ray path traversed by the 
incident, reflected, and transmitted wavefronts. 

In view of Eq. (8.54), the boundary conditions given 
by Eqs. (8.51) and (8.53) reduce to 


E'm + Eln = Eio, 


cos Oi 

n\ 


(~E\ o + *lo) = - 


COS(?t 

m 


'-L0- 


(8.57a) 

(8.57b) 


These two equations can be solved simultaneously 
to yield the following expressions for the reflection 
and transmission coefficients in the perpendicular 
polarization case: 


r = Elo = m cosgj t] \ cos Ox 
E'_ 0 i )2 cos Q\ + r\ i cos f? t 

£ x0 2 7/2 cos 9\ 

£% 7/2 COS dj + 7)1 COS0J ' 

These two coefficients, which formally are known as 
the Fresnel reflection and transmission coefficients for 
perpendicular polarization, are related by 


(8.58a) 

(8.58b) 


rj. = 1 + r_L. (8.59) 


If medium 2 is a perfect conductor (172 = 0), Eqs. (8.58a) 
and (8.58b) reduce to Tj. = —1 andrj_ = 0, respectively, 
which means that the incident wave is totally reflected by 
the conducting medium. 

For nonmagnetic dielectrics with p\ = — Ho and 

with the help of Eq. (8.56), the expression for T x can be 
written as 


cos#, — J (£2/^1) — sin 2 9 \ 

T x =- ,- - (for pi = p,2). 


cos 


0i + s](s 2 /E 1 ) — sin 2 6>i 


(8.60) 


Since (£ 2 /^ 1 ) = im/nx) 2 , ibis expression can also he 
written in terms of the indices of refraction n, and n-. 

Example 8-6 Wave Incident Obliquely 
on a Soil Surface 

Using the coordinate system of Fig. 8-15, a plane wave 
radiated by a distant antenna is incident in air upon a plane 
soil surface at z = 0. The electric field of the incident 
wave is given by 

E 1 =yl00cos(a;/ -nx - 1.73zr z) (V/m), (8.61) 

and the soil medium may be assumed to be a lossless 
dielectric with a relative permittivity of 4. 

(a) Determine k\ , k 2 , and the incidence angle 0\. 

(b) Obtain expressions for the total electric fields in air 
and in the soil medium. 

(c) Determine the average power density carried by the 
wave traveling in the soil medium. 

Solution: (a) We begin by converting Eq. (8.61) into 
phasor form, akin to the expression given by Eq. (8.46a): 
F , 1 = ylOOA'-T.t-p.XVT.: 

= yl00e -; * l * i (V/m), (8.62) 

where x\ is die axis along which the wave is traveling, 
and 

c Ai-Xi = 71 x + 1.73 nz. (8.63) 

Using Eq. (8.47a), we have 

k\x\ =k\xsm6\-\-k\zcosd\. (8.64) 

Hence, 

k[ sin = 7r, 

k\ cos ft = 1.73 jt. 
which together give 

k\ = y/n 2 + (1 .73tt) 2 = 2jt (rad/m), 

(r^t) =30 "' 
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The wavelength in medium 1 (air) is 
In 

Ai = — = 1 m, 
k\ 

and the wavelength in medium 2 (soil) is 

A | 1 

X 2 = —— = —p = 0.5 m. 

V4 

The corresponding wave number in medium 2 is 


, 2tt 
ki = — = An 
k-2 


(rad/m). 


Since E' is along y, it is perpendicularly polarized (y is 
perpendicular to the plane of incidence containing the 
surface normal z and the propagation direction xj). 

(b) Corresponding to 9\ — 30°, the transmission angle 0, 
is obtained with the help of Eq. (8.56): 

sin 0, = — sin 0; = — sin 30“ = 0.25 
k 2 An 


and the corresponding instantaneous electric field in 
medium 1 is 

Ei(x, z, t ) = (He 

— y[100cos(cut — nx — 1.73jrz) 

— 38 cos(w? — nx 4- X.Tinz)] (V/m). 

In medium 2, using Eq. (8.49c) with = Tj _E' ±0 gives 

E^ = yr E\ c e- Jk2( - X si " °' +z cos w 
= y9,2e~ 1<7!X+3&7 ’ lz) 

and, correspondingly, 

E\_(x,z,0 = SRe [E‘_^“'] 

— y62cos(o>/ - nx - 3.87 nx) (V/m). 

(c) In medium 2, rj 2 = r) 0 /^e^ — I20:r/V4 = 607T (f2), 
and the average power density carried by the wave is 


0, = 14.5°. 

With £\ = So and s 2 — s r ,£o — Aso, the reflection and 
transmission coefficients for perpendicular polarization 
are determined With the help of Eqs. (8.59) and (8.60), 

cos0j - j(s 2 /£i) - sin 2 0 j 

r_L = - Y ' = = -0.38, 

cos 0 j + J(e 2 /e\) - sin 2 0 j 

t_l — 1 + T j_ = 0.62. 


\E l ±o\ 2 = (62) 2 
2r]2 2 X 607T 


= 10.2 (W/m 2 ). 


8-4.2 Parallel Polarization 

If we interchange E and H of the perpendicular polar¬ 
ization situation, while keeping in mind the requirement 
that relates the directions of E and H to the direction 


Using Eqs. (8.48a) and (8.49a) with E' ±0 = 100 V/m and 
0 i = 0 r , the total electric field phasor in medium 1 is 

E\ = V; L + E r x 

= y£^ o e _ / <| l-* sine i+‘ co 50i) 

= yl 00 <’ _J< ' T ' t+l ' 73 ' rj) — y38c^ i<lrx - 1 - 73 ^ ) , 


of propagation for each of the incident, reflected, 
and transmitted waves, wc end up with the geometry 
shown in Fig. 8-16 for parallel polarization. Now the 
electric fields lie in the plane of incidence, and the 
associated magnetic fields are perpendicular to the plane 
of incidence. With reference to the directions indicated 
in Fig. 8-16, the fields of the incident, reflected, and 
transmitted waves are given by 
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Figure 8-16: Parallel polarized plane wave incidental an 
angle 9 \ upon a planar boundary. 


Incident Wave 

Eii=yi4>* _y * ,Ji 

= (x cos 6\ - zsin9 i )E\ o e- jk ' (xsin0i+lcose '\ (8.65a) 

Qj = y —1!£ e ~J k l-*i _ y _J£ e ~lk\ (.rsin 0 i+jcos 0 j) ( g 
'll '/I 

Reflected Wave 


pr — v F T p-> k ' x < 

L ll -y r^|| 0 e 

= (xcos 6 ) r + z sin 9 r )E\ Q e~ }k ^ x sin<,r_zcos e '\ (8.65c) 


HI 



g-ihxr 



e ~jki(xsmO,-zcosO,) 


Transmitted Wa ve 


E| =y t E* 0 «-J^ 

= (xcos 6i -zsine t )El 0 e- jk2(xsiae ' +!CO ^\ (8.65e) 


Hi 




e -jk 2 (.x sin 0,+z cosB,) (8 65f) 


Dy matching the tangential components of E and H 
in the two media at z = 0, as we did previously in 
the perpendicular-polarization case, we again obtain the 
relations defining Snell’s laws, as well as the following 
expressions for the Fresnel reflection and transmission 
coefficients for parallel polarization : 


F' 

r , = 3 ° = 
£ (|0 

?) 2 Cos 6 , — ri 1 costfj 
P 2 Cos 6 t +'ll cosft 

(8.66a) 

T _ E lo _ 

2 ii 2 cos 6 \ 

(8.66b) 

£ l ‘|0 

r] 2 cos + r/i cosOj 


The preceding expressions can be shown to yield the 
relation 


COS 9i 

r i — (i + r,)-(8.67) 

cos 6 ), 

We noted earlier in connection with the perpendicular- 
polarization case that, when the second medium is a 
perfect conductor with ti 2 = 0, the incident wave gets 
totally reflected by the boundary. The same is true lor 
parallel polarization; setting <i 2 — 0 in Eqs. (8.66a) and 
(8.66b) gives Tj = — I and tj = 0 . 

For nonmagnetic materials, Eq. (8.66a) becomes 


Tn = 


—(e 2 /ei)cos 0 j 


*i + \j foM) 


— sin 


(£ 2 /£i) cos^i + y fe/fil) - sin 2 B\ 

(for Hi =p. 2 ). (8.68) 


(8.65d) 
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To illustrate the angular variations of the magnitudes of 
r x and T,, in Fig. 8-17 we show plots for waves incident 
in air onto three different types of dielectric surfaces: 
dry soil (e r = 3), wet soil (£ r = 25), and water (e r = 
81). For each of the surfaces, (1) F x = I’| at normal 
incidence ( 6 i = 0), as expected, (2) |Ti| = |T||| = 1 at 
grast'/tgincidence (0, = 90°), and (3) r N goes to zero 
at an angle labeled the Brewster angle in Fig. 8-17. For 
nonmagnetic materials, the Brewster angle exists only for 
parallel polarization, and its value depends on the ratio 
(£ 2 /£i), as we will see shortly. At the Brewster angle, 
the parallel-polarized component of the incident wave is 
totally transmitted into medium 2. 

8-4.3 Brewster Angle 

The Brewster angle Bq is defined as the incidence angle 9-, 
at which the Fresnel reflection coefficient F = 0. 


Perpendicular Polarization 

For perpendicular polarization, the Brewster angle 0 b _l 
can be obtained by setting the numerator of the 
expression for Tj., given by Eq. (8.58a), equal to zero 
or, equivalently, when 

j) 2 cos0j = Vi cos 6 t . (8.69) 

After (1) squaring both sides of Eq. (8.69). (2) using 
Eq. (8.56), (3) solving for 9„ and then denoting 6\ as Fb_l> 
we have 


sin #B.L = 


1 - (/t,i£ 2 //a 2 g|) 

1 - (/Z| //z 2 ) 2 


(8.70) 


Because the denominator of Eq. (8.70) goes to zero when 

H i — Ha, 6 rx does not exist for nonmagnetic materials. 


Parallel Polarization 

The value of 6\, denoted 0 b|> at which F| — 0 can be 
found by setting the numerator of Eq. (8.66a) equal to 
zero. The result is identical with Eq. (8.70), but with p 
and £ interchanged. That is, 


sin0 B j = 


' 1 ~ (g|M2/«2/Zt) 
1 - (£i/£2> 2 


For nonmagnetic materials, 



The Brewster angle is also called the polarizing angle. 
This is because, if a wave composed of both perpendicular 
and parallel polarization components is incident upon 
a nonmagnetic surface at the Brewster angle (9 bii- 
the parallel polarized component is totally transmitted 
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NUCLEUS 


EXCITED STATE 


A. Pumping electron 
to excited state 


PHOTON 


B. Spontaneous emission 


C. Stimulated emission 


PHOTON 


ORIGINAL 


PHOTON 


STIMULATED 

PHOTON 


INCIDENT 
ENERGY OR 
PHOTON 


Lasers 

Lasers are used in CD and DVD players, bar¬ 
code readers, eye surgery and multitudes of other 
systems and applications. A laser — acronym 
for Light Amplification by Stimulated Emission of 
Radiation — is a source of monochromatic (single 
wavelength), coherent (uniform wavefront), narrow- 
beam light, in contrast with other sources of light 
(such as the sun or a light bulb) which usually 
encompass waves of many different wavelengths 
with random phase (incoherent). A laser source 
generating Microwaves is called a maser. The 
first maser was built in 1953 by Charles Townes 
and the first laser was constructed in 1960 by 
Theodore Maiman. 


Basic Principles 

Despite its complex quantum-mechanical structure, 
an atom can be conveniently modeled as a nucleus 
(containing protons and neutrons) surrounded by 
a cloud of electrons. Associated with the atom 
or molecule of any given material is a specific 
set of quantized (discrete) energy states (orbits) 
that the electrons can occupy. Supply of energy 
(in the form of heat, exposure to intense light, or 
other means) by an external source can cause an 
electron to move from a lower energy state to a 
higher energy (excited) state. Exciting the atoms 
is called pumping because it leads to increasing 
the population of electrons in higher states (A). 
Spontaneous emission of a photon (light energy) 
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LASER LIGHT 


PERFECTLY 

REFLECTING 

MIRROR 


PARTIALLY 

REFLECTING 

MIRROR 


RUBY CRYSTAL 


FLASH TUBE 


D. Principle of operation 


to undergo stimulated emission; photons moving 
along the axis of the crystal will bounce back 
and forth between the mirrors, causing additional 
stimulated emission (i.e., amplification), with only a 
fraction of the photons exiting through the partially 
reflecting mirror. Because all of the stimulated 
photons are identical, the light wave generated by 
the laser is of a single wavelength. 


occurs when the electron in the excited state 
moves to a lower state (B), and stimulated emission 
(C) happens when an emitted photon “entices” 
an electron in an excited state of another atom 
to move to a lower state, thereby emitting a 
second photon of identical energy, wavelength, and 
wavefront (phase). 


Principle of Operation 


Wavelength (Color) of Emitted Light 


Highly amplified stimulated emission is called 
lasing. The lasing medium can be solid, liquid, or 
gas. Laser operation is illustrated in (D) for a ruby 
crystal surrounded by a flash tube (similar to a 
camera flash). A perfectly reflecting mirror is placed 
on one end of the crystal and a partially reflecting 
mirror on the other end. Light from the flash tube 
excites the atoms; some undergo spontaneous 
emission, generating photons that cause others 


The atom of any given material has unique energy 
states. The difference in energy between the excited 
high energy state and the stable lower energy 
state determines the wavelength of the emitted 
photons (EM wave). Through proper choice of lasing 
material, monochromatic waves can be generated 
with wavelengths in the ultraviolet, visible, infrared 
or microwave bands. 
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into the second medium, and only the perpendicularly 
polarized component is reflected by the surface. Natural 
light, including sunlight and light generated by most 
manufactured sources, is considered unpolarized because 
the direction of the electric held of the light waves varies 
randomly in angle over the plane perpendicular to the 
direction of propagation. Thus, on average half of the 
intensity of natural light is perpendicularly polarized and 
the other half is parallel polarized. When unpolarized 
light is incident upon a surface at the Brewster angle, 
the reflected wave is strictly perpendicularly polarized. 
Hence, the reflection process acts as a polarizer. 


REVIEW QUESTIONS 

Q8.4 Can total internal reflection take place for a wave 
incident in medium I (with «,) onto medium 2 (with n 2 ) 
when «2 > «i? 

Q8.5 What is the difference between the boundary 
conditions applied in Section 8-1.1 for normal incidence 
and those applied in Section 8-4.1 for oblique incidence 
with perpendicular polarization? 

Q 8.6 Why is the Brewster angle also called the 
polarizing angle? 

Q8.7 At the boundary, the vector sum of the tangential 
components of the incident and reflected electric fields 
has to be equal to the tangential component of the 
transmitted electric field. For e r , = 1 and f. r , = 16, 
determine the Brewster angle and then verify the validity 
of the preceding statement by sketching to scale the 
tangential components of the three electric fields at the 
Brewster angle. 


EXERCISE 8.7 A wave in air is incident upon the flat 
boundary of a soil medium with &> = 4 and /z r = 1 at 
= 50°. Determine Tj., t_l, fj, and r ( . (See 


Ans. r ± = -0.48, r x = 0.52, T, = -0.16, r, = 
0.58. 

EXERCISE 8.8 Determine the Brewster angle for the 
boundary of Exercise 8.7. 

Ans. fl D = 63.4°. (See t) 

EXERCISE 8.9 Show that the incident, reflected, and 
transmitted electric and magnetic fields given by 
Eqs. (8.65a) through (8.650 all have the same exponential 
phase function along the x -direction. 

Ans. With the help of Eqs. (8.55) and (8.56), all six 
fields are shown to vary as (See '"') 


D8.4-8.6 


8-5 Reflectivity and Transmissivity 

The reflection and transmission coefficients represent 
the ratios of the reflected and transmitted electric field 
amplitudes to the amplitude of the incident wave. We 
now examine power ratios, and we start the process by 
considering the perpendicular polarization case. Figure 
8-18 shows a circular beam of electromagnetic energy 
incident upon the boundary between two contiguous, 
lossless media. The area of the spot illuminated by the 
beam is A, and the incident, reflected, and transmitted 
beams have electric-field amplitudes £^ 0 , E r ±l ,, and E'_ 0 , 
respectively. The average power densities carried by the 
incident, reflected, and transmitted beams are 

= (8.73a) 

2t)i 

l£ r I 2 

6 'i = (8.73b) 

| - n* <8 - 73 'j 

where i]i and rj 2 are the intrinsic impedances of media 
1 and 2. respectively. The cross-sectional areas of the 
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incident, reflected, and transmitted beams are 


A| = Acos^j, (8.74a) 

A r = A costf r , (8.74b) 

A ( = A cos 0 U (8.74c) 

and the corresponding average powers carried by the 
beams are 

\E' I 2 

P\ =S'A,= ' ±0 Acosfli, (8.75a) 

2 m 

|£ r |2 

P[ = 5iA r = A cos 9„ (8.75b) 

2>?i 

|£t |2 

P[ = S^_A t = - L0 A cos 0 t . (8.75c) 

2 r/i 


The reflectivity R (also called reflectance in optics) is 
defined as the ratio of the reflected power to the incident 
power. The reflectivity for perpendicular polarization is 
then 

R _ P[ _ |£xol 2 cos9 r 
X P 1 l^iopcos^i 

where we used the fact that 6 t = 9\, in accordance with 
Snell’s law of reflection. The ratio of the reflected to 
incident electric field amplitudes, |L'1 0 /£\_ 0 |, is simply 
equal to the magnitude of the reflection coefficient Tj . 
Hence, 


Rx = |TJ 2 , (8.77) 


and, similarly, for parallel polarization 


*ll = 5 = |r H |2 - < 8 ' 78 ) 

Ml 


The transmissivity T (or transmittance in optics) is 
defined as the ratio of the transmitted power to incident 
power: 


F' 
c, j. o 


(8.76) 


P l 

71 = d 5 = 


-xoi 


Pi Acos0 t 


= in 


£ lol 2 ^2 Acos0 i 

2 ( p, COS 9 \' 


Pi 

r l = 71 = 1*1 


P2 COS 0j 

7 I 'll cos0 t 
P2 COS &i 


(8.79a) 

(8.79b) 


The incident, reflected, and transmitted waves do not 
have to obey any such laws as conservation of electric 
field, conservation of magnetic field, or conservation of 
power density, but they do have to obey the law of con¬ 
servation of power. In fact, in many cases the transmitted 
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lablc 8-2: Expressions lor I', r, R, and T for wave incidence from a medium with intrinsic impedance q | onto a medium with 
intrinsic impedance r/ 2 - Angles and 0 t are the angles of incidence and transmission, respectively. 


Property 

Normal Incidence 

0i = 6>, = 0 

Perpendicular 

Polarization 

Parallel 

Polarization 

Reflection 

coefficient 

r 72 - 71 

72 + 7i 

t ]2 cos 9[ — rji cos 0, 

1 J_ = -—- 

12 cos 0\ + i\ cos 9, 

7)2 cos — i\ cos 6i 

J II = - 

72 cos 6\ + i\ cosdj 

Transmission 

coefficient 

272 

712 cos 

2 i 2 cos 8-, 

72 + 71 

12 cos 0\ + 1/1 cos Ox 

T[ — 

12 cos A + rji cos 6, 

Relation of r to r 

r = 1 +r 

r x = 1 + r x 

„ cos ft 

T| ! = (l + r n)--w 

COS C7| 

Reflectivity 

R = in 2 

R± = |I\lI 2 

E|| = 1 F|| | 2 

Transmissivity 


t± _\ Tl{ 2^os9 

12 COS 0\ 

7 - BBM 

72 COS ft, 

Relation of R to T 

T = 1 - R 

T± = l - R±_ 

r„ = 1 - R t 

Notes: (1) sin6* t — VfMSi/^J^sinOj; (2) (3) m = VM 2 /S 2 ; (4) for nonmagnetic 

media, r\ 2/171 = n\/ni. 


electric field is larger than the incident electric field. 
Conservation of power requires that the incident power be 
equal to the sum of the reflected and transmitted powers. 
That is, for perpendicular polarization, for example, 

P[ = P]_ + Pi, (8.80) 

or 

l^Acos^^Aeosfl, 

2t?i 2 rji 

IE 1 I 2 

+ LJdlL Acos^t- (8.81) 

2tj 2 

Use of Eqs. (8.76), (8.79a), and (8.79b) leads to 

El+ 71=1, (8.82a) 

R||+T„ = l, (8.82b) 


or 


U*al 2 + lal 2 l 

( r >\ cos6,\ f 
\ 12 cos 6 \) 

(8.83a) 

IHil 2 + hi I 2 1 

f 7)1 cos<9 t \ t 
\ *12 COS ) 

(8.83b) 


Figure 8-19 shows plots for (i? B , 7)) as a function of 8 \ 
for an air-glass interface. Note that the sum of /? N and 7„ 
is always equal to 1, as mandated by Eq. (8.82b). We also 
note that, at the Brewster angle %, 7?| = 0 and I\ = 1. 

Table 8-2 provides a summary of the general 
expressions for T, z, R, and 7 for both normal incidence 
and oblique incidence. 
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Example 8-7 Beam of Light 

A 5-W beam of light with circular cross section is 
incident in air upon a plane boundary of a dielectric 
medium with an index of refraction of 5. If the angle 
of incidence is 60° and the incident wave is parallel 
polarized, determine the transmission angle and the 
powers contained in the reflected and transmitted beams. 

Solution: From Eq. (8.56), 

sin 0 , = — sin <5j = - sin 60° = 0.17 
n 2 5 

or 

0 , = 10 °. 

With e 2 /£\ = n\/n\ = (5 ) 2 = 25, the reflection 
coefficients for parallel polarization can be computed by 
applying Eq. ( 8 . 68 ) as follows: 

^ ~(e 2 /e i) cos0 i + yj(e 2 /ei) - sin 2 6, 

(s 2 /£i) cos 0 i + ^Mi-sin 2 d\ 

_ -25 cos 60" + ^25 - sin 2 60° _ _ Q ^ 

25 cos 60° + -JlS — sin 2 60° 


The reflected and transmitted powers are then 

Pj = /’ l !ir ,|| 2 = 5(0.435 ) 2 = 0.95 W, 

/>' = P* - P,j = 5 - 0.95 = 4.05 W. ■ 

8-6 Waveguides 

Tn our examination of wave propagation along transmis¬ 
sion lines in Chapter 2, we segmented transmission lines 
into two groups, namely those that support transverse- 
electromagnetic (TEM) modes and those that do not. 
Members of the TEM group (Fig. 2-1.2). which include 
the coaxial line, the two-wire line and the parallel-plate 
line, among others, all satisfy the TEM requirement 
that E, H, and the direction of propagation are always 
orthogonal to one another. For the other group, which 
we called higher-order transmission lines, E or H may 
be orthogonal to the direction of propagation k, but not 
both simultaneously. Thus, at least one component of E 
or H is along k. If E is transverse to k, then we call it 
a transverse electric (TE) mode, and if H is transverse 
to k. we call it a transverse magnetic (TM) mode. 

Among higher-order transmission lines, the two most 
commonly used are the optical fiber and the metal 
waveguide. As noted in Section 8-3, an optical wave is 
guided along the length of the fiber through successive 
zigzags by taking advantage of total internal reflection 
at the boundary between the (inner) core and (he (outer) 
cladding, as illustrated in Fig. 8 20(a). Another way to 
get internal reflection at the core’s boundary is to have 
its surface be made of a conducting material. Under the 
proper conditions, on which we shall elaborate later, a 
wave excited in the interior of a hollow conducting pipe, 
such as the circular or rectangular waveguides shown in 
Figs. 8-20(b) and (c), will undergo the same mechanism 
of successive internal reflection as in the optical fiber, 
resulting in successful propagation down the pipe. Most 
waveguide applications call for air-filled guides, but in 
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Waveguide 


Fiber core 


(a) optical fiber 


Metal 


Hollow or 
dielectric filled 


Coaxial line 


(aj Coax-to-waveguide coupler 


Electric field 


(b) circular waveguide 


~ (VI wave 
AA*- 


Hollow or 
dielectric filled 


Metal 


(b) Cross-sectional view at x - c//2 


Figure 8-21: The inner conductor of a coaxial cable can 
excite an EM wave in the waveguide 


outer conductor connected to the metallic waveguide 
enclosure, the coaxial cable’s inner conductor protrudes 
through a tiny hole into the inner space of the waveguide 
(without touching the conducting surface). Time-varying 
electric field lines extending between the protruding inner 
conductor and the inside surface of the guide provide 
the excitation necessary for wave generation, thereby 
transferring a signal from the coaxial line to the guide. 
Conversely, the center conductor can act like a probe, 
coupling a signal from the waveguide to the coaxial cable. 

For guided forms of transmission at frequencies below 
30 GHz, the coaxial cable is by far the medium most 


(c) rectangular waveguide 


Figure 8 - 20 : Wave travel by successive reflections in (a) 
an optical fiber, (b) a circular metal waveguide, and (c) a 
rectangular metal waveguide. 


some cases, the waveguide may be filled with a dielectric 
material to alter its wave propagation velocity, or it may 
be vacuum-pumped to eliminate air molecules so as to 
increase its power-handling capabilities. 

Figure 8-21 illustrates how a coaxial cable can 
he connected to a rectangular waveguide. With its 
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widely used. At higher frequencies, however, the coaxial 
cable has a number of limitations: (a) in order to maintain 
the TEM-mode constraint, the cable’s inner and outer 
conductors have to be reduced in size to satisfy a certain 
size-to-wavelength requirement, making it more difficult 
to fabricate, (b) the smaller cross section corresponds 
to a lower level of power-handling capacity (limited 
by dielectric breakdown), and (c) the attenuation due 
to dielectric losses increases with increasing frequency. 
For all of these reasons, metal waveguides have been 
used as an alternative guiding structure to coaxial 
lines for many radar and communication applications 
that operate at frequencies in the 5—100 GHz range, 
particularly those requiring the transmission of high 
levels of radio-frequency (RF) power. Even though 
waveguides with circular cross-sections have been used 
in some microwave systems, the rectangular shape has 
been the more prevalent geometry. 

8-7 General Relations for E and H 

The purpose of the next two sections is to derive 
expressions for E and H for the TE and TM modes 
in a rectangular waveguide, and to examine their wave 
properties. We will choose the coordinate system shown 
in Fig. 8-22, in which the propagation direction is defined 
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to be along z- In the TE mode, the electric field direction 
is transverse to the direction of propagation. Hence, E 
may have components along x and y, but not along z. 
In contrast, II will have a I-directed component and 
may have components along either x or y, or both. The 
converse is true for the TM case, namely that only E has 
a component along z. 

Our solution procedure will consist of four steps: 

(1) Maxwell’s equations will be manipulated to 
develop general expressions for the phasor-domain 
tangential field components E x , E y , H x , and H v in 
terms of E z and H z . When specialized to the TE 
case, the expressions will become functions of H z 
only, and the converse is true for the TM case. 

(2) The homogeneous wave equations given by 
F.qs. (7.15) and (7.16) will be solved to obtain 
functional forms for E- (TM case) and II Z (TE 
case). 

(3) The general expressions derived in step 1 will then 
be used to find E x , E y , H ., and H v . 

(4) The solution obtained in step 3 will be analyzed to 
determine the phase velocity and other properties of 
the TE and TM waves. 

The intent of the present section is to realize the stated 
goals of step 1. We begin with a general form for the E 
and H fields in the phasor domain: 

E = x E x H- y E y + z E z , (8.84a) 

H = xH x + yH,+zH l . (8.84b) 

In general, all six components of E and H may depend 
on (x, y, z), and while we do not yet know the functional 
form of their dependence on (x, y ), our prior experience 
suggests that E and H of a wave traveling along the +z- 
direction should exhibit a dependenc on z of the form 
e~ JPz , where fi is a yet-to-be-determined propagation 
constant of the wave inside the waveguide. Hence, wc 
shall adopt the form 

E x (x, y, z) = e x (x, y) e~ jPz , 


(8.85) 
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where e x (x . y) describes the dependence of E x (x,y , z) 
on (x, y) only. The form of Eq. (8.85) is implied for till 
other components of E and H. Thus, 

E = (Hj + ye y + z’e z )e~ ipz , (8.86a) 

H = (x + y h y + z h z )e~ Jfiz . (8.86b) 

The notation is intended to distinguish between upper 
case E and H. which may vary with (x, y, z), and lower 
case e and h, which may vary with (x, y) only. 

In a source-free medium (namely the inside volume 
of the waveguide) characterized by permittivity e, 
permeability /.<(and conductivity n — 0), Maxwell’s curl 
equations arc given by Eqs. (7.2b and d) with J = 0, 

V x E — —jco/xH., (8.87a) 

V x H = jcoslt. (8.87b) 


Upon inserting Eqs. ( 8 . 86 a and b) into Eqs. (8.87a and b), 
and recalling that each of the curl equations actually 
consists of three separate equations—one each for x, y, 
and z, we obtain the following relationships: 


dy 


+ jPCy = -j<OIJ-h x 


-jfix - 

i)e y 

dx 


fZ 

dx 

BZ : 

Oy 


- - jtOflky , 
= -j(op,h ly 


on* . ~ _ 

— +jPh y =ja>se Jl , 
dy 




9hy 

Ox 


dh x . „ 
— = jajce-. 
dy 


( 8 . 88 a) 

( 8 . 88 b) 

( 8 . 88 c) 

( 8 . 88 d) 

( 8 . 88 e) 

(8.880 


Equations ( 8 . 88 a-f) incorporate the fact that differenti¬ 
ation with respect to z is equivalent to multiplication by 
- jl3. By manipulating these equations algebraically, we 


can obtain expressions for the x and y components of E 
and II in terms of their z components. These expressions 
are given by 



- i 

( o 0C - 

dll A 

E; ~ 

ll 

<?S|. 

[ p 9x 



/ / 

' 0 dE z 

BH Z 

£ y = 

•l^° 

II 

v dy 

+ a>ix — 
dx 

H x = 

j I 

' 3E Z 

0 9H Z \ 

= fr 

cos — — 

~ P -A- < 


*2' 

V dy 

' dx J 


—j 

( dE z 

. dH z \ 

Hy = 


cue —- 

- + 8 —- 

y 

= ¥ 

V. dx 

p ay J 


(8.89a) 

(8.89b) 

(8.89c) 

(8.89c!) 


where 


k 2 = k 2 - p 2 


= (o-p.e-p 2 , (8.90) 

and k is the unbounded-propagation wavenumber 
defined earlier as 


k — wjixe . 


(8.91) 


For reasons that will become clear later (in Section 8 - 8 ), j 
the constant k c is called the cutoff wavenumber. In view 
of Eqs. (8.89a-d), the x and y components of E and H can 
now be found readily, so long as we know the functional 
forms of E- and H-. For the TE mode, E z = 0, so all we 
need to know is H z , and the converse is true for the TM 
case. 


8-8 TM Modes in Rectangular Waveguide 

In the preceding section we developed expressions for E x , 
E y , H x . and H y , all in terms of E z and H.. Since H z = 0 
for the TM mode, our task reduces to obtaining a solution 
for E z . Our starting point will be the homogeneous wave 
equation for E. For a lossless medium characterized by 
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an unbounded-propagation constant k, the wave equation 
is given by Eq. (7.19) as 

V 2 E + k 2 E = 0. (8.92) 

To satisfy Eq. (8.92), each of its i, y, and z components 
has to be satisfied independently. Its z component is given 
by: 


3 2 E z t 3 7 E z t d 2 E z 
Ih 2 + ~dy r + 


+ k 2 E, = 0. 


By adopting the functional form given by Eq. (8.85), 
namely 

E-Sx, y, z) = e z (x, y ) e~ jpz , (8.94) 


Eq. (8.93) reduces to 


d 2 7 z d 2 e z 
Jx 2 + Hy 2 


■k%= 0 , 


where k\ is as defined by Eq. (8.90). 

The form of the partial differential equation (separate, 
uncoupled derivatives with respect to x and y) allows us 
to assume a product solution of the form 

e z (x,y) = X(x) Y(y). (8.96) 

Substituting Eq. (8.96) into Eq. (8.95), followed with 
dividing all terms by X(x) Y (y), leads to: 


J_ c?X_ d 2 Y 
X~dx 2+ Y dy 2 


+ kl = 0 . 


To satisfy Eq. (8.97), each of the first two terms has to be 
equal to a constant. Hence, we define separation constants 
k x and k y such that 


^ + k 2x -0, 
0 + ^ = 0 ’ 


(8.98a) 


(8.98b) 


k 2 = k 2 + k 2 


(8.99) 


Before proposing solutions for Eqs. (8.98a and b), we 
should consider the constraints that the solutions must 
meet. The electric field E, is parallel to all four walls 
of the waveguide. Since E = 0 in the conducting 
walls, boundary conditions require E- in the waveguide 
cavity to go to ze/v as x approaches 0 and a, and as y 
approaches 0 and b (Fig. 8-22). To satisfy these boundary 
conditions, sinusoidal solutions arc chosen for X(x) and 
T(y) as follows: 

7 Z = (Acosk x x + B sin k x x)(C cos k y y + D sin k y y) 

( 8 . 100 ) 

The boundary conditions for ~e-. arc: 


«z = 0, 

e z = 0 , 


at x — 0 and a, 
at y — 0 and/?. 


(8.101a) 

( 8 . 101 b) 


Satisfying 7 Z = 0 at x = 0 requires that we set A = 0, 
and similarly, satisfying e z = 0 at y = 0 requires C = 0. 
Satisfying e z = 0 at x = a requires: 


m = 1,2, 3,... 


( 8 . 102 a) 


and similarly, satisfying e z — 0 at y — b requires 


k v — — , n = l, 2. 3,... 


( 8 . 102 b) 


Consequently, 


_ S' 


E- = e,e 


= E 0 sin(“)sin(^) e~ ip \ (8.103) 

where Eo = BD is an amplitude related to the intensity 
of the wave in the guide. Keeping in mind that H, = 0 for 
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the TM inode, the transverse components of E and H can 
now be obtained by applying (8.89a-d) to Eq. (8.103), 

Ex = Tf (=*) focos (^) sin (5^) e-te, (8.104a) 
Ey = =g {f) Eosin(^)cos('-^) e~^, (8.104b) 
& = ■f if) £o sin (2?x) cos (=g*) (8.104c) 

H, = =jijr Of) £ocos(2^)sin (=£*) (8.104d) 

Lad; combination of the integers m and n represents a 
viable solution, or a mode, denoted Associated 

with each mn mode are specific field distributions for the 
region inside the guide. Figure 8-23 depicts the E and H 
field lines for the TM| i mode across two different cross 
sections of the guide. 

According to the solution given by Eqs. (8.103) and 
(8.104), a rectangular waveguide with cross section 
[a x b) can support the propagation of waves with many 
different, but quantized, field configurations specified by 
the quantities ( mn/a) and (nn/b). The only quantity in 
the fields' expressions that we have not yet determined is 
the propagation constant fl. contained in the exponential 
propagation function e~^ z . By combining Eqs. (8.90), 
(8.99), and (8.102), wc obtain the following expression 
for fi: 

P = jk*-kt 

J ~ {-y) ■ (TE and TM) 

(8.105) 

Even though the expression for p was derived for TM 
modes, it is equally applicable to TE modes. 

The exponential e~^ z describes a wave traveling in the 
4-z-direction, but only if f is real, which corresponds to 
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k > k c . If k < k a , (i becomes imaginary: f = — ja 
with a real, in which case e~ il>z = e~ az . Such a 
condition represents an evanescent wave characterized 
by an amplitude that decays rapidly with z due to the 
attenuation function e~ az . Corresponding to each mode, 
specified by integer values of m and n, there is a cutoff 
frequency f„„ at which ft = 0. By setting f = 0 in 
Eq. (8.105) and then solving for /, we have 


fm 


W 0 2 + G ) 2 ■ (TE “ d ™- 1 

(8.106) 


where u Po = 1/y/jZe is the phase velocity of a TEMwave 
in an unbounded medium with constitutive parameters /x 
and e. A wave, in a given mode, can propagate through 
the guide only if its frequency f > f„„. 

The mode with the lowest cutoff frequency is known as 
the dominant mode. The dominant mode is TM, | among 
TM modes and TEio among TE modes (whose solution is 
given in Section 8-8). Whereas a value of zero for m or n 
is allowed for TE inodes, it is not for TM modes (because 
if either m or n is zero, E z in Eq. (8.103) becomes zero 
and all other field components will vanish as well). 

Ry combining Eqs. (8.105) and (8.106), we can express 
ft in terms of /ran > 


P = —J 1 - (^r \ - (TE and TM) (8.107) 

“po V \ j / 


The phase velocity of a TE or TM wave in a waveguide 
is given by 



(TE and TM) 

P VI - ifnn/f) 2 


(8.108) 


The transverse electric field consists of components E x 
and E y , given by Eqs. (8.104a and b). For a wave traveling 
in the +z-direction, the magnetic field associated with 
E x is H y (according to the right hand rule given by 
Eq. (7.39a)), and similarly, the magnetic field associated 
with E y is - H x . The ratios, obtained by employing 
Eq. (8.104), constitute the wave impedance in the guide. 


E X _ Ey _ fill 
Hy ~ H x ~ k ’ 


(8.109) 



where t] — JJlJe is the intrinsic impedance of the 
dielectric material filling the guide. 


Example 8-8 Mode Properties 

A TM wave, propagating in a dielectric-filled 
waveguide of unknown permittivity, has a magnetic-field 
component given by 

H y = 6cos(257Ta:) sin(1007ry) 

x sin(1.5jr x 10 10 / - I09,tz) (mA/m). 


If the guide dimensions are a = 2b = 4 cm, determine: 
(a) the mode number, (b) the relative permittivity of the 
material in the guide, (c) the phase velocity, and (d) the 
expression for E x . 

Solution: (a) By comparison with the expression for H y 
given by Eq. (8.104d), we deduce that the argument of x 
is (nut/a) and the argument of y is ( nn/b ). Hence, 


25jt = 
lOOzr = 


mrr 


4 x 10“ 2 
nit 


2x 10 


-2 ’ 


which yield m — 1 and n = 2. Therefore, the mode is 

TM I2 . 
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(b) The second sine function in the expression for H y 
represents sin(«/ — fiz), which means that 

a = 1.5-t x lO 10 (rad/s), or / — 7.5 GHz, 

P = 1097T (rad/m). 

By rewriting Eq. (8.105) so as to obtain an expression for 
e r = e/s 0 in terms of the other quantities, wc have 

c 2 r„? / mir\ 1 /nn\ 2 ' 

where c is the velocity of light. Inserting the available 
values, 


Zj M , in additon to / = 7.5 GHz and rj = Jjxji = 
(vW£o)/y^ = 377/V9 = 125.67 Q. gives 

Z TM =91.3 a. 

Hence, 

E x = ZjM Hy 

— 91.3 x 6cos(25xv)sin(1007ry) 

x sin(1.5zr x 10 10 ? - 109^z) (mV/m) 
= 0.55cos(257ix)sin(l00 J T>) 

x sin( I .5tt x 10 10 / - 109ttz) (V/m). 


£r = 


(3 x 10 3 ) 2 
(1.5jt x 10 10 ) 2 

(109jt) 3 + 


TC 


4 x 10-2 


+ 


2jt 


2 x lO" 2 


= 9. 


(c) 


_ (o _ 1.5jt x 10'° 
Up ~ P ~ 109jr 


1.38 x 10 9 m/s, 


which is faster than the speed of light! As will be 
explained later in Section 8-10, the phase velocity in a 
waveguide may indeed be greater than c, but the velocity 
with which energy is carried down the guide is the group 
velocity u s , which is never greater than c. 

(d) From Eq. (8.109), 


REVIEW QUESTIONS 

Q8.8 What are the primary limitations to coaxial cables 
at frequencies higher than 30 GHz'? 

Q8.9 Can a TE mode not have a magnetic field 
component along the direction of propagation? 

Q8.10 What is the rationale for choosing a solution 
for ?- that involves sine and cosine functions? 

Q8.ll What is an evanescent wave? 

EXERCISE 8.10 For a square waveguide with a =b,what 
is the value of the ratio E x /E y for the TM,, mode? 

Ans. 1. 

EXERCISE 8.11 What is the cutoff frequency for the 
dominant TM mode in a waveguide filled with a 
material with c T = 4? The waveguide dimensions arc 
a — 2b = 5 cm. 


Z 'i m = W1 ~ ifn/f) 2 

Application of Eq. (8.106) yields fn = 5.15 GHz 
for the TMiz mode. Using that in the expression for 


Ans. For TM M , fn = 3.35 GHz. 

EXERCISE 8.12 What is the magnitude of the phase 
velocity of a TE or TM mode at / = 

Ans. Up - oo 1 [See explanation in Section 8-10.1 
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8-9 TE Modes in Rectangular Waveguide 

In the TM case, for which the wave has no magnetic field 
component along thez-direction (i.e., H z = 0), we started 
our treatment in the preceding section by obtaining a 
solution for E z , and then we used it to derive expressions 
for the tangential components of E and H. The TE case 
follows the same basic procedure, except for reversing 
the roles of E z and H ; . Such a process leads to: 




(8.110a) 


£ -jvf* (mit 
y ~ kl V a 


(mn\ . / niTtx\ (tuty\ 


jP (mx\ . /mitx\ /nny\ 

) cos (—) 


(8.110b) 


(8.110c) 


JP ( nn 






(8.110d) 


H z = H 0 o os (^)cos(^)^, (8.110c) 


and, of course, E z — 0. The expressions for fi, and 
Up given earlier by Eqs. (8.106), (8.107), and (8.108), 
respectively, remain unchanged. However, because not 
all the fields vanish if m or n assume a value of zero, the 
lowest order TE mode is TE ]0 if a > b, or TE 0 i if a < b. 
It is customary to assign a to be the longer dimension, in 
which case the TE\o mode is always the dominant mode. 
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Another difference between the TE and TM modes is 
associated with the expression for the wave impedance. 
For TE, 



A summary of the expressions for the various wave 
attributes of TE and TM modes is given in Table 8-3. 
By way of reference, the corresponding expressions for 
the TEM inode are included as well. 

Example 8-9 Cutoff Frequencies 

For a hollow rectangular waveguide with dimensions 
a = 3 cm and b — 2 cin, determine the cutoff frequencies 
for all modes, up to 20 GHz. Over what frequency 
range will the guide support the propagation of a single 
dominant mode? 

Solution: A hollow guide has fi — tio and t = so- Hence, 
« Po = 1 /^/i.iq£q — c. Application of Eq. (8.106) gives 
the cutoff frequencies shown in Fig. 8-24, which start 
at 5 GHz for the TEjo mode. To avoid all other modes, 
the frequency of operation should be restricted to the 
5-7.5 GHz range. 





358 


CHAPTER 8 WAVE REFLECTION AND TRANSMISSION, AND GEOMETRIC OPTICS 


Table 8-3: Wave properties for TE and TM modes in a rectangular waveguide with dimensions a x b, filled with a dielectric 
material with constitutive parameters s and \i. The TEM case, shown for reference, pertains to plane-wave propagation in an 
unbounded medium. 


Rectangular 

Waveguides 

Plane Wave 

TE Modes 

TM Modes 

TEM Mode 

& = (*) ft «»(«*) sin (=*) e->* 

tr** 

E z = 0 

H x = —ZrzEy 

H y ~ Z TE E . 

H z = H 0 cos (Hi) cos (5J*) 

Zte = n/y/ 1 -(/c/7 ) 2 

*' = =£ (=)£oCOs(^)sin(^) 

Ey = (f ) E» sin (=p) cos (™) e~»' 

E Z = E 0 sin (2S£) sin ^ 

H.x = — Z XM Ey 

Hy — Z T m E x 

H z = 0 

Ztm = IJv/l - (fo/f) 2 

e x = EMe-n* 

E y = E#e-»* 

E z = 0 

Hi = —r/Ey 

Hy = >]E, 

H t = 0 

v - -JpJb 

Properties Common to TE and TM Modes 

mSm 

P=kJ\- (/ c //)2 
«p = f = “Pb/Vi - c/c //) 2 

fc = not applicable 

k = co^/JTc 

w Po - 1 /Vwe 


8-10 Propagation Velocities may require a large, or infinite, number of frequency 

When a wave is used as a carrier to transmit information components, but in practice, it is usually possible to 

through a certain medium or along a given transmission represent the modulated waveform, to a fairly high 

line, the message of interest is encoded into the wave’s de S ree of fldcllt >'’ w,th a wave S rou P that cxtcnds 

amplitude, frequency, or phase. A simple example is over a relative| y narmw bandwidth surrounding the 

shown in Fig. 8-25 in which a high-frequency sinusoidal high-trequency carrier /. The velocity with which 

wave of frequency / is amplitude-modulated by a lhe ovelope-or equivalently the wave group-travels 

Gaussian-shaped pulse. The waveform in (c) is the result through the medium is called the group velocity « g .As 

of multiplying the pulse shape in (a) bv the carrier such, u g is the velocity of the energy carried by the wave- 

waveform in (b) group, and of the information encoded in it. Depending 

By Fourier analysis, the waveform in (c) is equivalent on whcther or 1101 the Propagation medium is dispersive, 

to the superposition of a group of sinusoidal waves with "s ma y or ma y not be e 1 ual t0 the P ha *f velocit y ‘V In 

specific amplitudes and frequencies. Exact equivalence Section 2-1.1, we desetibed a dispersive transmission 
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Gaussian pulse High-frequency 




Figure 8-25: The amplitude-modulated high-frequency 
waveform in (b) is the product of the Gaussian-shaped 
pulse with the sinusoidal high-frequency carrier in (a). 


line as one on which the phase velocity is not a constant 
as a function of frequency,” the consequence of which 
is that the shape of a pulse transmitted through it will 
get progressively distorted as it moves down the line. 
Media that support TEM waves are non-dispersive. A 
rectangular waveguide, on the other hand, does qualify as 
a dispersive transmission line because (he phase velocity 
of a TE or TM mode propagating through it is a strong 
function of frequency (per Eq. (8.108)), particularly at 
frequencies close to the cutoff frequency . As we will 
see shortly, if / the TE and TM modes become 

approximately TEM in character, not only in terms of 
the directional arrangement of the electric and magnetic 


fields, but also in terms of the frequency dependence of 
the phase velocity. 

We now wish to examine w p and i/ g in more detail. The 
phase velocity, defined as the velocity of the sinusoidal 
pattern of the wave, is given by 

k p =£, (8-112) 

P 

and the group velocity u g is given by 


1 

dp/do.) 


(8.113) 


Even though we will not derive Eq. (8.113) in this 
book, it is nevertheless important that we understand its 
properties for TE and TM modes in a metal waveguide. 
Using the expression for p given by Eq. (8.107), 



where, as before, « P(| is the phase velocity in an 
unbounded dielectric medium. In view of Eq. (8.108) for 
the phase velocity w p . 


“p m s = m po- (8.1 !5) 


Above cutoff (/ > /,„„), u p > u Po and u s < u,, 0 . As 
/ —» co, or more precisely as (/,„„//) 0, TE and TM 

modes approach the TEM case, for which « p — u s — « P(| . 

A useful graphical tool for describing the propagation 
properties of a medium or transmission line is the co- 
P diagram. In Fig. 8-26, the straight line starting at the 
origin represents the co-P relationship for a TEM wave 
propagating in an unbounded medium (or on a TEM 
transmission line). The TEM line provides a reference 
to which the c o-P curves of the TE/TM modes can be 
compared. At a given location on the co-p line or curve, 
the ratio of the value of co to that of P defines u p = co/p , 
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oj (rad/s) 



Figure 8-26: uj-fi diagram for TE and TM modes in a 
hollow rectangular waveguide. The straight line pertains 
to propagation in an unbounded medium or on a TEM 
transmission line. 


whereas it is the slope dcajdfi of the curve at that point 
that defines the group velocity u s . For the TEM line, 
the ratio and the slope have identical values (hence, 
Up = Uf,), and the line starts at co = 0. In contrast, the 
curve for each of the indicated TE/TM modes starts at 
a cutoff frequency specific to that mode, below which 
the waveguide cannot support the propagation of a wave 
in that mode. At frequencies close to cutoff, u p and u s 
assume very different values; in fact, at cutoff u p — oo 
and M g = 0. On the other end of the frequency spectrum, 
at frequencies much higher than the co-p curves of 
the TEAM modes approach the TEM line. We should 
note that for TE and TM modes. w p may easily exceed 


the speed of light, but w g will not, and since it is a g 
that represents the actual transport of energy, Einstein’s 
assertion is not violated. 

So far, we have described the fields in the guide, but 
we have not yet explained how the wave zigzags along 
the length of the guide through successive reflections. To 
do just that, let us consider the relatively simple case of 
the TE 10 mode. For in = 1 and n — 0, the only non-zero 
component of the electric field given by Eq. (8.110) is E y , 





(8.116) 


Using the identity sin# = (e i0 — e j9 )/2j for any 
argument 0 , we have 

E y = (e~ jnx/a - e j!rx/a )e~^ 

— £^ e -jP(z+zi/0a) _ e -ifKz-irx/ftn)^ 

= (8.117) 


where we have consolidated the quantities multiplying 
the two exponential terms into the constant E' n . The first 
exponential term represents a wave with propagation 
constant 6 traveling in the z'-direction, where 


z' = z + —, (8.118a) 

pa 


and the second term represents a wave travelling in the 
^''-direction, with 


z = z — 


nx 

Ja 


( 8 . 118 b) 


From the diagram shown in Fig. 8-27(a), it is evident that 
the z'-direction is at an angle 6' relative to z. and the z"- 
direction is uUm angle 0” = -9’. This means that the 
electric field E y (and its associated magnetic field H) of 
the TEio mode is composed of two TEM waves, as shown 
in Fig. 8-27(b), both traveling in the -Fz-direction by 
zigzagging between the opposite walls of the waveguide. 
Along the zigzag directions (z' and z"), the phase velocity 
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From Eq. (8.118a), z' = + z. 

Hence, 0' = tan -1 (jr /0a). 

From Eq. (8.118a), z" = -gg + 2 . 
Hence, 0" = -tm~'(n/0a). 

(a) z' and z" propagation directions 



Figure 8-27: The TEio mode can be constructed as the 
sum of two TEM waves. 


of the individual wave components is w Po , but the phase 
velocity of the combination of the two waves along z 
is Up. 

Example 8-10 Zigzag Angle 

FortheTEio mode, express the zigzag angle#' in terms 
of the ratio (///io), and then evaluate it at / = fm and 
for / » /io- 


Solution: From Fig. 8-27, 



For m = 1 and n — 0, Eq. (8.106) reduces to / o = 
t( Pn /2a. After replacing 0 with the expression given by 
Eq. (8.107) and replacing a with i( po /2/ 10 , we obtain the 
result 


6' = tan 1 ( 1 =\ . 

\ V (///io) 2 - 1 / 

At / = f io. S' -- 90°, which means that the wave 
bounces back and forth at normal incidence between the 
two side walls of the waveguide, making no progress 
in the ^-direction. At the other end of the frequency 
spectrum, when / /to. O’ = 0 and the wave becomes 
TEM-like. 


REVIEW QUESTIONS 

Q8.12 For TE, the dominant mode is TEio, but forTM 
the dominant mode is TMu- Why is it not TM| 0 ? 

Q8.13 Why is it acceptable for u p to exceed the speed 
of light c, but not so for Wg? 

EXERCISE 8.13 What do the wave impedances for TE 
and TM look like as / approaches 

Ans. At / = Zte looks like an open circuit, and 
Ztm looks like a short circuit. 

EXERCISE 8.14 What are the values for (a) « p , (b) u s , 
and (c) the zigzag angle 6' at f — 2 f i0 for a TE| 0 mode 
in a hollow waveguide? 

Ans. (a) Up = 1.15c, (b) w g = 0.87c, (c) 9 ! = 30 J . 
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A. Elements of a bar-code reader 


Bar-Code Readers 

A bar code consists of a sequence of parallel 
bars of certain widths, usually printed in black 
against a white background, configured to represent 
a particular binary code of information about a 
product and its manufacturer. Laser scanners can 
read the code and transfer the information to a 
computer, a cash register, or a display screen. 
For both stationary scanners built into checkout 
counters at grocery stores and handheld units that 
can be pointed at the bar-coded object like a 
gun, the basic operation of a bar-code reader is 
the same. 



Basic Operation 

The scanner uses a laser beam of light pointed at 
a multifaceted rotating mirror, spinning at a high 
speed on the order of 6,000 revolutions per minute 
(A). The rotating mirror creates a fan beam to 
illuminate the bar code on the object. Moreover, by 
exposing the laser light to its many facets, it deflects 
the beam into many different directions, allowing the 
object to be scanned over a wide range of positions 
and orientations. The goal is to have one of those 
directions be such that the beam reflected by the 
bar code ends up traveling in the direction of, and 
captured by, the light detector (sensor), which will 
read the coded sequence (white bars reflect laser 
light and black ones do not) and convert it into a 
binary sequence of ones and zeros (B). To eliminate 
interference by ambient lights, a glass filter is used 
as shown in (A) to block out all light except for a 
narrow wavelength band centered at the wavelength 
of the laser light. 
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8-11 Cavity Resonators 

A rectangular waveguide has metal walls on four sides. 
When the two remaining sides are terminated with 
conducting walls, the waveguide becomes a cavity. By 
designing cavities to resonate at specific frequencies, 
they can be used as circuit elements for microwave 
oscillators, amplifiers, and bandpass fillers. 

The rectangular cavity shown in Fig. 8-28(a), with 
dimensions (a x b x cl), is connected to two coaxial 
cables, one with an input probe and another with an 
output probe. As a bandpass filter, the function of a 
resonant cavity is to filter out all frequency components 
contained in the input signal except for those w'hose 
frequencies fall within a narrow band surrounding a 
specific center frequency f 0 . The cavity is designed such 
that its resonant frequency is at /o. Comparison of the 
spectrum in Fig. 8-28(b), which describes the range of 
frequencies that might be contained in a typical input 
signal, with the narrow output spectrum in Fig. 8-28(c) 
demonstrates the filtering action imparted by the cavity. 

In a rectangular waveguide, the fields constitute 
standing waves along the .vr- and y-directions, and a 
propagating wave along z. The terms TF. and TM were 
defined relative to the propagation direction; TE meant 
that E was entirely transverse to z, and in the TM 
mode, H had no component along z. In a cavity, there 
is no unique propagation direction, because there is no 
propagation. Instead, standing waves exist along all three 
directions. Hence, the terms TE and TM need to be 
modified by defining the fields relative to one of the 
three rectangular axes. For the sake of consistency, we 
will continue to define the transverse direction to be any 
direction contained in the plane whose normal is z. 

TheTE mode in the rectangular waveguide consists of 
a single propagating wave whose H : component is given 
by Eq. (8.1 lOe) as 




(c) Output spectrum 


Figure 8-28: A resonant cavity supports a very narrow 
bandwidth around its resonant frequency /q. 


where the phase factor signifies that the propagation 
direction is along +z. Because the cavity has conducting 
walls at both z = 0 and z = d, it will contain two such 
waves, one with amplitude Ho moving along +z, and 
another with amplitude moving along —z. Hence, 


£j u (tnjrx\ nitty \ 

H. = Ho cos ^- ) cos ^ ——j e 


-itn 


H z = (H 0 e~^ + H~e^) cos (^) cos (^) . 

(8.119) 
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Boundary conditions require the normal component of H 
to be zero at a conducting boundary. Consequently, H z 
must be zero at z = 0 and z — d. To satisfy these 
conditions,itisnecessarythat//J' = -Hoandfid = pn, 
with p = 1,2, 3,.... in which case Eq. (8.119) becomes 



( 8 . 120 ) 


Given that E, = 0 for the TE modes, all of the other 
components of E and H can be derived readily through 
the application of the relationships given by Eq. (8-7). A 
similar procedure can also be followed for the TM case. 

8 - 11.1 Resonant Frequency 

The consequence of the quantization condition imposed 
on fi, namely p = pn jd with p assuming only integer 
values, is that for any specific set of integer values of 
(m, n, p), the wave inside the cavity can exist at only 
a single resonant frequency, f mnp , whose value has to 
satisfy Eq. (8.105). The resulting expression for f mnp is 

**-WSkf+iM 8 


For TE, the indices m and n start at 0, but p starts at 1. The 
exact opposite applies to TM. By way of an example, the 
resonant frequency for a TE ]0 i mode in a hollow cavity 
with dimensions a = 2 cm, b = 3 cm, and d — 4 cm is 
/,o, = 8.38 GHz. 

8-11.2 Quality Factor 

In the ideal case, if a group of frequencies is introduced 
into the cavity to excite a certain TE or TM mode, only the 
frequency component at exactly f nnp of that mode will 
survive, and all others will attenuate, in a manner similar 
to evanescent waves. If a probe is used to couple a sample 
of the resonant wave out of the cavity, the output signal 
will be a monochromatic sinusoidal wave at f mnp . In 
practice, the cavity exhibits a frequency response similar 


to that shown in Fig. 8-28(c), which is very narrow, but not 
a perfect spike. The bandwidth A/ of the cavity is defined 
as the frequency range between the two frequencies (on 
either side of f llllip ) at which the amplitude is 1 /V2 
of the maximum amplitude (at f„,„ p ). The normalized 
bandwidth , defined as A f/f mnp , is approximately equal 
to the reciprocal of the quality factor Q of the cavity, 

Q * ^ ■ (8.122) 




The quality factor is defined in terms of the ratio of 
the energy stored in the cavity volume to the energy 
dissipated in the cavity walls through conduction (I 2 R 
loss, where I is related to the tangential magnetic field 
and R is the resistance of the wall material). For an 
ideal cavity with walls made of a perfect conductor, no 
energy loss is incurred, as a result of which Q is infinite 
and A/ ~ 0. Metals have very high, but not infinite, 
conductivities, so a real cavity with metal walls will store 
most of the energy coupled into it in its volume, but it will 
also lose some of it to heat conduction. A typical value 
for Q is on the order of 10,000, which is much higher 
than can be realized with lumped RLC circuits. 


Example 8-11 

The quality factor for a hollow resonant cavity 
operating in the TE I0) mode is given by 

1 abd(a 2 + d 2 ) 

Q ~ 8l [aHd+2b) + dHa+2b)]’ (8 ‘ 123) 

where <5 S = 1 /ylnf imp p, 0 cr c is the skin depth and <r t is the 
conductivity of the conducting walls. Design a cubic cav¬ 
ity with a TF.ioi resonant frequency of 12.6 GHz and eval¬ 
uate its bandwidth. The cavity walls are made of copper. 

Solution: For a = b = d, m = 1, n = 0, p = 1, and 
Mp„ = c = 3 x 10 8 m/s, Eq. (8.121) simplifies to 


/ioi — 


3s/2 x 10 s 
2 a 


(Hz), 
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which, for / 10 i = 12.6 GHz, gives 
a = 1.68 cm. 

At /mi = 12.6 GHz, the skin depth for copper (with 
fr c = 5.8 x 10 7 S/m) is 


[tc/i oi Atone ] 1/2 

1 

~ [nx 12.6 x 10 9 x An x 1()- 7 x 5.8 x 10 7 ]'/ 2 
= 5.89 x 10~ 7 m. 


Upon setting a = b = d in Eq. (8.123), the expression 
for Q of a cubic cavity becomes 

_ a 1.68 x KT 2 

Q = — =-= 9 512 

* 3 S s 3 x 5.89 x 10~ 7 ’ 

Hence, the cavity bandwidth is 


Af-v /lQI _ 12 6 X H)9 
' ~ Q 9,512 

CHAPTER HIGHLIGHTS 


1.32 MHz. 


• The relations describing the reflection and transmis¬ 
sion behavior of a plane EM w'ave at the boundary 
between two different media are the consequence 
of satisfying the conditions of continuity of the 
langential components of E and H across the 
boundary. 

• Snell’s laws state that ft = ft. and 

sin#, = (ni/no) sin ft. 

For media such that n 2 < «i, the incident 
wave is reflected totally by the boundary when 
ft > ft:, where # c is the critical angle given by 
6c = sin _1 (/i 2 /ni). 

• By successive multiple reflections, light can be 
guided through optical fibers. The maximum data 
rate of digital pulses that can be transmitted along 
optical fibers is dictated by modal dispersion. 


• At the Brewster angle for a given polarization, 
the incident wave is transmitted totally across the 
boundary. For nonmagnetic materials, the Brewster 
angle exists for parallel polarization only. 

• Any plane wave incident on a plane boundary can 
be synthesized as the sum of a perpendicularly 
polarized wave and a parallel polarized wave. 

• Transmission-line equivalent models can be used 
to characterize wave propagation, reflection by, and 
transmission through boundaries between different 
media. 

• Waves can travel through a metal waveguide 
iii the form of transverse electric (TF,) and 
transverse magnetic (TM) modes. For each mode, 
the waveguide has a cutoff frequency below which 
a wave cannot propagate. 

• A cavity resonator can support standing waves at 
specific resonant frequencies. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 

following terms: 

rays 

wavefront 

reflection coefficient F 
transmission coefficient r 
standing-wave ratio S 
.Snell’s laws 

angles of incidence, reflection, and transmission 

refraction angle 

index of refraction n 

dense medium 

surface wave 

critical angle 9 C 

total internal reflection 

acceptance angle ft, 

modal dispersion 

parallel polarization 
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perpendicular polarization 

plane of incidence 

transverse electric (TE) polarization 

transverse magnetic (TM) polarization 

phase-matching condition 

Brewster angle 

polarizing angle 

grazing incidence 

redectivity (reflectance) R 

transmissivity (transmittance) T 

cutoff wavenumber k Q 

evanescent wave 

cutoff frequency f mn 

group velocity u g 

zigzag angle 

(o-ff diagram 

resonant cavity 

quality factor Q 

PROBLEMS 

Section 8-1: Reflection and Transmission at Normal 
Incidence 

8.1 A plane wave in air with an electric field amplitude 
of 20 V/m is incident normally upon the surface of a 
lossless, nonmagnetic medium with g r = 25. Determine 
the following: 

(a) The reflection and transmission coefficients. 

(b) The standing-wave ratio in the air medium. 

(c) The average power densities of the incident, 
reflected, and transmitted waves. 

8.2 A plane wave traveling in medium lwithe r | —2.25 
is normally incident upon medium 2 with 6,2 = 4. Both 
media are made of nonmagnetic, non-conducting mate¬ 
rials. If the electric field of the incident wave is given by 

*Answcr(s) available in Appendix D. 

Solution available in CD-ROM. 


E 1 = y8 cos(67r x 10 y ? — 30nx) (V/m) 

(a) Obtain time-domain expressions for the electric and 
magnetic fields in each of the two media. 

(b) Determine the average power densities of the 
incident, reflected and transmitted waves. 

^ 8.3 A plane wave traveling in a medium with a ri =9 is 
normally incident upon a second medium with £ r , = 4. 
Roth media are made of nonmagnetic, non-conducting 
materials. If the magnetic field of the incident plane wave 
is given by 

H' = z 2cos(2.t x 10'? — ky) (A/m) 

(a) Obtain time-domain expressions for the electric and 
magnetic fields in each of the two media. 

(b) Determine the average power densities of the 
incident, reflected, and transmitted waves. 

8.4 A 200-MHz, left-hand circularly polarized plane 
wave with an electric field modulus of 5 V/m is normally 
incident in air upon a dielectric medium with s r = 4, and 
occupies the region defined by z > 0 . 

(a) Write an expression fox the electric field phasor of 
the incident wave, given that the field is a positive 
maximum at z = 0 and t = 0. 

(b) Calculate the reflection and transmission coeffi¬ 
cients. 

(c) Write expressions for the electric field phasors of the 
reflected wave, the transmitted wave, and the total 
field in the region z < 0. 

(d) Determine the percentages of the incident average 
power reflected by the boundary and transmitted into 
the second medium. 

8.5” Repeat Problem 8.4, but replace the dielectric 
medium with a poor conductor charactei'ized by 
£ r = 2.25, i± t = 1, and rr — 10 4 S/m. 
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8.6 A 50-MHz plane wave with electric field amplitude 
of 50 V/m is normally incident in air onto a semi-infinite, 
perfect dielectric medium with £, = 36. Determine the 
following: 

(a) r 

(b) The average power densities of the incident and 
reflected waves. 

(c) The distance in the air medium from the boundary to 
the nearest minimum of the electric field intensity, 
|E|. 

8.7'’ What is the maximum amplitude of the total 
electric field in the air medium of Problem 8.6, and at 
what nearest distance from the boundary does it occur? 

8.8 Repeat Problem 8.6, but replace the dielectric 
medium with a conductor with e r — 1 , /x r = 1 , and 
o- = 2.78 x 10~ 3 S/m. 

8.9* The three regions shown in Fig. 8-29 contain 
perfect dielectrics. For a wave in medium 1, incident 
normally upon the boundary at z = —d, what 

combination of e, 2 and d produces no reflection 9 Express 
your answers in terms of e u , e r , and the oscillation 
frequency of the wave, /. 

8.10 For the configuration shown in Fig. 8-29, use 
transmission-line equations (or the Smith chart) to 
calculate the input impedance at z = -d for £ r , = 1, 
£ n = 9, £ rj =4, d = 1.2 m, and / = 50 MHz. 
Also determine the fraction of the incident average power 
density reflected by the structure. Assume all media are 
lossless and nonmagnetic. 

8.11* Repeat Problem 8.10, but interchange £,, and 

8.12 Orange light of wavelength 0.61 /xm in air enters 
a block of glass with e r — 1.44. What color would it 
appear to a sensor embedded in the glass? The wavelength 
ranges of colors arc violet (0.39 to 0.45 /xm), blue (0.45 


Medium 1 

Medium 2 

Medium 3 

£ o 

. 

A': 

w.,*. 


z = -d z = 0 


Figure 8-29: Dielectric layers for Problems 8.9 to 8.11. 


to 0.49 /xm), green (0.49 to 0.58 /xm), yellow (0.58 to 
0.60 jum), orange (0.60 to 0.62 /xm). and red (0.62 to 
0.78 /xm). 

8.13* A plane wave of unknown frequency is normally 
incident in air upon the surface of a perfect conductor. 
Using an electric-field meter, it was determined that the 
total electric field in the air medium is always zero when 
measured at a distance of 2 m from the conductor surface. 
Moreover, no such nulls were observed at distances closer 
to the conductor. What is the frequency of the incident 
wave?. 

8.14 Consider a thin film of soap in air under 
illumination by yellow light with X = 0.6 /xm in vacuum. 
If the film is treated as a planar dielectric slab with 
£[ = 1.72, surrounded on both sides by air, what film 
thickness would produce strong reflection of the yellow 
light at normal incidence? 

8.15* A 5-MHz plane wave with electric field 
amplitude of 10 (V/m) is normally incident in air onto 
the plane surface of a semi-infinite conducting material 
with £ r = 4, /x r = 1, and a = 100 (S/m). Determine the 
average power dissipated (lost) per unit cross-scctional 
area in a 2-mm penetration of the conducting medium. 
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8.16 A 0.5-MHz antenna carried by an airplane flying 
over the ocean surface generates a wave that approaches 
the water surface in the form of a normally incident plane 
wave with an electric-field amplitude of 3,000 (V/m). 
Seawater is characterized by s, = 72, /x r — 1, and 
o=4 (S/m). The plane is trying to communicate a 
message to a submarine submerged at a depth d below 
the water surface. If the submarine's receiver requires a 
minimum signal amplitude of 0.01 (/xV/m), what is the 
maximum depth d to which successful communication 
is still possible? 

Sections 8-2 and 8-3: Snell’s Laws and Fiber Optics 

8.17’ A light ray is incident on a prism in air at an 
angle 9 as shown in Fig. 8-30. The ray is refracted at the 
first suxface and again at the second surface. In terms of 
the apex angle <6 of the prism and its index of refraction n, 
determine the smallest value of 6 for which the ray will 
emerge from the other side. Find this minimum 9 for 
n = 1.4 and <p — 60°. 



Figure 8-30: Prism of Problem 8.17. 


8.18 For some types of glass, the index of refraction 
varies with wavelength. A prism made of a material with 

4 

» = f-? 1 - — A. 0 , (A 0 in gm) 

where A.,, is the wavelength in vacuum, was used to 
disperse white light as shown in Fig. 8-31. The white 


light is incident at an angle of 50°. the wavelength Ao of 
red light is 0.7 ^m, and that of violet light is 0.4 /xm. 
Determine the angular dispersion in degrees. 



8.19” The two prisms in Fig. 8-32 are made of glass 
with n = 1.5. What fraction of the power density carried 
by the ray incident upon the top prism emerges from the 
bottom prism? Neglect multiple internal reflections. 



Figure 8-32: Periscope prisms of Problem 8.19. 
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8.20 A light ray incident at 45° passes through two 
dielectric materials with the indices of refraction and 
thicknesses given in Fig. 8-33. If the ray strikes the 
surface of the first dielectric at a height of 2 cm, at what 
height will it strike the screen? 

8.21* Figure 8-34 depicts a beaker containing a block 
of glass on the bottom and water over it. The glass block 
contains a small air bubble at an unknown depth below 
the water surface. When viewed from above at an angle 
of 60°, the air bubble appears at a depth of 6.81 cm. What 
is the true depth of the air bubble? 

8.22 A glass semicylinder with n = i .5 is positioned 
such that its flat face is horizontal, as shown in Fig. 8-35, 
and its horizontal surface supports a drop of oil, as also 
shown. When light is directed radially toward the oil, 
total internal reflection occurs if 0 exceeds 53°. What is 
the index of refraction of the oil? 

8.23* A penny lies at the bottom of a water fountain 
at a depth of 30 cm. Determine the diameter of a piece 
of paper which, if placed to float on the surface of the 
water directly above the penny, would totally obscure the 
penny from view. Treat the penny as a point and assume 
that n = 1.33 for water. 




8.24 Suppose that the optical fiber of Example 8-5 
is submerged in water (with n = 1.33) instead of air. 
Determine 6 a and / p in that case. 

8.25 K Equation (8.45) was derived for the case where 
the light incident upon the sending end of the optical 
liber extends over the entire acceptance cone shown in 
Fig. 8-12(b). Suppose the incident light is constrained to 
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a narrower range extending between normal incidence 
and 8', where 0' < 6 a . 

(a) Obtain an expression for the maximum data rate / p 
in terms of 9'. 

(b) Evaluate f p for the fiber of Example 8-5 when 
9‘ = 5°. 

Sections 8-4 and 8-5: Reflection and Transmission 
at Oblique Incidence 

8.26 A plane wave in air with 

E‘ = y 20e'S 3j:+4z) (Vim) 

is incident upon the planar surface of a dielectric material, 
with e r = 4, occupying the half-space z > 0. Determine: 

(a) The polarization of the incident wave. 

(b) The angle of incidence. 

(c) The time-domain expressions for the reflected 
electric and magnetic fields. 

(d) The time-domain expressions for the transmitted 
electric and magnetic fields. 

(e) The average power density carried by the wave in 
the dielectric medium. 

8.27 Repeat Problem 8.26 for a wave in air with 

W = y 2 x 1 (A/m) 

incident upon the planar boundary of a dielectric medium 
(z > 0) with s T = 9. 

8.28 Natural light is randomly polarized, which means 
that, on average, half the light energy is polarized along 
any given direction (in the plane orthogonal to the 
direction of propagation) and the other half of the energy 
is polarized along the direction orthogonal to the first 
polarization direction. Hence, when treating natural light 
incident upon a planar boundary, wc can consider half of 
its energy to be in the form of parallel-polarized waves 
and the other half as perpendicularly polarized waves. 


Determine the fraction of the incident power reflected by 
the planar surface of a piece of glass with n = 1.5 when 
illuminated by natural light at 70°. 

8.29* A parallel-polarized plane wave is incident from 
air onto a dielectric medium with s r = 9 at the Brewster 
angle. What is the refraction angle? 


8.30 A perpendicularly polarized wave in air is 
obliquely incident upon a planar glass-air interface at an 
incidence angle of 30°. The wave frequency is 600 THz 
(1 THz = 10 12 Hz), which corresponds to green light, and 
the index of refraction of the glass is 1.6. If the electric 
field amplitude of the incident wave is 50 V/m, determine 
the following: 

(a) The reflection and transmission coefficients. 

(b) The instantaneous expressions for E and H in the 
glass medium. 


8.31 Show that the reflection coefficient Tj. can be 
written in the following form: 

r _ sin(4, - flj) 

1 sin( 0 t + &0 


8.32 Show that for nonmagnetic media, the reflection 
coefficient Fn can be written in the following form: 


tan (8 t — f\) 
tail (ft + &,) 


8.33“ A parallel-polarized beam of light with anelectric 
field amplitude of 10 (V/m) is incident in air on 
polystyrene with /i r = 1 and e r = 2.6. If the incidence 
angle at the air-polystyrene planar boundary is 50°, 
determine the following: 


(a) The reflectivity and transmissivity. 


(b) The power carried by the incident, reflected, and 
transmitted beams if the spot on the boundary 
illuminated by the incident beam is 1 m 2 in area. 
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Sections 8-6 to 8-11: Waveguides and Resonators 
8.34 Derive Eq. (8.89b). 

8.35* A hollow rectangular waveguide is to be used 
to transmit signals at a carrier frequency of 6 GHz. 
Choose its dimensions so that the cutoff frequency of 
the dominant TE mode is lower than the carrier by 23% 
and that of the next mode is at least 25% higher than the 
carrier. 

8.36 A TE wave propagating in a dielectric-filled 
waveguide of unknown permittivity has dimensions 
a — 5 cm and b — 3 cm. If the x -component of its 
electric field is given by 

E x — — 36cos(4C)7rx) sin(lOOjry) 

• sin(2.4rr x 10 l °? — 52.9nz), (V/m) 

determine: 

(a) the mode number, 

(b) e r of the material in the guide, 

(c) the cutoff frequency, and 

(d) the expression for H y . 

8.37 A waveguide filled with a material whose 
s r = 2.25 has dimensions a = 2 cm and b = 1.4 cm. If 
the guide is to transmit 10.5-GHz signals, what possible 
modes can be used for the transmission? 

8.38 For a rectangular waveguide operating in the 
TEio mode, obtain expressions for the surface charge 
density p s and surface current density J s on each of the 
four walls of the guide. 

8.39’ A waveguide, with dimensions a — 1 cm and 
b = 0.7 cm, is to be used at 20 GHz. Determine the wave 
impedance for the dominant mode when 

(a) the guide is empty, and 


(b) the guide is filled with polyethylene (whose £ r — 
2.25). 

8.40 A narrow rectangular pulse superimposed on a 
carrier with a frequency of 9.5 GHz was used to excite 
all possible modes in a hollow guide with a = 3 cm and 
b = 2.0 cm. If the guide is 100 m in length, how long will 
it take each of the excited modes to arrive at the receiving 
end? 

8.41 If the zigzag angle 6' is 42° for the TE !0 mode, 
what would it be for the TE^o mode? 

8.42 Measurement of the TEioi frequency response of 
an air-filled cubic cavity revealed that its Q is 4802. If its 
volume is 64 mm 3 , what material are its sides made of? 

8.43“ A hollow cavity made of aluminum has 
dimensions a — 4 cm and d = 3 cm. Calculate Q of 
theTEioi mode for 

(a) b = 2 cm, and 

(b) b = 3 cm. 

8.44-8.47 Additional Solved Problems — complete 
solutions on 
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Overview 


\n antenna may be defined as a transducer between 
a guided wave propagating in a transmission line and 
an electromagnetic wave propagating in an unbounded 
medium (usually free space), or vice versa. Figure 9-1 
shows how a wave is launched by a hornlike antenna, 
with the horn acting as a transition between the 
waveguide and free space. Although any conducting or 
dielectric structure can serve this function, an antenna 
is designed to radiate or receive electromagnetic energy 
with directional and polarization properties suitable for 
the intended application. Also, to minimize reflection at 
the transmission line-antenna juncture, it is important to 
know the impedance of the antenna and to match it to the 
transmission line. 

Antennas arc made in various shapes and sizes 
[Fig. 9-2] and are used in radio and television broadcast¬ 
ing and reception, radio-wave communication systems, 
cellular telephones, radar systems, and anticollision 
automobile sensors, among many olher applications. The 
radiation and impedance properties of an antenna are 
governed by its shape and size and the material of which 
it is made. The dimensions of an antenna arc usually- 
measured in units of the wavelength of the wave it 
is launching or receiving; a 1-m-long dipole antenna 
operating at a wavelength of 2 m exhibits the same 
properties as a 1-cm-long dipole operating at A. = 2 cm. 
Hence, in most of our discussions in this chapter, we will 
refer to antenna dimensions in wavelength units. 

Reciprocity 

1 he directional function characterizing the relative 
distribution of power radiated by an antenna is known 



as th t antenna radiation pattern, or simply the antenna 
pattern. An isotropic antenna is a hypothetical antenna 
that radiates equally in all directions, and it is often 
used as a reference radiator when describing the 
radiation properties of real antennas. Most antennas are 
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(a) Thin dipole 




Circular 
plate 
reflector 


ular-'^l 




(b) Biconical dipole 


(c) Loop 


(d) Helix 



(e) Log-periodic 



(f) Parabolic dish 
reflector 



(g) Horn 



(h) Microstrip 


Phase shifters 


Feed 

point 


(i) Antenna array 


Figure 9-2: Various types of antennas. 


reciprocal devices, exhibiting the same radiation pattern 
for transmission as for reception. Reciprocity means that, 
if in the transmission mode a given antenna transmits 
in direction A 100 times the power it transmits in 
direction B, then when used in the reception mode it will 
be 100 limes more sensitive to electromagnetic radiation 
incident from direction A than B. All the antennas 
shown in Fig. 9-2 obey the reciprocity law, but not all 
antennas are reciprocal devices. Reciprocity may not 
hold for some solid-state antennas composed of nonlinear 
semiconductors or ferrite materials. Such nonreciprocal 
antennas are beyond the scope of this chapter, and hence 
reciprocity will be assumed throughout. The reciprocity 
property is very convenient because it allows us to 
compute the radiation pattern of an antenna in the 
transmission mode, even when the antenna is intended 
to operate as a receiver. 


Antenna performance consists of two aspects: its 
radiation properties and its impedance. The radiation 
properties include its directional radiation pattern and 
the associated polarization slate of the radiated wave 
when the antenna is used in the transmission mode. 
This polarization state is called antenna polarization. 
Being a reciprocal device, an antenna, when operating in 
the receiving mode, can extract from an incident wave 
only that component of the wave whose electric field 
is parallel to that of the antenna polarization direction. 
The second aspect, the antenna impedance, pertains to 
the transfer of power from a generator to the antenna 
w'hen the antenna is used as a transmitter and, conversely, 
the transfer of power from the antenna to a load when 
the antenna is used as a receiver, as will be discussed 
later in Section 9-5. It should be noted that throughout 
our discussions in this chapter it will be assumed that 
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the antenna is properly matched to the transmission line 
connected to its terminals, thereby avoiding reflections 
and their associated problems. 

Radiation Sources 

Radiation sources fall into two groups: currents and 
aperture fields. The dipole and loop antennas [Fig. 9-2(a) 
and (c)] are examples of current sources; the time-varying 
currents flowing in the conducting wires give rise 
to the radiated electromagnetic field. A horn antenna 
[Fig. 9-2(g)] is an example of the second group because 
the electric and magnetic fields across the horn’s aperture 
serve as the sources of the radiated field. The aperture 
fields are themselves induced by time-varying currents on 
the surfaces of the horn’s walls, and therefore ultimately 
all radiation is due to time-varying currents. The choice 
of currents or apertures as the sources is merely a 
computational convenience dictated by the structure of 
the antenna. We will examine the basic methodology used 
for computing the radiation pattern for each of these two 
types of sources. 

Far-Fieltl Region 

The wave radiated by a point source is spherical in shape, 
with the wavefront expanding outward at a rate equal 
to the phase velocity u p (or the velocity of light c if 
the medium is free space). If R. the distance between 
the transmitting antenna and the receiving antenna, is 
sufficiently large that the wavefront across the receiving 
aperture may be considered a plane wave [Fig. 9-3], 
the receiving aperture is said to be in the far-field 
{or far-zone) region of the transmitting point source. 
This region is of particular significance because, for 
most applications, the observation region of interest 
is indeed in the far-field region of the antenna. The 
far-field plane-wave approximation allows the use of 
certain mathematical approximations that simplify the 
computation of the radiated field and, conversely, provide 
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’\ 
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approximation 

Figure 9-3: Far-field plane-wave approximation. 
-1 


convenient techniques for synthesizing the appropriate 
antenna structure that would give rise to the desired far- 
field antenna pattern. 

Antenna Arrays 

When several antennas are connected together, the 
combination is called an antenna array [Fig. 9-2(i)], 
and the array as a whole behaves as if it were a single 
antenna. By controlling the magnitude and phase of the 
signal feeding each antenna individually, it is possible 
to shape the radiation pattern of the array and to steer 
the direction of the beam electronically. These topics are 
treated in Sections 9-9 to 9-11. 

9-1 The Short Dipole 

By regarding a linear antenna as consisting of a series 
of a large number of infinitesimally short conducting 
elements, each of which is so short that current may be 
considered uniform over its length, the field of the entire 
antenna may be obtained by integrating the fields from all 
these differential antennas, with the proper magnitudes 
and phases taken into account. We shall first examine the 
radiation properties of such a differential antenna, known 
as a short dipole, and then in Section 9-3 we will extend 
the results to compute the fields radiated by a half-wave 
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dipole, which is commonly used as a standard antenna 
for many applications. 

A short dipole, also called a Hertzian dipole, is a thin, 
linear conductor whose length / is very short compared 
with the wavelength A; to satisfy the uniform-current 
assumption, / should not exceed A/50. The wire, which 
is oriented along the z-direction as shown in Fig. 9-4, 
carries a sinusoidally varying current given by 

i(f) = / 0 cos aw = Dte[/oe J “'] (A), (9.1) 


where In is the current amplitude. From F.q. (9.1). the 
phasor current / = I 0 . Even though the current has to go 
to zero at the two ends of the dipole, we shall treat it as 
constant across its entire length. 

The customary approach for finding the electric and 
magnetic fields at a point Q in space [Fig. 9-4] due 
to radiation by a current source is through the retarded 
vector potential A. From F.q. (6.84), the phasor retarded 
vector potential A (R) at a distance vector R from a 
volume v' containing a phasor current distribution J is 
given by 


A(R) 


_ Jfo f 

An J v - 


J e~i kR ' 


dv’, 


(9.2) 


where p .q is the magnetic permeability of free space 
(because the observation point is in air) and k — to/c = 
2n/X is the wavenumber. For the dipole, the current 
density is simply J — z(/o/.v), where s is the cross- 
sectional area of the dipole wire, dv' — s dz , and the 
limits of integration arc from z — —1/2 to z = 1/2. In 
Fig. 9-4, the distance R' between the observation point 
and a given point along the dipole is not the same as the 
distance to its center, R, but because we are dealing with 
a very short dipole, we can set R 1 ~ R. Hence, 


A 


Wi £ 
Atc 


—jkR 

~R~ 



Ho dz 



(9.3) 


The function (e~> kR /R), called the spherical propaga¬ 
tion factor, accounts for the 1 j R decay of the magnitude 
with distance as well as for the phase change represented 
by e~ jkR . The direction of A is dictated by the direction 
of flow of the current (z -direction). 

Because our objective is to characterize the directional 
character of the radiated power at a fixed distance R 
from the antenna, the spherical coordinate system shown 
in Fig. 9-5 is deemed appropriate for the presentation 
of antenna pattern plots, with the variables R , 0, and ip 
referred to as the range, zenith angle, and azimuth angle, 
respectively. To this end, we need to write A in terms of 
its spherical coordinate components, which is realized 
[with the help of Eq. (3.65c)] by expressing z in terms of 
the unit vectors of the spherical coordinate system: 

z = R cos 0 —6 sin 0. (9.4) 


Upon substituting Eq. (9.4) into Eq. (9.3), we have 

A = (Rc„ s «-9 5 m«'^(^) 

= R A// +0 Aq -| -(pAt/,. 


R' 


(9.5) 
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e = o n 


<fi = 0° 1 

9= 180° 

Figure 9-5: Spherical coordinate system. 


with 


An 

A o 




cos 9 


4n 

I^d h\I 
4tt 


sin (9 



= 0 . 


(9.6a) 

(9.6b) 


With the spherical coordinate components of A known, 
the next step is straightforward; we simply apply the free- 
space relationships given by Eqs. (6.85) and (6.86), 


H = — V x A, 

Mo 

(9.7a) 

E = —VxH, 

(9.7b) 


j(O£ 0 


to obtain the expressions 


IL = 


^ e ~ m [rR + m ^] sin0 

iy] 


? 2 Wk 2 _ jkR 

Er = — - me 1 

4ir 

^ hlk 2 -jkR 

£»= , -me J 
4n 


(k R) 2 (kR) 2 


A + _L 

kR (kR) 2 (kR) 


(9.8a) 
cos 9 (9.8b) 

j 

)^r 

(9.8c) 


—~—r j sin 9. 

(kR) 2 J 


where m = Vmo/su = 1 2()tt (Q) is the intrinsic 
impedance of free space. The remaining components 
(H r , H$, and £(,) are everywhere zero. Figure 9-6 depicts 
the electric field lines of the wave radiated by the short 
dipole. 


9-1.1 Far-Field Approximation 


As was stated earlier, in most antenna applications, we are 
primarily interested in the radiation pattern of the antenna 
at great distances from the source. For the electrical 
dipole, this corresponds to distances R such that R » X 
or, equivalently, kR — 2ttR/X 3> 1- This condition 
allows us to neglect the terms varying as \/(kR) 2 and 
1 /(kR) 2 in Eqs. (9.8a) to (9.8c) in favor of the terms 
varying as 1 /kR, which yields the far-field expressions 


E» 


jWkm 

4n 



(V/m), 


(9.9a) 


H,p- — (A/m), 

m 


(9.9b) 


and Er is negligible. At the observation point Q 
1 Fig. 9-4], the wave n ow appears to be si mi 1 ar to a u ni form 
plane wave with its electric and magnetic fields in time 
phase, related by the intrinsic impedance of the medium 
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Figure 9-6: Electric field lines surrounding an oscillating dipole at a given instant. 


;;o, and orthogonal to each other and to the direction of 
propagation (R). Both fields are proportional to sin 9 and 
independent of <f> (which is as expected front symmetry 
considerations). 

9-1.2 Power Density 

Given E and H in phasor form, the time-average 
Poynting vector of the radiated wave, which is also 


called the power density, can be obtained by applying 
Eq. (7.101), that is, 

S, v = (E x H*) (W/m 2 ). (9.10) 

For the short dipole, use of Eqs. (9.9a) and (9.9b) gives 
S„„ — RSIR, 01. 19.111 
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S(R,9) = 


mk 7 Ql 7 

32n 2 R 2 


= ,S 0 sin 2 0 (W/m 2 ). (9.12) 


The directional pattern of any antenna is described in 
terms of the normalized radiation intensity F(9. 4>), 
defined as the ratio of the power density S(R, 9, (p) to 
S max , the maximum value of S(R,9,</>), at a specified 
range R: 


F{9,4>) = 


S(R, 9. <b) 


(dimensionless). 


For the Hertzian dipole, the sin z 9 dependence in 
Eq. (9.12) indicates that the radiation is maximum in 
the broadside direction (9 = n/2), corresponding to the 
azimuth plane, and is given by 


3'rmx — SO — 


ygPljl 2 
327: 2 R 2 
15zr /(j / 


(W/m 2 ), (9.14) 


where use was made of the relations k = 2n/k and r \o ~ 
120 Ti . We observe that is directly proportional to 
/ 0 2 and to l 1 (with l measured in wavelengths), and it 
decreases with distance as 1 /R 2 . 

From the definition of the normalized radiation 
intensity given by Eq. (9.13), it follows that 

F(9, <p) = F(9) = sin 2 9. (9.15) 

Plots of F(9) are shown in Fig. 9-7 in both the elevation 
plane (also called the 0-plane) and the azimuth plane 
(<2>-plane). No energy is radiated by the dipole along 
the direction of the dipole axis and maximum radiation 
[F — 1) occurs in the broadside direction. Since F{9) is 
independent of 0, the pattern is doughnut-shaped in 9-<p 
space. 



REVIEW QUESTIONS 

Q9.1 When is an antenna a reciprocal device? 

Q9.2 What is the radiated wave like in the far-held 
region of the antenna? 

Q9.3 How short should the length of a wire antenna 
be so that it may be considered a Hertzian dipole? What 
is the underlying assumption about the current flowing 
through the wire? 

Q9.4 Outline the basic steps used in order to relate the 
current in the wire to the radiated power density. 
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EXERCISE 9.1 A 1-m-long dipole is excited by a 5-MHz 
current with an amplitude of 5 A. At a distance of 2 km, 
what is the power density radiated by the antenna along 
its broadside direction? 

Ans. 5o = 8.2 x 10 -8 W/m 2 . (See*) 


9-2 Antenna Radiation Characteristics 

An antenna pattern describes the far-held directional 
properties of an antenna when measured at a fixed 
distance from the antenna. In general, the antenna pattern 
is a three-dimensional plot that displays the strength 
of the radiated field or power density as a function of 
direction, with direction being specified by the zenith 
angle 9 and the azimuth angle tp. By virtue of the 
reciprocity theorem, a receiving antenna has the same 
directional antenna pattern as the pattern that it exhibits 
when operated in the transmission mode. 

Consider a transmitting antenna placed at the origin of 
the observation sphere shown in Fig. 9-8. The differential 
power radiated by the antenna through an elemental 
area d A is 

dP raj = S av • dA = Sav-R dA = SdA (W), (9.16) 

where 5 is the radial component of the lime-average 
Poynting vector S av . In the far-field region of any antenna, 
S av is always in the radial direction. In a spherical 
coordinate system, 

dA = R 2 sin (9 d9 dtp, (9.17) 

and the solid angle dS2 associated with dA , defined as 
the subtended area divided by R 2 , is given by 


dQ = — — tiind d6 dtp (sr). (9.18) 



Note that, whereas a planar angle is measured in 
radians and the angular measure of a complete circle 
is 2;r (rad), a solid angle is measured in steradians 
(sr), and the angular measure for a spherical surface 
is C! = (AnR'-)/R'~ = An (sr). The solid angle of a 
hemisphere is 2tt (sr). 

Using the relation d A = R 2 d£2, dP m j can be rewritten 
as > 

dP rad = R 2 S(R, 9, tp) dn. (9.19) 

The total power radiated by an antenna through a 
spherical surface at a fixed distance R is obtained by 
integrating Eq. (9.19): 

r2jC f'TX 

Pr<a = R 2 / S(R, 0, <p) sin 9 d6 dtp 

J<t >=o Jo =o 

r 2 n /» .t 

= ^ 2 5 m ax / / F(d,tp)smd dd dtp 

.4=0 Je =o 

= R z S m ax ff F(9 , <p) dn (W), (9.20) 
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where F(&. </>) is the normalized radiation intensity 
defined by Eq. (9.13). The 4.t symbol tinder the integral 
sign is used as an abbreviation for the indicated limits on 
0 and <p. Formally, P ra< i is called the total radiated power. 

9-2.1 Antenna Pattern 

Each specific combination of the zenith angle B and 
the azimuth angle 4> denotes a specific direction in the 
spherical coordinate system of Fig. 9-8. The normalized 
radiation intensity F(9, cf>) characterizes the directional 
pattern of the energy radiated by an antenna, and a plot of 
F{9. tp) as a function of both 9 and <p constitutes a three- 
dimensional pattern, an example of which is shown in 
Fig. 9-9. 



Figure 9-9: Three-dimensional pattern of a narrow-beam 
antenna. 


Often, it is of interest to characterize the variation 
of F(0,(j> ) in the form of two-dimensional plots in 
specific planes in the spherical coordinate system. The 
two planes most commonly specified for this purpose are 
the elevation and azimuth planes. The elevation plane, 
also called the 0 plane, is the plane corresponding to a 
constant value of <p. For example, <p = 0 defines the 
x-z plane and <f) = 90° defines the y-z plane, both of 
which are elevation planes (Fig. 9-8). A plot of F(9, <jf>) 
versus 6 in either of these planes constitutes a two- 
dimensional pattern in the elevation plane. This is not 
to imply, however, that the elevation-plane pattern is 
necessarily the same in all elevation planes. The azimuth 
plane , also called the</> plane, is specified by 8 = 90” and 
corresponds to the x-y plane. The elevation and azimuth 
planes arc often called the two principal planes of the 
spherical coordinate system. 

Some antennas exhibit highly directive patterns with 
narrow beams, in which case it is found convenient to 
plot the antenna pattern on a decibel scale by expressing 
F in decibels: 

F (dB) = 10 log F. 

As an example, the antenna pattern show'n in Fig. 9-10(a) 
is plotted on a decibel scale in polar coordinates, with 
intensity as the radial variable. This format permits 
a convenient visual interpretation of the directional 
distribution of the radiation lobes. 

Another format commonly used for inspecting the pat¬ 
tern of a narrow-beam antenna is the rectangular display 
shown in Fig. 9-10(b), which permits the pattern to be 
easily expanded by changing the scale of the horizontal 
axis. These plots represent the variation in only one plane 
in the observation sphere, the <p = 0 plane. Unless 
the pattern is symmetrical in <j>, additional patterns are 
required to define the variation of F(9. </>) with 6 and cj>. 

Strictly speaking, the polar angle 9 is always positive, 
being defined over the range from 0“ (z-direction) to 
180° (—z-direction), and yet the 6-axis in Fig. 9-10(b) 
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Figure 0-10: Representative plots of the normalized radiation pattern of a microwave antenna in (a) polar form and (b) 
rectangular form. 


is shown to have both positive and negative values. This 
is not a contradiction, but rather a different form of 
plotting antenna patterns. The right-hand half of the 
plot represents the variation of F (dB) w'ith 6 as 9 is 
increased in a clockwise direction in the x-z plane [see 
inset in Fig. 9-10(h)], corresponding to <p - 0, whereas 
the left-hand half of the plot represents the variation 
of F (dB) with (9 as <9 is increased in a counterclockwise 
direction at <p = 180°. Thus, a negative 9 value simply 


denotes that the direction (0, <p) is in the left-hand half 
of the x-z plane. 

The pattern shown in Fig. 9-10(a) indicates that the 
antenna is fairly directive, since most of the energy is 
radiated through a narrow range called the main lobe. 
In addition to the main lobe, the pattern exhibits several 
side lobes and back lobes as well. For most applications, 
these extra lobes are considered undesirable because 
they represent wasted energy for transmitting antennas 
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and potential interference directions for receiving 
antennas. 

9-2.2 Beam Dimensions 

For an antenna with a single main lobe, the pattern solid 
angle £2 p describes the equivalent width of the main 
lobe of the antenna pattern [Fig. 9-11]. It is defined as 
the integral of the normalized radiation intensity F(9 , <p) 
over a sphere: 


Q = [[ F( 6 , <p) dQ. 

(sr). (9.21) 

JjV .T 



For an isotropic antenna with F{9, <p) = 1 in all 
directions, d p = An (sr). 

The pattern solid angle characterizes the directional 
properties of the three-dimensional radiation pattern. To 
characterize the width of the main lobe in a given plane, 
the term used is heamwidtlt. The half-power beamwidth, 
or simply the beamwidth is defined as the angular 
width of the main lobe between the two angles at which 



Figure 9-11: The pattern solid angle £2 p defines an 
equivalent cone over which all the radiation of the actual 
antenna is concentrated with equal intensity equal to the 
maximum of the actual pattern. 


the magnitude of F( 6 , <j>) is equal to half of its peak value 
(or—3 dB on a decibel scale). For example, for the pattern 
displayed in Fig. 9-10(b), is given by 

P = 62 - 0 - 1 , (9.22) 

where 6 \ and 0 2 arc the half-power angles at which 
F(0. 0) = 0.5 (with fh denoting the larger value and 0\ 
denoting the smaller one, as shown in the figure). If the 
pattern is symmetrical and the peak value of F(0, <b) is at 
6 — 0, then f, —2B 2 - For the short-dipole pattern shown 
earlier in Fig. 9-7(a), F(0) is maximum at 0 — 90 c , is at 
135°,and£| is at 45".ln this case, /? — 135°-45° = 90°. 
The beamwidth f is also known as the 3-dB beamwidth. 
In addition to the half-power beamwidth, other beam 
dimensions may be of interest for certain applications, 
such as the null beamwidth /} nu n, which is the width of 
the spacing between the first nulls on the two sides of the 
peak [Fig. 9-10(b)], 


9-2.3 Antenna Directivity 


The directivity D of an antenna is defined as the ratio of 
its maximum normalized radiation intensity, F max (which 
by definition is equal to 1), to the average value of F(0, f) 
over A% space: 


D = 




An 

— (dimensionless), 


(9.23) 


where £2 P is the pattern solid angle defined by Eq. (9.21). 
Thus, the narrower Q p of an antenna pattern is, Ihe greater 
is the antenna directivity. For an isotropic antenna, Q p = 
An; hence, its directivity D lso = 1. 
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z 



(b) Half-power beamwidth 
in x-z plane 


(c) Hall-power beamwidth 
in y-z plane 



(a) Beam solid angle 


Figure 9-12: The solid angle of a unidirectional radiation pattern is approximately equal to the product of the half-power 
beamwidths in the two principal planes; that is, Q p ~ f} xz f} yz . 


By using Eq. (9.20) in Eq. (9.23), D can be expressed 
as 



where S av = P ni \/(4n:R 2 ) is the average value of the 
radiated power density and is equal to the total power 
radiated by the antenna, P rai . divided by the surface area 
of a sphere of radius R. Since .S av = 5 iso , where S iso 
is the power density radiated by an isotropic antenna, 
D represents the ratio of the maximum power density 
radiated by the antenna under consideration to the power 
density radiated by an isotropic antenna, both measured 
at the same range R and excited by the same amount 


of input power. Usually, D is expressed in decibels:" 
D (dB) = 10 log D. 

For an antenna with a single main lobe pointing 
in the- z-direction as shown in Fig. 9-12, S2 p may 
be approximated as the product of the half-power 
beamwidths /?„ and fi y , (in radians): 



(9.25) 


and therefore 



4tt 

PxzPyz 


(9.26) 


*A note of caution: even though we often express certain dimen¬ 
sionless quantities in decibels, we should always convert theirdecibel 
values to natural values before using them in the relations given in 
this chapter. 
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Although approximate, this relation provides a useful 
method for estimating the antenna directivity from 
measurements of the beamwidths in the two orthogonal 
planes whose intersection is the axis of the main lobe. 

Example 9-1 Antenna Radiation Properties 

Determine (a) the direction of maximum radiation, 
(b) pattern solid angle, (c) directivity, and (d) half-power 
beamwidth in the y—z plane for an antenna that radiates 
into only the upper hemisphere and its normalized 
radiation intensity is given by F{0, <!>) = cos 2 0. 

Solution: Mathematically, the statement that the antenna 
radiates along directions covering only the upper 
hemisphere can be written as 

cos 2 ft, for 0 < 0 < 77/2 
F(0. <t>) — F{0) — and 0 < 0 < 2 jt, 

0, elsewhere. 

(a) The function F{9) = cos 2 6 is independent of </> and 
is maximum when 6 — 0°. A polar plot of Fid) is shown 
in Fig. 9-13. 





1 yF(0) = cos 2 0 

-45° S' 

\r 

0.5T''' 

/ . 

X 

p ) 

Figure 9-13: Polar plot of F{Q) = cos 2 d. 
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9-2.4 Antenna Gain 


Of the total power P t (transmitter power) supplied to the 
antenna, a part, P ra d, is radiated out into space, and the 
remainder, P\ ms , is dissipated as heat loss in the antenna 
structure. The radiation efficiency £ is defined as the ratio 
of Prad to P t : 


£ = (dimensionless). (9.27) 


The gain of an antenna is defined as 
4 tt P-Sim* 

a = —?T 


(9.28) 


which is similar in form to the expression given by 
Eq. (9.24) for the directivity D except that it is referred 
to the input power supplied to the antenna, P u rather than 
to the radiated power P ra d. In view of Eq. (9.27), 


G = £ D (dimensionless). (9.29) 


The gain Accounts for ohmic losses in the antenna 
material, whereas the directivity does not. For a lossless 
antenna, t- = I. 


9-2.5 Radiation Resistance 


P rad = ^o*rdd, (9.30a) 

floss = 2 AT floss, (9.30b) 

where /o is the amplitude of the sinusoidal current 
exciting the antenna. As defined earlier, the radiation 
efficiency is the ratio of P ra( i to P,, 


frad 

Pt 


P rad 

frad + floss 


f rad 


f rad + floss 


(9.31) 


The radiation resistance R ld a can be calculated by 
integrating the far-field power density over a sphere to 
obtain P u ,a and then equating the result to Eq. (9.30a). 


Example 9-3 Radiation Resistance and Efficiency 
of a Hertzian Dipole 

A 4-cm-long ccnter-fed dipole is used as an antenna 
at 75 MHz. The antenna wire is made of copper and has 
a radius a = 0.4 mm. From Eqs. (7.92a) and (7.94), the 
loss resistance of a circular wire of length / is given by 


floss — 


2ttu' 


I nfP o 


Ctc. 


(9.32) 


where fj. c and a c arc the magnetic permeability and 
conductivity of the wire, respectively. Calculate the 
radiation resistance and the radiation efficiency of the 
dipole antenna. 


To the transmission line connected to its terminal, an 
antenna is merely an impedance. If the transmission line 
is matched to the antenna impedance, part of ft • the power 
supplied by the generator, is radiated out into space, 
and the remainder is dissipated as heat in the antenna. 
The resistance part of the antenna impedance may be 
defined as consisting of a radiation resistance R !;v j and 
a loss resistance R i oss . The corresponding time-average 
radiated power f ra j and dissipated power P|, 1SS are 


Solution: At 75 MHz, 


c 3 x 10 
7 ~ 7.5 x 10 7 


The length to wavelength ratio is l/k = 4 cm/4 m = 
10 -2 . Hence, this is a short dipole. From Eq. (9.24), f rdl ] 
is given by 


„ 4nR2 c 

frad = —jy~ S„ 


(9.33) 
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For the Hertzian dipole, S mait is given by Eq. (9.14), and 
from Example 9-2 we established that D = 1.5. Hence, 

4^ 15^/iy 

Prad ~ 1.5 X *2 Uj 

= 40rr 2 / o 2 ^ . (9.34) 

Equating this result to Eq. (9.30a) and then solving for 
the radiation resistance R nK \ gives 

«,au = 80 .t 2 (!/A) 2 (S2). (9.35) 


For l/X = 10- 2 , 7? rad = 0.08£2. 

Next, we will find the loss resistance /?i oss . For copper, 
Appendix B gives /r c ~ /a 0 = 4tt x 10~ 7 H/m and 
ff c — 5.8 x 10 7 S/m. Hence, 


Rloss — 


IxfjLc 
2 n a y a c 

4xl0" 2 

2ttx4x10- 4 


= 0.036 £2, 


jr x 75 x 10 6 x4?r x 10 -7 ”( 1/2 
5.8 xlO 7 


and therefore the radiation efficiency is 

t _ ^rad _ 0 08 _ 

Krad + Kloss 0.08 + 0.036 ' ’ 

or 69% efficient. ■ 


REVIEW QUESTIONS 

Q9.5 What does the pattern solid angle represent? 

Q9.6 What is the magnitude of the directivity of an 
isotropic antenna? 

Q9.7 What physical and material properties affect the 
radiation efficiency of a fixed-length Hertzian dipole 
antenna? 


EXERCISE 9.2 An antenna has a conical radiation pattern 
with a normalized radiation intensity F(9) = 1 for 0 
between 0° and 45° and zero intensity for 6 between 
45° and 180°. The pattern is independent of the azimuth 
angle </>. Find (a) the pattern solid angle and (b) the 
directivity. 

Ans. (a) £2 P = 1.84 sr, (b) D — 6.83 or, equivalently, 
8.3 dB. (See 

EXERCISE 9.3 The maximum power density radiated by 
a short dipole at a distance of 1 km is 60 (nW/m 2 ). If 
/o = 10 A, find the radiation resistance. 

Ans. R, ai = 10 m£2. (See 


9-3 Half-Wave Dipole Antenna 

In Section 9-1 we developed expressions for the electric 
and magnetic fields radiated by a short dipole of length 
much shorter than A. We shall now use these expressions 
as building blocks to obtain expressions for the fields 
radiated by a half-wave dipole antenna, so named because 
its length I = A/2. As shown in Fig. 9-14. the half- 
wave dipole consists of a thin wire fed at its center by 
a generator connected to the antenna terminals via a 
transmission line. The current flowing through the wire 
has a symmetrical distribution with respect to the center 
of the dipole, and the current has to be zero at the ends. 
Mathematically, i ( t ) is given by 

1(0 — Aicos wt cos kz — [/ocosAze 7 '"'], (9.36) 
whose current phasor is 

7(z) = I 0 coskz, (9.37) 

and k = 27r/A. Equation (9.9a) gives an expression 
for Eg, the far field (at distance R) radiated by a short 
dipole of length l when excited by a current 1q. Let us 
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adapt that expression to an infinitesimal dipole segment 
of length dz, excited by a current T(z) and located at 
a distance s from the observation point [Fig. 9-14(b)], 
Thus, 

~ iktin ~ ^ j^s \ 

dEg(z) = 1 (z) dz I—j sin 0 S , (9.38a) 

and the associated magnetic field is 

dH^z) = (9.38b) 

do 

The far field due to radiation by the entire antenna is 
obtained hy integrating the fields from all the Hertzian 


dipoles making up the antenna: 

E 9 = / dE e . (9.39) 

Jz=~X /4 

Before we calculate this integral, we shall make the 
following two approximations. The first approximation 
relates to the magnitude part of the spherical propagation 
factor, l/s. In Fig. 9-14(b). the distance s between the 
current element and the observation point Q is considered 
so large in comparison to the length of the dipole that the 
difference between s and R may be neglected in terms of 
its effect on 1 js. Hence, we may set 1 /s — 1 //?, and by 
the same argument we set f9 v ~ 6 . The error A between s 
and R is a maximum when the observation point is along 
the z-axis and it is equal to kfA (corresponding to half 
of the antenna length). If R » A, this error will have 
an insignificant effect on 1 /.v. For the phase factor e~ iks , 
such an error in distance corresponds to an error in phase 
of kA — (2 r/X)(X/ 4) — n/2. As a rule of thumb, a 
phase error greater than tt )8 is considered unacceptable 
because it may lead to a significant error in the computed 
value of the field Eg. Hence, the approximation s' ~ R is 
too crude for the phase factor and cannot be used. A more 
tolerable option is to use the parallel-ray approximation 
given by 

s ~ R - zcosfl, (9.40) 

as illustrated in Fig. 9-14(b). 

Substituting Eq. (9.40) for s in the phase factor of 
Eq. (9.38a) and replacing s with R and 9 S with 0 
elsewhere in the expression, we have 

1 kfl n / £ JkR \ 

dEg = ^ /(7) dz f J Sin 6 e JkzcosB . (9.41) 

After (1) inserting Eq. (9.41) into Eq. (9.39), (2) using 
the expression for T(z) given by Eq. (9.37), and (3) 
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carrying out the integration, the following expressions 
are obtained: 


Ee—j 60/o 


Vo 


cos| (,t/ 2) cos 9] 1 ( e~ JkR 


(9.42a) 


(9.42b) 


and the corresponding time-average power density is 


9-3.1 Directivity of x /2 Dipole 

To evaluate both the directivity D and the radiation 
resistance F rad of the half-wave dipole, we first need 
to calculate the total radiated power P ra(i by applying 
Eq. (9.20): 


Prad = 


15 /p r 3x r 

n Jo Jo 


S(R, 9) dSl 


cos [(rr/2) cost?] 
sint? 


sin 9 dO dtp. 


S(R, (?) = 


2 Vo 

15/p [~ cos 2 [(7r/2) cos6>] 

ttR 2 [ sin 2 9 

[cos 2 [(77/2) cost?]' 

- oo - —Z— - 

L sin 2 e 


(W/m 2 ). (9.43) 


Examination of Eq. (9.43) reveals that S(R,d) is 
maximum at 9 = tt/2, and its value is 

5 =9 _ 15/ o 

max ° (jtR 2 ) ' 


The integration over <j> is equal to 2k. and numerical 
evaluation of the integration over 9 gives the value 1.22. 
Consequently, 

Prad — 36.6 /q (W). (9.46) 

From Eq. (9.43), we found that 5 mas = 15/ 0 2 /(.tP : ). 
Using this in Eq. (9.24) gives the following result for the 
directivity D of the half-wave dipole: 


£ _ 4jry?-3'iu ax 
Prad 


AkR 2 /15 ll 


36.6/ 0 2 \nR- 


= 1.64 (9.47) 


or, equivalently, 2.15 dB. 


Hence, the normalized radiation intensity is 


F«?) **•*> 

~cos[(7t/2)cos6J‘ 

2 

fQ AA\ 

r \y) c 

•30 

sin 0 

■ (9.44) 


The radiation pattern of the half-wave dipole exhibits 
roughly the same doughnutlike shape shown earlier in 
Fig. 9-7 for the short dipole. Its directivity is slightly 
larger (1.64 compared to 1.5 for the short dipole), but its 
radiation resistance is 73 Q (as will be shown later in 
Section 9-3.2), which is orders of magnitude larger than 
that of a short dipole. 


9-3.2 Radiation Resistance of x /2 Dipole 

Using Eq. (9.30a) to relate the radiation resistance R rai 
to the total radiated power P rad , we have 



As was noted earlier in Example 9-3, because the 
radiation resistance of a short dipole is comparable in 
magnitude to that of its loss resistance R lmfi , its radiation 
efficiency £ is quite small. For the 4-cm-long dipole 
of Example 9-3, R rod = 0.08 Q (at 75 MHz) and 
Floss = 0.036 £2. If we keep the frequency the same and 
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increase the length of the dipole to 2 m (A = 4 m at 
f = 75 MHz), R rd< j becomes 73 £2 and 7? lo5S increases to 
1.8 £2. The radiation efficiency increases from 69% for 
the short dipole to 98% for the half-wave dipole. More 
significant is the fact that it is practically impossible to 
match a transmission line to an antenna with a resistance 
on the order of 0.1 £2, while it is quite easy to do so when 
^rad = 73 £2. 

Another interesting feature of the half-wave dipole 
pertains to its reactance. As seen by a transmission line, 
an antenna may be represented by an input impedance 
connected to the line at the antenna terminals. The input 
impedance Z; n consists of areal part R m and an imaginary 
part X in : 

Zin = ^in + jX j n , (9.49) 

where R m is the sum of the radiation resistance R rad and 
the loss resistance R| 0SS , 

^in = 7>r;id + f^loss- (9.50) 

For the half-wave dipole, R] oss is much smaller than R la(l 
and can be ignored. Hence. 

Zin = W,ad + jX- m . (9.51) 

Deriving an expression for X in for the half-wave dipole 
is fairly complicated and beyond the scope of this book. 
However, it is significant to note that Xj„ is a strong 
function of l/k, and it decreases from 42 £2 at l/k = 0.5 
down to zero at l/k = 0.48, whereas R :m j remains 
approximately unchanged. Hence, by reducing the length 
of the half-wave dipole by 4%, Z\„ becomes purely real 
and equal to 73 £2, thereby making it possible to match 
the dipole to a 75-£2 transmission line without resorting 
to the use of a matching network. 


9-3.3 Quarter-Wave Monopole Antenna 

When placed over a conducting ground plane, a 
quarter-wave monopole antenna excited by a source at its 
base fFig. 9-15(a)] exhibits the same radiation pattern in 
the region above the ground plane as a half-wave dipole in 
free space. This is because, from image theory [Section 4- 
12], the conducting plane can be replaced with the image 
of the k/4 monopole, as illustrated in Fig. 9-15(b). Thus, 
the k/4 monopole will radiate an electric field identical 
to that given by Eq. (9.42a), and its normalized radiation 
intensity is given by Eq. (9.44); but the radiation is limited 


zt 
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Figure 9-15: A quarter-wave monopole above a 
conducting plane is equivalent to a full half-wave dipole 
in free space. 
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to the upper half-space defined by 0 < 6 < n/2. Hence, a 
monopole radiates only half as much power as the dipole. 
Consequently, for a a/4 monopole, P ai = 18.3/^ and 
its radiation resistance is R, a i = 36.5 Q,. 

The approach used for the quarter-wave monopolc is 
also valid for any vertical wire antenna placed above a 
conducting plane, including a Hertzian monopole. 


REVIEW QUESTIONS 

Q9.8 What is the physical length of a half-wave dipole 
operating at (a) 1 MHz (in the AM broadcast band), 
(b) 100 MHz (FM broadcast band), and (c) 10 GHz 
(microwave band)'? 

Q9.9 How does the radiation pattern of a half-wave 
dipole compare with that of a Hertzian dipole? How 
do their directivities, radiation resistances, and radiation 
efficiencies compare? 

09.10 How does the radiation efficiency of a quarter- 
wave monopole compare with that of a half-wave dipole, 
assuming that both are made of the same material and 
have the same cross section? 


EXERCISE 9.4 For the half-wave dipole antenna, evaluate 
F(6) versus 9 in order to determine the half-power 
beamwidth in the elevation plane (the plane containing 
the dipole axis). 

Ans. ft = 78°. (See -") 

EXERCISE 9.5 If the maximum power density radiated 
by a half-wave dipole is 50 (/tW/m 2 ) at a range of 1 km, 
what is the current amplitude ?n? 

Ans. / 0 = 3.24 A. (See A) 


9-4 Dipole of Arbitrary Length 

So far, we have examined the radiation properties of the 
short Hertzian dipole and of the half-wave dipole. We 
will now consider the more general case of a linear dipole 
of any arbitrary length L relative to A. For a center-fed 
dipole, as depicted in Fig. 9-16, the currents flowing 
through its two halves are symmetrical and must go to 
zero at its ends. Hence, the current phasor T(z) can be 
expressed as a sine function with an argument that goes 
to zero at z = ±1/2: 

Hz) = 

f Io sin \k {1/2 — z)], for0<z<//2, 

(9.52) 

l/ 0 sm[fe(I/2 + z)], for - Z/2 < z < 0, 


JA 

V 


(a) 1 = A/2 


I(z) 


(b) /= A 


“n Kz) 

S 

\ 

I 

/ 


(c) / = 3A/2 


Figure 9-16: Current distribution for three center-fed 
dipoles. 
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where / n is the current amplitude. The procedure for 
calculating the electric and magnetic fields and the 
associated power density of the wave radiated by such an 
antenna is basically the same as that used previously in 
connection with the half-wave dipole antenna. The only 
difference is the current distribution /(z). If we insert 
the expression for I(z ) given by Eq. (9.52) in Eq. (9.41), 
we obtain the following expression for the differential 
electric held d Eg of the wave radiated by an elemental 
length dz at location z along the dipole: 


dE e = 


jkiln Ip 
An 



sing e jkzms9 dz. 


x 


sin [k (1/2 - z) ], 
sin [k (1/2 + z)J. 


forO < z < 1/2, 
for -1 /2 < z < 0. 


(9.53) 


The total held radiated by the dipole is 
r'/i ~ 

E 0 = I dEg 
J-l/2 

r >/ 2 r° ~ 

= / dEg + dEg 
Jo J-l /2 

jkr, o I 0 fe~i kR ' 


4jt 


R 


1/2 


„jki cost) 


sin 9 


sin[H(//2 - Z )1 dz 


L 


sin[H(Z/2 + z)] dz 


(9.54) 


If we apply Euler’s identity to express e-'""'"" as 


_|_ i £ j trzcosfl 
1 - 1/2 

v jkz caaO 

[cos (Hz cos 6)+j sin (kz cos 6 )], we can integrate the two 
integrals and obtain the result 

y - } IcR' 

F. 0 = /60/f) 


R 

cos (y cos 6 ) — cos (y) 
sin 0 


(9.55) 


The corresponding time-average power density radiated 
by the dipole antenna is given by 

\E e \ 2 


S(0) = 


2 no 

7r R 2 


cos (y cos 9) — cos (jf) 


-l2 


sin 0 


(9.56) 


where we have used the relations m — 120jt (9.) 
and k — 2 tt/X. For / = A./2, Eq. (9.56) reduces 
to the expression given by Eq. (9.43) for the half¬ 
wave dipole. Plots of the normalized radiation intensity, 
F(6) = S(R, 9)/ 5 mas , arc shown in Fig. 9-17 for dipoles 
with lengths of k/2. A, and 3A/2. The dipoles with 
l = A/2 and / = A have similar radiation patterns with 
maxima along 6 — 90°. but the half-power beamwidth 
of the wavelength long dipole is narrower than that of 
the half-wave dipole, and S max = 60 / ( t/(7T R 2 ) for the 
wavelength-long dipole, which is four times that for the 
half-wave dipole. The pattern of the dipole with length 
1 — 3A/2 exhibits a multiple lobe structure, and its 
direction of maximum radiation is not along 9 — 90°. 


9-5 Effective Area of a Receiving Antenna 

So far, we have examined the radiation characteristics 
of antennas by treating them as radiators of the energy 
supplied by a source. Now we shall consider the reverse 
process, that is. how a receiving antenna extracts energy 
from an incident wave and delivers it to a load. 'I'he ability 
of an antenna to capture energy front an incident wave 
of power density S', (W/m 2 ) and to convert it into an 
intercepted power P int (W) for delivery to a matched load 
is characterized by the effective area ,4 C : 

Ae = ^ (m 2 ). (9.57) 

Other commonly used names for A e include effective 
aperture and receiving cross section. The antenna 
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Incident 

wave 


Load 


Antenna i 


(a) Receiving antenna 


(h) Equivalent circuit 


Figure 9-18: Receiving antenna represented by an 
equivalent circuit. 
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1 

1 

i Antenna equivalent circuit 

Load 


Z[_ are complex: 

Zin = *rad + jx in , (9.58a) 

Zl = Rl + jX L, (9.58b) 

where R rad denotes the radiation resistance of the 
antenna, and it is assumed that the antenna loss resistance 
is much smaller than R nd and can be ignored. As we will 
see later in Example 9-4, for maximum power transfer, 
the load impedance must be chosen such that Zl = Z* n , 


or = Rraii and Xj, = -X in , in which case the circuit 


receiving process may be modeled in the form of a 
Thevenin equivalent circuit as shown in Fig. 9-18, where 
V 0 c is the open-circuit voltage phasor induced in the 


reduces to a source V oc connected across a resistance 
equal to 2R iai \. Since V IK is a sinusoidal voltage phasor, 
the time-average power delivered to the load is 


receiving antenna by the incident wave, Z\ n is the antenna 
impedance, and Zl is the impedance of the load for which 
the received power is intended. In general, both Zj n and 



I Foci 2 

rad 

(9.59) 
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where 4. = Vo C /(2/? rat i) is the phasor current flowing 
through the circuit. Since ‘he antenna is lossless, all the 
intercepted power Pj, u ends up in the load resistance R[_. 
Hence, 


flnt — Pl — 


IVqqI 2 

S4ad 


(9.60) 


For an incident wave with electric field E\ parallel 
to the antenna polarization direction, the power density 
carried by the wave is 


Si = 


\E;\ 


(9.61) 


2t]o 2407 ? 

The ratio of the results provided by Eqs. (9.60) and (9.61) 
gives 


Pint _ 307r]V oc | 2 
Si adi^il 2 


(9.62) 


The open-circuit voltage V oc induced in the receiving 
antenna is due to the incident field £), but the relation 
between them depends on the specific antenna under 
consideration. By way of illustration, let us consider the 
case of the short-dipole antenna of Section 9-1. Because 
the length / of the short dipole is small compared to A., 
the current induced by the incident field will be uniform 
across its length, and the open-circuit voltage will simply 
be V oc = E[l. Noting that R ra d = S0n 2 (l/k) 2 for 
the short dipole [see Eq. (9.35)] and using Voc = E\U 
Eq. (9.62) simplifies to 


A e = —— (m 2 ) (short dipole). (9.63) 

on 

In Example 9-2 it was shown that for the short dipole the 
directivity D = 1.5. In terms of D, Eq. (9.63) can be 
rewritten in the form 



(m 2 ) (any antenna). (9.64) 


Despite the fact that the relation between A c and D given 
by Eq. (9.64) was derived for a short dipole, it can be 
shown that it is also valid for any antenna under matched- 
impedance conditions. 


Example 9-4 Maximum Power Transfer 

The circuit shown in Fig. 9-18(b) consists of a 
generator comprised of a voltage phasor V oc and an 
internal impedance Z\ n connected to a load Zl- If 


Z\n — Prod + jX ini 

Zl = Rl + ./Zl, 


what values of Rl and Xl yield the maximum transfer of 
power from the generator into the load? 

Solution: The current phasor flowing through the circuit 
is 


Zi„ + Z L ( firad + RO + j (X in + X L ) ’ 

(9.65) 

and the time-average power dissipated in the load 
resistance /?i, is 


Pl = \\1l\'Rl 


- i|V I 2 — 

- T » CK* 


Rl 


(Rind + Rl) 2 + (Xin + Zl ) 2 


.(9.66) 


Our task is to specify the load parameters, and A),, 
that maximize Pl. This is achieved by differentiating the 
expression for P L with respect to Pl, equating it to zero, 
and then repeating the process with respect to Xl- The 
first of these two steps gives 


9Pl 

3R l 


2 L (tfrad + Rl ) 2 + (X,„ + X L ) 2 

^_ -2/?i(/? n ,d + Pl) _ 

[(PnKl + PL) 2 + (X in + X L )2] 2 _ 
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which yields the result 


(*in + X L f -Rl+ R^ = 0. 
Application of the second step gives 

-2R L (X m + X L ) 


(9.67) 


9X, “ 2 ' 01 


L[(* rad + /?L ) 2 + (X in + X L )2]^J 


= 0, 


which yields a second condition, 


FlA^in + X L ) = 0. (9.68) 

To satisfy this result, we have to choose either R\_ = 0, 
which is not an acceptable result because it means that 
P L = 0, or 



X L = -X-m. (9.69a) 

Using Eq. (9.69a) in F,q. (9.67) gives 


Fl_ = Frad- (9.69b) 

These two results can be combined into 


Zl = z* , (9.70) 


where Z* is the complex conjugate of Z in . Thus, for 

maximum power transfer, the load impedance should 
be equal to the complex conjugate of the generator 
impedance. ■ 


EXERCISE 9.6 The effective area of an antenna is 9 m 2 . 
What is its directivity in decibels at 3 GHz? 

Ans. Z> = 40.53 dB. (See «) 

EXERCISE 9.7 At 100 MHz, the pattern solid angle of an 
antenna is 1.3 sr. Find (a) the antenna directivity D and 
(b) its effective area A 0 . 

Ans. (a) D = 9.67, (b) A e = 6.92 m 2 . (See *) 


9-6 Friis Transmission Formula 


The two antennas shown in Fig. 9-19 are part of 
a free-space communication link, with the separation 
between the antennas, R, being large enough for each 
antenna to be in the far-ficld region of the other. The 
transmitting and receiving antennas have effective areas 
A; and A r and radiation efficiencies and respectively. 
Our objective is to find a relationship between P t , the 
transmitter power supplied to the transmitting antenna, 
and Free, the power delivered to the receiver by the re¬ 
ceiving antenna. As always, we assume that both antennas 
are impedance matched to their respective transmission 
lines. Initially, we shall consider the case where the two 
antennas are oriented such that the peak of the radiation 
pattern of each antenna points in the direction of the other. 

Let us start by treating the transmitting antenna as a 
lossless isotropic radiator. In this case, the power density 
incident upon the receiving antenna at a distance R from 
an isotropic transmitting antenna is simply equal to the 
transmitter power P , divided by the surface area of a 
sphere of radius R: 


sn — 


Ft 

4 tiR 2 ' 


(9.71) 


The real transmitting antenna is neither lossless nor 
isotropic. Hence, the pow'er density S r due to the real 
antenna is given by 


■S’, — GpSjso — §tL)(Sj so — 


Jt/XFi 
4;rP 2 ’ 


(9.72) 



^A, 




■4 

R M 


Ft 


Milt 

F rec . 

Transmitting 

Receiving 

antenna 

antenna 

Figure 9-19: Transmitter-receiver configuration. 
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where, through the gain G, = | t D t , accounts for the 
fact that only part of the power P, supplied to the antenna 
actually is radiated out into space, and D, accounts for the 
directivity of the transmitting antenna (in the direction 
of the receiving antenna). Using Eq. (9.64), Eq. (9.72) 
can be expressed in terms of the effective area A, of the 
transmitting antenna: 


, _ I.A.P, 
’■ X 2 R 2 


(9.73) 


On the receiving-antenna side, the power intercepted 
by the receiving antenna is equal to the product of the 
incident power density S r and the effective area A,: 



It A,A,P, 
X 2 R 2 


(9.74) 


The received power P rec delivered to the receiver is 
equal to the intercepted power P ml multiplied by the 
radiation efficiency of the receiving antenna, £ r . Thus, 
P ree = £ r P im , which leads to the result 


P *c ?.!.AA r r r ( A. \ 2 
~K ~ ~ GlGr \^R ) • 


(9.75) 


This relation is known as the Fries transmission 
formula, and P rcc /P[ is sometimes called the power 
transfer ratio. In deriving the form of the Friis 
formula involving the gains G t and G r of the 
transmitting and receiving antennas, we used the fact that 
|tA, — !- t D t X 2 / 4jt — G l k 2 /4.T, and similar relations 
apply to the receiving antenna. 

If the two antennas are not oriented in the direction of 
maximum power transfer, Eq. (9.75) can be rewritten in 
the general form 

~ = G,Gr (^) F t(0t.4t)F r (d r ,fi r ), (9.76) 


where F,(0,, </>,) is the normalized radiation intensity 
of the transmitting antenna, evaluated at the direction 
(ft,, (/>,) corresponding to the direction of the receiving 
antenna (as seen by the antenna pattern of the transmitting 
antenna), and a similar definition applies to F r (P r , <!>,) for 
the receiving antenna. 

Example 9-5 Satellite Communication System 

A 6-GHz direct-broadcast TV satellite system trans¬ 
mits 100 W through a 2-m-diameter parabolic dish 
antenna from a distance of approximately 40,000 km 
above Earth’s surface. Each TV channel occupies a 
bandwidth of 5 MHz. Due to electromagnetic noise 
picked up by the antenna as well as noise generated by the 
receiver electronics, aground home receiving TV station 
has a noise level given by 

P„ = KT sys B (W), (9.77) 

where r SJS [measured in kelvins (K)| is a figure of merit, 
called the system noise temperature, that characterizes 
the noise performance of the receiver-antenna combina¬ 
tion, K is Boltzmann's constant [ 1.38 x 10 23 (J/K)], and 
B is the receiver bandwidth in Hz. 

Th tsignal-to-noise ratio S„ (which should not be con¬ 
fused with the power density S) is defined as the ratio of 
P r ec. die signal power received from the transmitter, to P n : 

■?n = F r ec / Pn (dimensionless). (9.78) 

For a receiver with Tsys = 580 K, what minimum 
diameter of a parabolic dish receiving antenna is required 
for high-quality TV reception with S„ = 40 dB? The 
satellite and ground receiving antennas may be assumed 
lossless, and their effective areas may be assumed equal 
to their physical apertures. 

Solution: The following quantities are given: 

Pt = 100 W, / = 6 GHz = 6 x 10 9 Hz, S n = 10 4 , 
Transmit antenna diameter d, = 2 m, 
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7’ sy s = 580 K, 

R — 40, 000 km = 4 x 10 7 m, 

B = 5 MHz - 5x 10 6 Hz. 

The wavelength A = c/f = 5 x 10 -2 m, and the area of 
the transmitting satellite antenna is A, — (jzdf/4) = n 
(m-). From Eq. (9.77), the receiver noise power is 

Pn = KTs ys B = 1.38 x 10" 23 x 380 x 5 x 10 6 
= 4 x 10" 14 W. 

Using Eq. (9.75) for lossless antennas (£, = £ r = 1), the 
received signal power is 

p _ PtAtAr 1 OOjt A r 

rcc “ A- R 2 ~ (5 x 10- 2 ) 2 (4 x 10 7 ) 2 
= 7.85 x 10“" A r . 

The area of the receiving antenna, A,, can now be 
determined by equating the ratio P KC /P<i to S„ = 10 4 : 

, q4 _ 7.85 x 10-"A r 
4xl0-' 4 

which yields the value A, = 5.1 m 2 . The required 
minimum diameter is d r — s /4A r /n = 2.55 m. ■ 

<0 g 


REVIEW QUESTIONS 

Q9.ll For an a-c generator connected to a load, what 
is the condition for maximum transfer of power from the 
generator to the load? 

Q9.12 If the two antennas of a communication system 
have constant radiation efficiencies and effective areas, 
how does the power transfer ratio vary with A? Explain 
in terms of how the antenna beams vary with A. 


EXERCISE 9.8 Suppose that the operating frequency of 
the communication system described in Example 9-5 
were to be doubled to 12 GHz. What would then be 
the minimum required diameter of a home receiving TV 
antenna? 

Ans. d r = 1.27 m. (See ^) 

EXERCISE 9.9 A 3-GHz microwave link consists of two 
identical antennas each with a gain of 30 dB. If the 
transmitter output power is 1 kW and the two antennas 
are 10 km apart, find the received power. 

Ans. Free = 6.33 x KT 4 W. (See *■) 

EXERCISE 9.10 The effective area of a parabolic dish 
antenna is approximately equal to its physical aperture. 
If the directivity of a dish antenna is 30 dB at 10 GHz, 
what is its effective area? If the frequency is increased to 
30 GHz, what will be its new directivity? 

Ans. A e = 0.07 m 2 , 0 = 39.54 dB. (See ®) 

9-7 Radiation by Large-Aperture 
Antennas 

For wire antennas, the sources of radiation are the 
infinitesimal current elements comprising the current 
distribution along the wire, and the total radiated field at 
a given point in space is equal to the sum, or integral, 
of the fields radiated by all the elements. A parallel 
arrangement applies to aperture antennas, except that now 
the source of radiation is the electric-field distribution 
across the aperture. Consider the horn antenna shown 
in Fig. 9-20, which is connected to a source through a 
coaxial transmission line, with the outer conductor of 
the coaxial line being connected to the metal body of 
the horn and the inside conductor made to protrude, 
through a small hole, partially into the throat end of 
the horn. The protruding conductor acts as a monopole 
antenna, generating waves that radiate outwardly toward 
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the horn’s aperture. The electric field of the energy 
arriving at the aperture, which may vary as a function of x a 
and y a over the horn’s aperture, is called the electric-field 
aperture distribution, E a ( x a , y a ). Inside the horn, wave 
propagation is guided by the horn's geometry; but as the 
wave transitions from a guided wave into an unbounded 
wave, every point of its wavefront serves as a source 
of spherical secondary wavelets. The aperture may then 
be represented as a distribution of isotropic radiators, 
each with an intensity proportional to the electric field 
EaOai }’a) at its location (x a , y a ). At a distant point Q, 
the combination of all the waves arriving from all of 
these radiators constitutes the total wave that would be 
observed by a receiver placed at that point. 

The radiation process described for the horn antenna 
is equally applicable to any aperture upon which an 
electromagnetic wave is incident. For example, if a 
light source is used to illuminate an opening in an 
opaque screen through a collimating lens, as shown in 
Fig. 9-21(a), the opening becomes a source of secondary 
spherical wavelets, much like the aperture of the horn 
antenna. In the case of the parabolic reflector shown in 
Fig. 9-21 (b), it can be described in terms of an imaginary 
aperture representing the electric-field distribution across 
a plane in front of the reflector. 

Two types of mathematical formulations are available 
for computing the electromagnetic fields of waves 



(a) Opening in an opaque screen 


i 

i 



i 

i 


(b) Parabolic reflector antenna 

Figure 9-21; Radiation by apertures: (a) an opening in 
an opaque screen illuminated by a light source through 
a collimating lens and (b) a parabolic dish reflector 
illuminated by a small horn antenna. 


radiated by apertures. The first type is a scalar 
formulation based on Kirchhoff’s work and is used 
commonly in optical diffraction problems and for 
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large-aperture antennas. The second type is a vector 
formulation based on Maxwell’s equations. Although 
theoretically superior, the vector approach generally is 
more difficult to apply. Hence, it is used mostly in 
connection with antenna apertures whose dimensions are 
comparable to or smaller than a wavelength, because in 
this case the scalar approach is inapplicable. 

In this section, we shall limit our presentation to 
the scalar diffraction approach, in part because of its 
inherent simplicity and also because it is applicable to a 
wide range of practical applications. The key requirement 
for the validity of the scalar formulation is that the 
antenna aperture be at least several wavelengths long 
along each of its principal dimensions. A distinctive 
feature of such an antenna is its high directivity and 
correspondingly narrow beam, which makes it attractive 
for radar and free-space microwave communication 
systems. The frequency range commonly used for these 
applications is the 1- to 30-GHz microwave band. 
Because the corresponding wavelength range is 30 to 
1 cm, respectively, it is quite practical to construct and 
use antennas (in this frequency range) with aperture 
dimensions that are many wavelengths in size. 

The x a -y a plane in Fig. 9-22, denoted plane A, 
contains an aperture with an electric field distribution 
£a(*a. ya), usually called the aperture illumination. For 
the sake of convenience, the opening has been chosen 
to be rectangular in shape, with dimensions /, along x a 
and l y along y a , even though the formulation we are 
about to discuss is general enough to accommodate any 
two-dimensional aperture distribution, including those 
associated with circular- and elliptical apertures. At a 
distance z from the aperture plane A in Fig. 9-22, we have 
an observation plane O with axes (x, y). The two planes 
have parallel axes and are separated by a distance z that 
is sufficiently large so that any point Q in the observation 
plane is in the far-field region of the aperture. To satisfy 
the far-field condition, it is necessary that 


R > 2d 2 /\, (9.79) 


where d is the longest linear dimension of the radiating 
aperture. 

The position of observation point Q is specified by the 
range R between the center of the aperture and point Q 
and by the angles 0 and <p shown in Fig. 9-22, which 
together define the direction of the observation point 
relative to the coordinate system of the aperture. The 
electric field phasor of the wave incident upon point Q is 
denoted E(R.9.tp). Kirchhoff’s scalar diffraction theory 
provides the following relationship between the radiated 
field E(R, 9, cp) and the aperture illumination E a (x a , y a ): 

~ if \ ~ 

£(7L0,0) = M -^-1 hie.fi). (9.80) 

where 

h(0,fi) = JJ £ a (x a ,y a ) 

• exp [jk sin 0(x a cos fi + y a sin q>)\ dx d dy a . 

(9.81) 

We shall refer to/? (9, <p) as the form factor of E(R, 6, <j>). 
Its integral is written with infinite limits, with the 
understanding that £ a (x a , y a ) is identically zero outside 
the aperture. The spherical propagation factor (e~ jkR /R) 
accounts for wave propagation between the center of the 
aperture and the observation point, and h(6,fi) represents 
an integration of the exciting field E a (x a , y a ) over the 
extent of the aperture, taking into account [through 
the exponential function in Eq. (9.81)] the approximate 
deviation in distance between R and s, where .? is the 
distance to any point (x a , > a ) in the aperture plane [see 
Fig. 9-22]. The polarization direction of the radiated 
field E(R. 9. fi) is the same as that of the aperture field 
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/•.Tv,, V;,), and the power density of the radiated wave is aperture is excited by a uniform field distribution given 
given by by 


S(R,6,<p) 


2bo 2)) 0 A. 2 R 2 ' 


(9.82) 


9-8 Rectangular Aperture with Uniform 
Aperture Distribution 

By way of illustrating the scalar diffraction technique, 
let us consider a rectangular aperture of height 4 and 
width l y , both at least a few wavelengths long. The 


S a (x a , > a ) = 


Co, for - l x /2 < x a < 4/2 
and - / y /2 < y a < /,/2, 

0, otherwise. 

(9.83) 


To keep the mathematics simple, let us confine our 
examination to the radiation pattern at a fixed range R 
in the x-z plane, corresponding to rj> = 0. In this case, 
Eq. (9.81) simplifies to 


rhP- rh /2 

h(0) = / / Eo exp[/kx a sin 8] dx s dy a . 

Jy,=-ly /2 Jx B =-l x /2 


(9.84) 
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In preparation for performing the integration in 
Eq. (9.84), we introduce the intermediate variable u 
defined as 


u = k sin 6 = 


2# sin 0 


(9.85) 


in which case Eq. (9.84) becomes 

rlx/2 


h(G) 


= E 0 


(v/2 

e ,ux » dx a • / dy a 

P- j —Iy/2 

e jul,/2 _ g—julx/2' 


e iUX * dx a • / 
A/2 J-l 


JU 


• L 


2 Ei,l 


0‘y 


U 

2E 0 I 

u 


' e i«h/2 _ e —jul x /2 ' 


2 j 

y sin(w4/2). 


(9.86) 


Upon replacing u with its defining expression, we have 

2E 0 ly 


m = 


2tt . 
— sin 9 
A 


sin (rdy sin (9/A) 


= E 0 IJ. 


sin(jr/. v sin (9/A) 


nl x sin (9/A 
= Eo-^p sinc(7r/ v sin 6 /A), 


(9.87) 


where So — E%A n ~/(2rioR 2 R 7 ). The sine function is at 
a maximum when its argument is equal to zero and its 
value is equal to unity. This occurs when 0 — 0. Thus, at 
a fixed range R, S mas = S(9 = 0) = So. The normalized 
radiation intensity is then given by 


F(0) = 


S{R,e) 

l 5nuix 


= sinc'(7r/ v sin 6 /X) 

= sinc 2 (7ry) (x-z plane), 


(9.90) 


and it is plotted (on a decibel scale) in Fig. 9-23 as a 
function of the intermediate variable y — (4/A) sin 0. 
The pattern exhibits nulls at nonzero integer values of y. 


9-8,1 Beamwidth 

The normalized radiation intensity F(0) is symmetrical 
in the x-z plane, and its maximum is along the boresight 
direction (0 — 0, in this case). Its half-power beamwidth 
Pxt = — 6 ,. where 0 , and B-, are the values of 6 at 

which F{0. 0) = 0.5 (or -3 dB on a decibel scale), as 
shown in Fig. 9-23. Since the pattern is symmetrical with 
respect to 9 = 0, 9, = -0 2 and fi X7 - 2The angle 0 2 
can be obtained from a solution of 


w'here A p = 1,1 y is the physical area of the aperture and 
where we have used the standard definition of the sine 
function, which, for any argument (, is defined as 

sinr 

sinct = —— . (9.88) 

Using Eq. (9.82), we obtain the following expression for 
the power density of the radiated wave at the observation 
point: 


S{R, 9) — So sine 2 (7r4 sin(9/A) (x-z plane). (9.89) 


F( 6 2 ) = sine 2 (^4 sin 9/A) = 0.5. (9.91) 

From tabulated values of the si nc function, it is found that 
Eq. (9.91) yields the result 

— sin 62 = 1.39, (9.92) 

A 

or 

sin = 0.44 j. ( 9 . 93 ) 

4 

Because A/ l x 4C 1 (a fundamental condition of scalar 
diffraction theory is that the aperture dimensions be much 
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-3-2-1 123 

y = (/,/A) sin 9 - 


Figure 9-23: Normalized radiation pattern of a uniformly 
illuminated rectangular aperture in the x-z plane (<p = 0). 


larger than the wavelength X), 62 is a small angle, in which 
ease we can use the approximation sin 6A — & 2 - Hence, 


Pxz = 202 — 2 sin 0 2 = 0,88 p (rad). (9.94a) 

‘X 


A similar solution for the y~z plane (</> — jr/2) gives 


X 


fiyz = 0 . 88 - 

h 

(rad). (9.94b) 


It is worth noting that the uniform aperture distribution 
( E a = Eo across the aperture) gives a far-field pattern 


with the narrowest possible beamwidth. The first sidelobe 
level is 13.2 dB below the peak value [see Fig. 9-23], 
which is equivalent to 4.8% of the peak value. If the 
intended application calls for a pattern with a lower 
sidelobe level (to avoid interference with signals from 
sources along directions outside the main beam of the 
antenna pattern), this can be accomplished by using a 
tapered aperture distribution, one that is a maximum at 
the center of the aperture and decreases toward the edges. 
A tapered distribution provides a pattern with lower side 
lobes, but the main lobe becomes wider. The steeper the 
taper, the lower are the side lobes and the wider is the 
main lobe. In general, the beamwidth in a given plane, 
say the x-z plane, is given by 


X 


1 

II 

(9.95) 


where k x is a constant related to the steepness of the taper. 
For a uniform distribution with no taper, k x — 0.88, and 
for a highly tapered distribution, k x ~ 2. In the typical 
case, k x ~ 1. 

To illustrate the relationship between the antenna 
dimensions and the corresponding beam shape, we show 
in Fig. 9-24 the radiation patterns of a circular reflector 
and a cylindrical reflector. The circular reflector has a 
circularly symmetric pattern, whereas the pattern of the 
cylindrical reflector has a narrow beam in the azimuth 
plane corresponding to its long dimension and a wide 
beam in the elevation plane corresponding to its narrow 
dimension. For a circularly symmetric antenna pattern, 
the beamwidth fi is related to the diameter d by the 
approximate relation fi ~ X/d. 


D9.2 


9-8.2 Directivity and Effective Area 

In Section 9-2.3, we derived an approximate expression 
[Eq. (9.26)1 for the antenna directivity D in terms of 
the half-power beamwidths f} xt and f3 yi for antennas 
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Hence, for aperture antennas, their effective apertures 
are approximately ecpial to their physical apertures: that 
is, A e — Ap. 

EXERCISE 9.11 Verify that Eq. (9.92) is a solution of 
Eq. (9.91) by calculating sine 2 1 for t = 1.39. 

EXERCISE 9.12 With its boresight direction along i, 
a square aperture was observed to have half-power 
beamwidths of 3° in both the x-z and y-z planes. 
Determine its directivity in decibels. 

Ans. D = 4,583.66 ~ 36.61 dB. (See f>) 

EXERCISE 9.13 What condition must be satisfied in order 
to use scalar diffraction to compute the field radiated 
by an aperture antenna? Can we use it to compute the 
directional pattern of the eye's pupil (d = 0.2 cm) in the 
visible part of the spectrum (X = 0.35 to 0.7 p, m)? What 
would the beamwidth of the eye’s directional pattern be 
at X = 0.5 /am if we assume that the pupil is uniformly 
illuminated? 

Ans. /5 = 0.88 X/d = 2.2 x 10 4 rad = 0.76' (arc 
minute, with 60' = 1 °). (See -$) 




9-9 Antenna Arrays 

AM broadcast services operate in the 535- to 1605-kHz 
band. The antennas they use are basically vertical 
dipoles mounted along tall towers. The antennas range 
in height from A/6 to 5A/8, depending on the operating 
characteristics desired and other considerations. Their 
physical heights vary from46m (150ft) to274 m (900ft); 
the wavelength at 1 MHz, approximately in the middle 
of the AM band, is 300 m. Because the field radiated 
by a single dipole is uniform in the horizontal plane (as 
discussed in Sections 9-1 and 9-3), it is necessary to 
use more than one antenna tower to direct the horizontal 
antenna pattern along di rections of interest (such as a city) 






9 Stories 
high 


6 Stories 
high 


Figure 9-25: The AN/FPS-85 Phased Array Radar Facility in the Florida panhandle, near the city of Freeport. A several-mile 
no-lly zone surrounds the radar installation as a safety concern for electroexplosive devices, such as ejection seats and 
munitions, carried on military aircraft. 



and to minimize it along directions of low population 
density or a direction corresponding to an area serviced 
by another station operating at the same frequency (to 
avoid undesirable interference effects). When two or 
more antennas are used together, the combination is 
called an antenna array. 

The AM broadcast antenna array is only one 
application example of antenna arrays; they are used 
extensively in numerous communication systems and 
radar applications as well. Antenna arrays provide 
the antenna designer the flexibility to obtain high 
directivity, narrow beams, low side lobes, steerable 
beams, and shaped antenna patterns. Figure 9-25 shows 
a photograph of a very large radar system consisting 
of a transmitter array composed of 5,184 individual 
dipole antenna elements and a receiver array composed 
of 4,660 elements. The radar system, part of the Space 


Surveillance Network operated by the U.S. Air Force, 
operates at 442 MHz and transmits a combined peak 
power of 30 MW! 

Although an array need not consist of similar radiating 
elements, most arrays usually use identical elements, 
such as dipoles, slots, horn antennas, or parabolic 
dishes, excited by the same type of current or field 
distribution. The antenna elements comprising an array 
may be arranged in various configurations, but the most 
common are the linear one-dimensional configuration, 
wherein the elements are arranged along a straight 
line, and the two-dimensional lattice configuration, 
wherein the elements form a rectangular grid. The 
desired shape of the far-held radiation pattern of the 
array can be synthesized by controlling the relative 
amplitudes of the array elements. Also, through the use 
of electronically controlled solid-state phase shifters, 
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the beam direction of the antenna array can be steered 
electronically by controlling the relative phases of the 
array elements. This flexibility of the array antenna 
has led to numerous applications, including electronic 
steering and multiple-beam generation. 

The purpose of this and the next two sections is to 
introduce the reader to the basic principles of array theory 
and to the design techniques used in shaping the antenna 
pattern and steering the main lobe. The presentation will 
be confined to the one-dimensional linear array with 
equal spacing between adjacent elements. 

A linear array of N identical radiators is arranged along 
the z-axis as shown in Fig. 9-26. The radiators are fed by a 
common oscillator through a branching network. In each 
branch, an attenuator (or amplifier) and phase shifter are 
inserted in series to control the amplitude and phase of 
the signal feeding the antenna element in that branch. 

In the far-field region of any radiating element, 
the phasor electric-field intensity E e (R,6,<p) may be 
expressed as a product of two functions, the spherical 
propagation factor e~ JkR /R, which accounts for the 
dependence on the range R, and f c (0, <p). which accounts 
for the directional dependence of the element’s electric 
field. Thus, for an isolated element, the radiated field is 

e -jkR _ 

E C (R, e, <P ) = —— Me. <P), (9.99) 

K 

and the corresponding power density S £ is 

S e (/?,(9,«« = J-|E c (i?,0,0)| 2 
2r lo 

= 5^l/ e (0,d> )|2 . (9.100) 

With regard to the elements in the array shown in 
Fig. 9-26(b), the far-zone field due to element i at range R, 
from the observation point Q may then be written in the 
form 

_ e -jkRi ~ 

E,(Ri,e,<p) = Aj —-— (9.101) 

‘<i 



(a) Array elements with individual 
amplitude and phase control 



(b) Array geometry relative to 
observation point 


Figure 9-26: Linear-array configuration and geometry. 


where A, = me** 1 is a complex feeding coefficient 
representing the amplitude ^ and phase xfi, of the 
excitation giving rise to G,. relative to a reference 
excitation. In practice, the excitation of one of the 
elements is used as reference. Note that ft, and A; may 
be different for the different elements in the array, but 
M0,(j>) is the same for all the elements since they 
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are assumed to be identical and hence exhibit identical 
directional patterns. 

The total field at the observation point Q(Rc, 6. <p) is 
the sum of the fields due to the N elements: 


N -1 

E(Ro, 9 , *) = £%(%, 0 , 0 ) 

i=0 

f e (9.<P). (9.102) 

where /?o denotes the range of Q from the center of the 
coordinate system, chosen to be at the location of the 
zeroth clement. To satisfy the far-field condition given 
by Eq. (9.79) for an array of length / = (N — 1 )d, where 
d is the interclcmcnt spacing, the range R 0 should be 
sufficiently large that 


At-1 


- jkR, 


y a ,-— 

h Ri 


L i=o 



2 (N - 1 ) 2 d 2 
A 


(9.103) 


This condition allows us to ignore differences in the 
distances from Q to the individual elements as far as 
the magnitude of the radiated field is concerned. Thus, 
we can set /?, = Rq in the denominator in Eq. (9.102) 
for all i . With regard to the phase part of the propagation 
factor, we can use the parallel-ray approximation given 
by 


R; — Rq — zi cos 6 = Rd — id cos 6 , (9.104) 


where z, = id is the distance between the ith element 
and the zeroth element [Fig. 9-27], Employing these two 
approximations in Eq. (9.102) leads to 


£(/!o,0.0) = /e(0.*) 


e -)kRo 

Rn 


'At—1 


A. e Jikdcos0 


Li=o 


(9.105) 



Figure 9-27: The rays between the elements and a 
faraway observation point are approximately parallel 
lines. Hence, the distance Ri ~ Rq — id cos 9. 


and the corresponding array-antenna power density is 
given by 


S(Ro.e,<P) = ^-\E(R 0 ,d,(/>)\ 2 


1 


2t/o^u 


I Me, <j>)V 


N-\ 


E A “‘ l 


,Jikd cosO 


i=0 


— S e (Ro, 0, <j >) 


At-1 


J2 Aie Jikda * e 

i '=0 


,(9.106) 


where use has been made of Eq. (9.100). This expression 
is a product oftwo factors. The firstfactor, S c (R ih 6, </>), is 
the power density of the energy radiated by an individual 
element, and the second, usually called the array factor, 
is a function of the positions of the individual elements 
and their feeding coefficients, but not a function of 
the specific type of radiators used. The array factor 
represents the far-field radiation intensity of the N 




elements, had the elements been isotropic radiators. 

Denoting the array factor by 

iV—i 2 

Fa@)= £>,e ;Wcos9 , (9.107) 

(=0 

the power density of the antenna array is then written as 

S(R 0 ,e,d>) = St(Ro,6,4>) F •(*). (9-108) 

This equation is called the pattern multiplication 
principle. It al lows us to find the far-field power density of 
the antenna array by first computing the far-field power 
pattern with the array elements replaced with isotropic 
radiators, which yields the array factor F 3 (8), and then 
multiplying the result by S e (R 0 ,0, </>), the power density 
for a single element (which should be the same for all the 
elements). 

The feeding coefficient A-, is, in general, a complex 
amplitude consisting of an amplitude factor a, and a phase 
factor i pi: 

(9.109) 


Insertion of Eq. (9.109) into Eq. (9.107) leads to 



The array factor is governed by tw'o input functions: 
the array amplitude distribution given by the a,’s and 
the array phase distribution given by the The 
amplitude distribution serves to control the shape of the 
array radiation pattern, while the phase distribution can 
be used to steer its direction. 

Example 9-6 Array of Two Vertical Dipoles 

An AM radio station uses two vertically oriented 
half-wave dipoles separated by a distance of X/1, as 
shown in Fig. 9-28(a). The vector from the location 
of the first dipole to the location of the second dipole 
points toward the east. The two dipoles are fed with 
equal-amplitude excitations, and the dipole farther east 
is excited with a phase shift of -n/2 relative to the other 
one. Find and plot the antenna pattern of the antenna array 
in the horizontal plane. 


Ai = a^* 1 . 
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Solution: The array factor given by Eq. (9.110) was 
derived for radiators arranged along the s-axis. To keep 
the coordinate system the same, we choose the easterly 
direction to be the z-axis as shown in Fig. 9-28(b), and 
we place the first dipole at z — —A/4 and the second 
at z — A/4. A half-wave dipole radiates uniformly 
in the plane perpendicular to its axis, which in this 
case is the horizontal plane. Hence, .S^ = .So for all 
angles 9 in Fig. 9-28(b), where So is the maximum 
value of the power density radiated by each dipole 
individually. Consequently, the power density radiated 
by the two-dipole array is 

S(R,6) = S 0 F a (6). 

For two elements separated by d = A/2 and excited with 
equal amplitudes («o = c\\ — 1) and with phase angles 
= 0 and ijr\ = —it 12, Eq. (9.110) gives 

t 2 

F a (9)= ^ a; e j ^‘ e ^'% cos e 
;=o 

= |1 + e -i^n e Ji2nlX)[\/l)cose |2 
_ | I _|_ gj(” c osC-jt/2)| 2 

A function of the form |1 + e jx \ 7 can be evaluated by 
factoring out e JX/1 from both terms: 

11 + e’ x | 2 = \e jx/1 {e~ jxn + e^ /2 )\ 2 
= | e i -*/ 2 | 2 \ e ~J x / 2 + c jx,2 \ 2 

= > e t*/i\2 2 [£^i±#g] 2 
2 

The absolute value of e Jx/2 is equal to 1, and we recognize 
the function inside the square bracket as cos(x/2). Hence, 

|1 + e jx \ 2 = 4cos 2 . 


Applying this result to the expression for F a (fl), we have 

F a (0) = 4cos 2 (y cost? - . 

The power density radiated by the array is then 

S(R, 0) = S o F-A0) = 4.So cos 2 cos 9 - . 

This function has a maximum value — 4Sn, and it 
occurs when the argument of the cosine function is equal 
to zero. Thus, 

7t „ 7t 

— cos e — — o, 

2 4 

which leads to the solution: 6 = 60°. Upon normalizing 
S(R, 9) by its maximum value, we obtain the normalized 
radiation intensity given by 

cvm S(R,6) 1 (7t n\ 

F{0) - —-= cos I — cos 6 - -). 

^max ' ^ ’ 

The pattern of F{0) is shown in Fig. 9-28(c). ■ 



Example 9-7 Pattern Synthesis 

In Example 9-6, we were given the array parameters 
a 0 , «i, y/(,, ifr\, and d, and we were then asked to 
determine the pattern of the two-element dipole array. 
We will now consider the reverse process; we will be 
given specifications on the desired pattern, and we are 
then asked to specify the array parameters to meet those 
specifications. 

Given two vertical dipoles, as depicted in Fig. 9-28(b), 
specify the array parameters such that the array exhibits 
maximum radiation toward the east and no radiation 
toward the north or south. 
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Solution: From Example 9-6, we established that 
because each dipole radiates equally along all directions 
in the y—z plane, the radiation pattern of the two-dipole 
array in that plane is governed solely by the array factor 
F a (0). The shape of the pattern of the array factor depends 
on three parameters: the amplitude ratio ci\/a (h the phase 
difference t/q - y^o, and the spacing d TFig. 9-29(a)]. 
For convenience, we choose a 0 = 1 and i//q = 0. 
Accordingly, Eq. (9.107) gives 


FAB) = 


E* 

(=0 


, e Mt e iiM<x*0 


— |1 + a\e JV 'e 


jin pjClxd/tycmfiil 


Let us now consider the given specification requiring 
that F a be equal to zero when 9 = 90° (north and 
south directions in Fig. 9-29(a)). For any observation 
point on the y-axis, the ranges Rq and R\ shown in 
Fig. 9-29(a) are equal, which means that the propagation 
phases associated with the time travel of the waves 
radiated by the two dipoles to that point are identical. 
Hence, to satisfy the staled condition, we need to choose 
ci\ = r/Q and i jj\ — ±n. With these choices, the signals 
radiated by the two dipoles wall have equal amplitudes 
and opposite phases, thereby interfering destructively. 
This conclusion can be ascertained by evaluating the 
array factor at 6 = 90°, with a 0 = a t = 1 and i/r, = rt-r: 


FAO = 90°) = |1 + ]e ±in \ 2 = \\ - 1| =0. 


-y (North) 



z (East) 


(a) Array arrangement 



Figure 9-29: (a) Two vertical dipoles separated by a 
distance d along the - axis; (b) normalized array pattern 
in the y-z plane for = a\ = 1, = i Jr 0 — —n, and 

d = A/2. 


The two values oft//!, n and—nr, lead to the same solution 
for the spacing d when we consider the specification 
that the array radiation pattern should have a maximum 
toward the east, corresponding to 9 = 0°. Let us choose 
t jf\ = —7T and examine the array factor at 9 — 0°: 

Fi(e = 0) = 11 +<r'V 2,rrf/ Y 

_ 11 _|_ e i(-ir+2rtd/X),2 


For F a (9 = 0) to be a maximum, we require the phase 
angle of the second term to be zero or a multiple of 2tc : 

2nd 

—n H-== hut, 

X 

or 


d = (2n + 1)^ , 


n = 0, 1,2,.. 
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In summary, the two-dipole array will meet the given 
specifications if <zo = #i> Vo — I'o — —tt, and 
d = (In + l)A/2. 

For d = A/2, the array factor at any angle 9 is given by 

F a (0) = |1+e"-''V ,rcos Y 


1 _ gj* cos012 


2 je 


cos 9 


e j(zj2) cos It _ g-jl.nl 2)cosfl"| 


2 j 


= 4 sin 2 ^ cos#) . 


The array factor has a maximum value of 4, which is 
the maximum level attainable from a two-clement array 
with unit amplitudes. The directions along which F a (9) 
is a maximum are those corresponding to 9 = 0 (east) 
and 9 = 180° (west), as shown in Fig. 9-29(b). ■ 


EXERCISE 9.14 Derive an expression for the array factor 
of a two-element array excited in phase with uo = 1 and 
fli = 3. The elements are positioned along the z-axis and 
are separated by A/2. 

Ans. F a (9) = [1O-I-6cos(jicos 0)]. (See T) 
EXERCISE 9.15 An equally spaced A-element array 
arranged along the z-axis is fed with equal amplitudes 
and phases; that is. A,- = 1 for j = 0, 1,.... N — 1. 
What is the magnitude of the array factor in the broadside 
direction? 

Ans. F a (9 = 90°) = N 2 . (See ♦•) 


9-10 yv-Element Array with Uniform 
Phase Distribution 

We now consider an array of N elements with equal 
spacing d and equal-phase excitations; that is, i//,• = y r 0 
for i = 1,2,..., N — 1. Such an array of in-phase 
elements is sometimes referred to as a broadside array 
because the main beam of the radiation pattern of its array 


factor is always in the direction broadside to the array 
axis. From Eq. (9.110), its array factor is given by 


F a (9) = 


N-\ 


oie Jl 


jikil cos ft 


t=0 


= |e M ’| 2 


,v-i 


J^ a . e md cose 
1=0 

I 2 

Ycue jikdcos0 


iV-l 


1=0 


(9.111) 


The phase difference between the fields radiated by 
adjacent elements is 


2nd 

y = led cos 8 — -cos 9. 


(9.112) 


In terms of y , Eq. (9.111) takes the compact form 



N -1 

2 

My) = 

Y a i e ' iY 

(uniform phase). (9.113) 


1=0 



For a uniform amplitude distribution with a, = 1 for 
i — 0, 1,..., A — 1, Eq. (9.113) becomes 


F a (y) = \] +e Jv+ e i> + ... + giVt-DY |2 (9 .114) 

This geometric series can be rewritten in a more compact 
form by applying the following procedure. First, we 
define 



My) = 

l/a(X)| a , 

(9.115) 

with 





My) - 

= [1 + e jy + e j2y 

+ - 

,. +e J( W-DX] 

(9.116) 

Next, we multiply My) by 

e jy 

to obtain 


My) 

e .iv = (e Jy + e J2y + 

• • • + e jNv ). 

(9.117) 
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Subtracting Eq. (9.117) from Eq. (9.116) gives 


JNy 


(9.118) 


/a(y)(l ~e jy ) = l - e 
which, in turn, gives 

1 - e J,Vy 

fe-rjr 

e jNy/2 ( e -jNy/2 _ e JNy/2 ) 

— eJyf 2 (e~jy/ 2 - ejyf 2 ) 
2 sinWV2) 
sin(y/2) 

After multiplying / a (y) by its complex conjugate, we 
obtain the result: 


fa(y) = 


sin 2 {Ny/2) 
sin 2 (y/2) 

(uniform amplitude and phase). (9.120) 


The maximum value of F a (y) can be shown to occur 
at y — 0 (or 9 = rr/2) and is equal to N 2 , which is easy 
to verify by evaluating Eq. (9.114) for y — 0. Hence, the 
normalized array factor is given by 


Fmiv) = 


Fa(y) 

f'a.max 


sin 2 (Ny/2) 

A 2 sin 2 (y/2) 


sin 2 

f AT trd 1 

. 

~ we 

^ J 

N 2 sin 2 

red 

— cm 6 
_ A. 


(9.121) 


A polar plot of F an (8) with JV = 6 is shown in Fig. 9-30 
for d = A./2. The reader is reminded that this is a plot 
of the radiation pattern of the array factor alone; the 
pattern for the antenna array is equal to the product of this 
pattem and that of a single element, as discussed earlier 
in connection with the pattern multiplication principle. 




412 


CHAPTER 9 RADIATION AND ANTENNAS 



Example 9-8 Multiple-Beam Array 

Obtain an expression for the array factor of a 
two-element array with equal excitation and a separation 
d = 7A/2, and then plot the array pattern. 

Solution: The array factor for a two-element array 
(N — 2) with equal excitation (ao = a\ =1) is given 
by 


E a (y) = 




<=o 


„iv i 2 


= U 

= \e jvl2 (e~ iY/2 + e jy,2 )\ 2 


= \e jYl2 \ 2 \e~ jY/2 + e ir/2 \ 2 
= 4cos 2 (y/2), 


where y = (2jvd/X) cos 0. The normalized array pattern, 
shown in Fig. 9-31, consists of seven beams, all with the 
same peak value, but not the same angular width. The 
number of beams in the angular range between 9=0 
and 9 = 7T is equal to the separation between the array 
elements, d. measured in units of A/2. ■ 


M9.4-9.5 


9-11 Electronic Scanning of Arrays 

The discussion in the preceding section was concerned 
with uniform-phase arrays, for w’hich the phases of the 
feeding coefficients, i^n to t//,v-i, are all equal. In this 
section, we examine the use of phase delay between 
adjacent elements as a tool for electronically steering 
the direction of the array-antenna beam from broadside 
at 9 = 90° to any desired angle 0 () . In addition to 
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eliminating the need to mechanically steer an antenna 
to change its beam’s direction, electronic steering allows 
beam scanning at very fast rates. 

Electronic steering is achieved by applying linearly 
progressive phase delays from element to element across 
the array, as shown in Fig. 9-32. Relative to the phase of 
the zeroth element, the phase of the ith element is 

ft = -iS, (9.122) 

where 5 is the incremental phase delay between adjacent 
elements. Use of Eq. (9.122) in Eq. (9.110) leads to 

N -1 2 

J2a,e- Ii5 e iikdcos0 

i= 0 


= Y^a ie Ji(kdcose - S) 

i=0 
•V-l 

- J^a,e jiy ' 
i=0 

where 

y' = kdcosb - 8 . (9.124) 

For reasons that will become clear later, let us define the 
phase shift 8 in terms of an angle do, which we shall call 
the scan angle, as follows: 

8 = kd cos do. (9.125) 

In this case, y' becomes 

y ' = kd (cos 0 - cos do). (9.126) 

The array factor given by Eq. (9.123) has the same 
functional form as the array factor developed earlier for 
the case of the uniform-phase array [see Eq. (9.113)1. 
except that y is replaced with y Hence, for any 
amplitude distribution across the array, the array factor 
of an array excited by a linear-phase distribution may 
be obtained from the expression developed for the array 
assuming a uniform-phase distribution simply by replac¬ 
ing y, with y '. For an amplitude distribution symmetrical 
with respect to the array center, the array factor Ffy ') 
is maximum when its argument y' = 0. When the phase 
is uniform (8 = 0), this condition corresponds to the 
direction 6 — 90°, which is why the uniform-phase case 
is called a broadside array. According to Eq. (9.126), 
in the more general case of a linearly phased array, 
y' = 0 corresponds to 0 = 0 0 . Thus, by applying linear 
phase across the array, the array pattern is shifted along 
the cos d-axis by an amount cos 0 q> and the direction 
of maximum radiation is steered from the broadside 
direction (0 = 90°) to the direction 0 = 0 O - To steer the 
beam all the way to the end-fire direction (0 = 0), the 
incremental phase shift 8 should be equal to kd radians. 


= F a (y'), (9.123) 


F a (0) = 
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Figure 9-33: Normalized array pattern of a 10-element array with A/2 spacing between adjacent elements. All elements are 
excited with equal amplitude. Through the application of linear phase across the array, the main beam can be steered from the 
broadside direction (0o = 90°) to any scan angle da. Equiphase excitation corresponds to $o = 90°. 


9-11.1 Uniform-Amplitude Excitation 

To illustrate the process with an example, let us 
consider the case of the A'-element array excited by 
a uniform-amplitude distribution. Its normalized array 
factor is given byEq. (9.121). Upon replacing y with y 
we have 


For N — 10 and d — A./2, plots of the main lobe of 
■Fan(0).are shown in Fig. 9-33 for 0 O = 0°, 45°, and 90°. 
We note that the half-power beamwidth increases as the 
array beam is steered from broadside to end fire. 

9-11.2 Array Feeding 


/ 7 a»(y') = 


sin 2 (Afy '/2) 
N 2 sin 2 (y '/2) ’ 


(9.127) 


with y' defined by Eq. (9.126). The expression given 
by Eq. (9.127) now characterizes the array factor of 
an array excited with equal amplitudes (a,- = 1 

for t = 0,1,.... /V — 1) and with incremental phases 
(ft = - iS ). 


According to the foregoing discussion, to steer the 
antenna beam to an angle 9t,, two conditions must he 
satisfied: (1) the phase distribution must be linear across 
the array, and (2) the magnitude of the incremental phase 
delay S must satisfy Eq. (9.125). The combination of 
these two conditions provides the necessary translation 
of the phase front from t) = 90° (broadside) to 9 = 9 0 . 
This can be accomplished by controlling the excitation 
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fi(f) = - 4 >) =- fQi - k) 

Up 

2 ni 

= - }l. (9.129) 

u p 

Suppose that at a given reference frequency fr, we choose 
the incremental length / such that 


floUp 

IT 


(9.130) 


where ;; 0 is a specific positive integer. In this case, the 
phase delay t/f|(/o) becomes 


V f i (/o) = -2rr -— = -2 n 0 7r 


(9.131) 


of each radiating element individually through the use 
of electronically controlled phase shifters. Alternatively, 
a technique known as frequency scanning can be used 
to provide control of the phases of all the elements 
simultaneously. Figure 9-34 shows an example of a 
simple feeding arrangement employed in frequency 
scanning arrays. A common feed point is connected to the 
radiating elements through transmission lines of varying 
lengths. Relative to the zeroth element, the path between 
the common feed point and a radiating element is longer 
by / for the first element, by 21 for the second, and by 3 1 
for the third. Thus, the path length for the ith element is 


and, similarly, foifo) = -4ra 0 jr and t/'-T/o) = -6 n 0 n. 
That is, at f 0 all the elements will have equal phase 
(within multiples of 2n) and the array radiates in the 
broadside direction. If / is changed to f 0 + A/, the 
new phase shift of the first clement relative to the zeroth 
element is 

*i(/o + A/) = ——(/o + A/)/ 

Up 

2nfol /2al\ ^ 

Up V Up J 


ii = ii + lo, (9.128) 


= —2no7z — 2 /Iqtv 



where l 0 is the path length of the zeroth element. Wave 
propagation at a frequency / on a transmission line of 
length /, is characterized by a phase factor e ~ m , where 
fi — 2nf/u p is the phase constant of the line and u p 
is its propagation velocity. Hence, the incremental phase 
delay of the tth element, relative to the phase of the zeroth 
element, is 


= -2n 0 tr-S, (9.132) 

where use was made of Eq. (9.130) and 8 is defined as 
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Similarly, fc(fii + &f) = 2ip\ and iAs(/o + A/) = 3i/q. 
Ignoring the factor of 2n and its multiples (since they 
exercise no influence on the relative phases of the radiated 
fields), we see that the incremental phase shifts are 
directly proportional to the fractional frequency deviation 
(A///o). Thus, in an array with N elements, controlling 
A/ provides a direct control of 8, which in turn controls 
the scan angle do according to Eq. (9.125). Equating 
Eq. (9.125) to Eq. (9.133) and then solving for cos0 o 
leads to 



As / is changed from / 0 to /o + A/, k = 
2 tc/X — 2nf/c also changes with frequency. However, 
if A///o is small, we may treat k as a constant equal to 
2 ,t/ 0 /c; the error in cos 9 0 resulting from the use of this 
approximation in Eq. (9.134) is on the order of A f/f 0 . 


Example 9-9 Electronic Steering 

Design a steerable six-element array with the following 
specifications: 

1- All elements are excited with equal amplitudes. 

2. At f 0 = 10 GHz, the array radiates in the broadside 
direction, and the interelemenl spacing d = A 0 /2, 
where k 0 = c// 0 = 3 cm. 

3. The array pattern is to be electronically steerable in 
the elevation plane over the angular range extending 
between d 0 = 30° and 0 O = 150°. 


CHAPTER 9 RADIATION AND ANTENNAS 



4. The antenna array is fed by a voltage-controlled 
oscillator whose frequency can be varied over the 
range from 9.5 to 10.5 GHz. 

5. The array uses a feeding arrangement of the type 
shown in Fig. 9-34, and the transmission lines have 
a phase velocity u p — 0.8c. 

Solution: The array is to be steerable from (9 0 = 30° 
to 9 0 = 150" (Fig. 9-35). For 9 0 = 30° and kd = 
(2tt/Ao)(A.o/2) = n, Eq. (9.134) gives 

0.87 = 2n 0 (jty (9.135) 

We are given that f, - 10 GHz and the oscillator 
frequency can be varied between (/„ - 0.5 GHz) and 
(/o + 0.5 GHz). Thus, A/ mox = 0.5 GHz. To satisfy 
Eq. (9.135), we need to choose n 0 such that A/ is as 
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close as possible lo, but not larger than, A/ max . Solving 
Eq. (9.135) for« 0 with A/ = A/ max gives 


«o 


0-87 f 0 
2 A/max 


REVIEW QUESTIONS 

Q9.13 Why arc antenna arrays useful? Give examples 
of typical applications. 


Since no is not an integer, we do not need to modify its 
value by rounding it upward to the next whole-integer 
value. Hence, we set « 0 = 9. 

Application of Eq. (9.130) specifics the magnitude of 
the incremental length i. 


_ «0Mp 

fo 


9 x 0.8 x 3 x 10 s 
10 "> 


= 21.6 cm. 


In summary, with N = 6 and kd = 7r, Eq. (9.127) gives 
the following expression for the normalized array pattern: 

sin 2 (3y') 

" an K 36 sin 2 (y '/2) ’ 
where, according to Eq. (9.126), 


y' = kd {cos 0 - cos0 o ) = tt(c os 9 - cos^o), 


and, from Eq. (9.134), 


cos 0 0 = 


In pit 
kd 



= 18 


//- 10 GHz \ 
V 10 GHz ) 


(9.136) 


The shape of the array pattern is similar to that shown in 
Fig. 9-30, and its main-beam direction is along 8 = 6 0 . 
For / = /o = 10 GHz, 6 0 = 90° (broadside direction); 
for / = 10.48 GHz. 8 0 = 30/ and for / = 9.52 GHz, 
% = 150°. For any other value of 0 t) between 30° and 
150°, Eq. (9.136) provides the means for calculating the 
required value of the oscillator frequency /. ■ 


Q9.14 Explain how the pattern multiplication principle 
is used to compute the radiation pattern of an antenna 
array. 

Q9.15 For a linear array, what roles do the array 
amplitudes and phases play? 

Q9.16 Explain how electronic beam steering is 
accomplished. 

Q9.17 Why is frequency scanning an attractive 
technique for steering the beam of an antenna array? 


CHAPTER HIGHLIGHTS 

• An antenna is a transducer between a guided wave 
propagating on a transmission line and an EM wave 
propagating in an unbounded medium, or vice versa. 

• Except for some solid-state antennas composed 
of non-linear semiconductors or ferrite materials, 
antennas are reciprocal devices; they exhibit the 
same radiation patterns for transmission as for 
reception. 

• In the far-field region of an antenna, the radiated 
energy is approximately a plane wave. 

• The electric field radiated by current antennas, such 
as wires, is equal to the sum of the electric fields 
radiated by all the Hertzian dipoles making up the 
antenna. 
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• The radiation resistance R ra a of a half-wave dipole is 
73 £2, which can be easily matched to a transmission 
line. 

• The directional properties of an antenna are 
described by its radiation pattern, directivity, pattern 
solid angle, and half-power beamwidlh. 

• The Friis transmission formula relates the power 
received by an antenna due to that transmitted by 
another antenna at a specified distance away. 

• The far-zone electric field radiated by a large 
aperture (measured in wavelengths) is related 
to the field distribution across the aperture by 
Kirchhoff’s scalar diffraction theory. A uniform 
aperture distribution produces a far-field pattern 
with the narrowest possible beamwidth. 

• By controlling the amplitudes and phases of the 
individual elements of an antenna array, it is possible 
to shape the antenna pattern and to steer the direction 
of the beam electronically. 

• The pattern of an array of identical elements is equal 
to the product of the array factor and the antenna 
pattern of an individual antenna element. 


GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

antenna 

isotropic antenna 
radiation pattern 
antenna impedance 
far-field (or far-zone) region 
short dipole (Hertzian dipole) 


spherical propagation factor 
power density S (6, <p) 
broadside direction 
solid angle 

radiation intensity (normalized) F 
elevation and azimuth planes 
radiation lobes 
pattern solid angle £2 p 
beamwidth fi 
antenna directivity D 
antenna gain G 
radiation efficiency £ 
radiation resistance /? raC | 
loss resistance 

effective area (effective aperture) A e 

Friis transmission formula 

system noise temperature T sys 

signal-to-noise ratio S n 

aperture distribution 

antenna array 

electronic steering 

feeding coefficient 

pattern multiplication principle 

array factor F a {9, <p) 

end-fire direction 

frequency scanning 


PROBLEMS 

Sections 9-1 anti 9-2: Short Dipole and Antenna Radiation 
Characteristics 

9.1’ A center-fed Hertzian dipole is excited by a current 
h = 20 A. If the dipole is a/50 in length, determine the 
maximum radiated power density at a distance of 1 km. 

*Answer(s) available in Appendix D. 

Solution available in CD-ROM. 
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9.2 A l-m-long dipole is excited by a i-MHz current 
with an amplitude of 12 A. What is the average power 
density radiated by the dipole at a distance of 5 km in a 
direction that is 45° from the dipole axis? 

9.3* Determine the following: 

(a) The direction of maximum radiation. 

(b) Directivity. 

(c) Beam solid angle. 

(d) Half-power beamwidth in the x-z plane. 

for an antenna whose normalized radiation intensity is 
given by 

1, for 0 < 9 < 60°and 0 <<j> <2n 
0, elsewhere. 

Suggestion: Sketch the pattern prior to calculating the 
desired quantities. 

9.4 Repeat Problem 9.3 for an antenna with 

sin 2 0 cos 2 1 p for 0 < 6 < n 
F(Q, tp ) = and — tt/2 <<p< it/2 

0 elsewhere 

9.5* A 2-m-long center-fed dipole antenna operates in 
the AM broadcast band at 1 MHz. The dipole is made of 
copper wire with a radius of 1 mm. 

(a) Determine the radiation efficiency of the antenna. 

(b) What is the antenna gain in decibels? 

(c) What antenna current is required so that the antenna 
will radiate 80 W. and how much power will the 
generator have to supply to the antenna? 


9.6 Repeat Problem 9.5 for a 20-cm-long antenna 
operating at 5 MHz. 

9.7* An antenna with a pattern solid angle of 1.5 (sr) 
radiates 60 W of power. At a range of I km, what is the 
maximum power density radiated by the antenna? 

9.8 An antenna with a radiation efficiency of 90% has 
a directivity of 7.0 dB. What is its gain in decibels? 

9.9* The radiation pattern of a circular parabolic- 
reflector antenna consists of a circular major lobe with 
a half-power beamwidth of 3° and a tew minor lobes. 
Ignoring the minor lobes, obtain an estimate for the 
antenna directivity in dB. 

9.10 The normalized radiation intensity of a certain 
antenna is given by 

F(G) = cxp(-2O0 2 ) for 0 < 9 < it 
where (9 is in radians. Determine: 

(a) The half-power beamwidth. 

(b) The pattern solid angle. 

(c) The antenna directivity. 

Sections 9-3 and 9-4: Dipole Antennas 

9.11* Repeat Problem 9.5 for a l-m-long half-wave 
dipole that operates in the FM/TV broadcast band at 
150 MHz. 

9.12 Assuming the loss resistance of a half-wave 
dipole antenna to be negligibly small and ignoring the 
reactance component of its antenna impedance, calculate 
the standing-wave ratio on a 50-S2 transmission line 
connected to the dipole antenna. 
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9.13* For a short dipole with length / such that / « A., 
instead of treating the current I(z) as constant along 
the dipole, as was done in Section 9-1, a more realistic 
approximation that ensures that the current goes to zero 
at the ends is to describe I (z) by the triangular' function 

/o(l — 2 z/1 ), for 0 < z < 1/2 
f 0 (l +2z/l), for — 1/2 < z <0 

as shown in Fig. 9-36. Use this current distribution to 
determine the following: 

(a) The far-field F,(R, 0, </>). 

(b) The power density S(R,6, <j>). 

(c) The directivity D. 

(d) The radiation resistance 7? ra( i. 


\^Kz) 



Figure 9-36: Triangular current distribution on a short 
dipole (Problem 9.13). 


9.14 For a dipole antenna of length / = 3X/2, 

(a) Determine the directions of maximum radiation. 

(b) Obtain an expression for S max 

(c) Generate a plot of the normalized radiation pattern 
F(9). 

(d) Compare your pattern with that shown in 
Fig. 9-17(c). 


9.15 Repeat parts (a)-(c) of Problem 9.14 for a dipole 
of length l = 31/4. 

9.16 Repeat parts (a)-(c) of Problem 9.14 for a dipole 
of length l = k. 

9.17* A car - antenna is a vertical monopole over a 
conducting surface. Repeat Problem 9.5 for a 1-m-long 
car antenna operating at 1 MHz. The antenna wire is made 
of aluminum with fi c — /x 0 and cr c = 3.5 x 1(J 7 S/m, and 
its diameter is 1 cm. 

Sections 9-5 and 9-6: Effeclive Area and Friis Formula 

9.18 Determine the effective area of a half-wave dipole 
antenna at 100 MHz, and compare it to its physical cross- 
section if the wire diameter is 2 cm. 

9.19* A 3-GHz line-of-sight microwave communica¬ 
tion link consists of two lossless parabolic dish antennas, 
each 1 m in diameter. If the receive antenna requires 
10 nW of receive power for good reception and the 
distance between the antennas is 40 km, how much power 
should be transmitted? 

9.20 A half-wave dipole TV broadcast antenna trans¬ 
mits 1 kW at 50 MHz. What is the power received by a 
home television antenna with 3-dB gain if located at a 
distance of 30 km? 

9.21* A 150-MHz communication link consists of 
two vertical half-wave dipole antennas separated by 
2 km. The antennas are lossless, the signal occupies a 
bandwidth of3 MHz, the system noise temperature of the 
receiver is 600 K, and the desired signal-to-noise ratio is 
17 dB. What transmitter power is required? 

9.22 Consider the communication system shown in 
Fig. 9-37, with all components properly matched. If 
P\ = 10 W and / — 6 GHz: 
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(a) What is the power density at the receiving antenna 
(assuming proper alignment of antennas)? 

(b) What is the received power? 

(C) If 7sys = 1 , 000 K and the receiver bandwidth 
is 20 MHz, what is the signal-to-noise ratio in 
decibels? 


Sections 9-7 and 9-8: Radiation by Apertures 

9.23" A uniformly illuminated aperture is of length 
l x — 20X. Determine the beamwidth between first nulls 
in the x-z plane. 

9.24 The 10-dB beamwidth is the beam size between 
the angles at whieh F(9) is 10 dB below its peak value. 
Determine the 10-dB beamwidth in the x-z plane for a 
uniformly illuminated aperture with length l x — 102. 

9.25* A uniformly illuminated rectangular aperture 
situated in the x-y plane is 2 m high (along x) and 1 m 
ufide (along y). If / = 10 GHz, determine the following: 


(a) The beamwidths of the radiation pattern in the 
elevation plane (x-z plane) and the azimuth plane 
( y-z plane). 

(b) The antenna directivity D in decibels. 


9.26 An antenna with a circular aperture has a circular 
beam with a beamwidth of 3° at 20 GHz. 

(a) What is the antenna directivity in dB? 

(b) If the antenna area is doubled, what will be the new 
directivity and new beamwidth? 

(c) If the apermre is kept the same as in (a), but the 
frequency is doubled to 40 GHz, what will the 
directivity and beamwidth become then? 

9.27* A 94-GHz automobile collision-avoidance radar 
uses a rectangular-aperture antenna placed above the 
car’s bumper. If the antenna is 1 m in length and 10 cm 
in height, determine the following: 

' (a) Its elevation and azimuth beamwidths. 

(b) Tire horizontal extent of the beam at a distance of 
300 m. 


9.28 A microwave telescope consisting of a very 
sensitive receiver connected to a 100-m parabolic-dish 
antenna is used to measure the energy radiated by 
astronomical objects at 20 GHz. If the antenna beam is 
directed toward the moon and the moon extends over 
a planar angle of 0.5“ from Earth, what fraction of the 
moon’s cross-section will be occupied by the beam? 
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Sections 9-9 and 9-11: Antenna Arrays 

9.29* A two-element array consisting of two isotropic 
antennas separated by a distance d along the z-axis 
is placed in a coordinate system whose z-axis points 
eastward and whose x-axis points toward the zenith. If 
a,, and ci\ are the amplitudes of the excitations of the 
antennas at z = 0 and at z — d, respectively, and if 5 is 
the phase of the excitation ofthe antenna at z. — (/relative 
to that of the other antenna, find the array factor and plot 
the pattern in the x-z plane for the following: 

(a) fl 0 = O] = 1, 8 = 7T/4-, and d = A/2 

(b) oo = 1, a\ — 2, 5 = 0, and d = A 

(c) «o = a] = 1, 8 = -Til 2, and d = A/2 

(d) «o = 1, a\ = 2, 8 - n/ 4, and d = A/2 

(e) A(i =1, a\ — 2, S = 7r/2, and d — A/4 


9.30 If the antennas in part (a) of Problem 9.29 are 
parallel, vertical, Hertzian dipoles with axes along the 
x -direction, determine the normalized radiation intensity 
in the x-z plane and plot it. 

9.31* Consider the two-element dipole array of 
Fig. 9-29(a). If the two dipoles are excited with identical 
feeding coefficients (ao = a\ = 1 and i = 0), 

choose (dp.) such that the array factor has a maximum 
at 6 = 45°. 


9.32 Choose (d /A) so that the array pattern of the array 
of Problem 9.31 has a null, rather than a maximum, at 
9= 45°. 


9.33* Find and plot the normalized array factor and 
determine the half-power bcamwidth for a five-element 
linear array excited with equal phase and a uniform 
amplitude distribution. The interclemcnt spacing is 3A/4. 

9.34 A three-element linear array of isotropic sources 
aligned along the z-axis has an interelement spacing of 
A/4 (Fig. 9-38). The amplitude excitation of the center 
element is twice that of the bottom and top elements, and 
the phases are —,t/ 2 for the bottom element and 7r/2 for 
the top clement, relative to that of the center element. 
Determine the array factor and plot it in the elevation 
plane. 


z 



A/4 

-i- 1 Zzrg ! , 


Figure 9-38: Three-element array of Problem 9.34. 


9.35* An eight-element linear array with A/2 spacing 
is excited with equal amplitudes. To steer the main beam 
to a direction 60” below the broadside direction, what 
should be the incremental phase delay between adjacent 
elements? Also, give the expression for the array factor 
and plot the pattern. 
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9.36 A linear array arranged along the z-axis consists 
of 12 equally spaced elements with d = 1/2. Choose 
an appropriate incremental phase delay S so as to steer 
the main beam to a direction 30° above the broadside 
direction. Provide an expression for the array factor of 
the steered antenna and plot the pattern. From the pattern, 
estimate the beamwidth. 

9.37-9.40 Additional Solved Problems — complete 
solutions on ' . 



Jividual spot 
:as or footprints’ 


Individual transmitters 
and bom antennas 


Satellite 
Communication Systems 
and Radar Sensors 


<b) Multiple spot beams 


Application Examples 

10-1 Satellite Communication Systems 

10-2 Satellite Transponders 

10-3 Communication-Link Power Budget 

10-4 Antenna Beams 

10-5 Radar Sensors 

10-6 Target Detection 

10-7 Doppler Radar 

10-8 Monopulse Radar 










Application Examples 


1 his concluding chapter presents overviews of the 
principles of operation of satellite communication 
systems and radar sensors, with emphasis on 
electromagnetic-related topics. 

10-1 Satellite Communication Systems 

Today’s world is connected by a vast communication 
network that provides a wide array of voice, data, 
and video services to both fixed and mobile terminals 
(Fig. 10-1]. The viability and effectiveness of the network 
axe attributed in large measure to the use of orbiting 
satellite systems that function as relay stations with wide 
area coverage of Earth’s surface. From a geostationary 
orbit position at 35,786 km above the equator, a satellite 
can view over one-third of Earth’s surface and can 




connect any pair of points within its coverage [Fig. 10-21. 
The history of communication satellite engineering 
dates back to the late 1950s when the U.S. navy used 
the moon as a passive reflector to relay low-data-rate 
communications between Washington, D.C., and Hawaii. 
The first major development involving artificial Earth 
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Figure 10-3: Satellite of mass in % in orbit around Ear th. For the orbit to be geostationary, the distance Rq between the satellite 
and Earth's center should be 42,164 km. At the equator, this corresponds to an altitude of 35,786 km above Earth's surface. 


satellites took place in October 1957 when the Soviet 
Union launched Sputnik I and used it for 21 days 
to transmit (one-way) telemetry information. This was 
followed by another telemetry satellite. Explorer /, 
which was launched by the United States in January 
1958, and in December of that year the satellite Score was 
launched and used to broadcast President Eisenhower’s 
Christmas message, marking the first instance of two-way 
voice communication via an artificial satellite. 

These achievements were followed by a flurry of 
space activity, leading to the development of operational 
communication satellites by many countries for both 
commercial and governmental services. This section 
provides an overview of the satellite communications 
link, including transmitter-receiver power calculations, 
propagation aspects, frequency allocations, and antenna 
design considerations. 

A satellite is said to be in a geostationary orbit 
around Earth when it is in a circular orbit in a plane 
identical with Earth’s equatorial plane and at such an 
altitude that the orbital period is identical with Earth’s 
rotational period. A satellite of mass M s in circular orbit 


around Earth [Fig. 10-3] is subject to two forces, a 
gravitational force F g and arepelling centrifugal force F c . 
The magnitudes of these two forces are given by 


_ _ G M s M e 
S i? 0 2 ’ 

F e =^. = M^R 0 , 

Ail 


( 10 . 1 ) 

( 10 . 2 ) 


where G = 6.67 x 10“ (N-m 2 /kg 2 ) is the universal 
gravitational constant, M e = 5.98 x 10 24 kg is Earth’s 
mass, Ri, is the distance between the satellite and the 
center of Earth, and u s is the satellite velocity. For 
a rotating object. n s = uiRo, where to is its angular 
velocity. In order for the satellite to remain in orbit, the 
two opposing forces acting upon it have to be equal in 
magnitude, or 


G 


U S A/ C 


= M s co 2 Rq , 


(10.3) 


which yields a solution for /? 0 given by 




"GA41 1/3 

CO 2 


(10.4) 
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To remain stationary with respect to Earth’s surface, the 
satellite’s angular velocity has to be the same as that of 
Earth’s own angular velocity around its own axis. Thus, 


where T is the period of one sidereal day in seconds. A 
sidereal day, which takes into account Earth’s rotation 
around the sun, is equal to 23 hours, 56 minutes, and 4.1 
seconds. Using Eq. (10.5) in Eq. (10.4) gives 


Rr, — 

(GM e T 2 \ 1/3 


( 4/r 2 / 


and upon using the numerical values for T, M e , and G, we 
obtain the result R 0 = 42, 164 kin. Subtracting 6,378 km 
for Earth's mean radius at the equator gives an altitude 
of h = 35,786 km above Earth’s surface. 

From a geostationary orbit, Earth subtends an angle 
of 17.4°, covering an arc of about 18,000 km along 
the equator, which corresponds to a longitude angle 
of about 160°. With three equally spaced satellites in 
geostationary orbit over Earth’s equator, complete global 
coverage of the entire equatorial plane can be achieved, 
with significant overlap between the beams of the three 
satellites. As far as coverage toward the poles, a global 
beam can reach Earth stations up to 81° of latitude on 
either side of the equator. 

Not all satellite communication systems use spacecraft 
that are in geostationary orbits; because of transmitter 
power limitations or other considerations, it is sometimes 
necessary to operate from much lower altitudes, in which 
case the satellite is placed in a highly elliptical orbit (to 
satisfy Kepler’s law) such that for part of the orbit (near its 
perigee.) it is at a range of only a few hundred kilometers 
from Earth’s surface. Whereas only three geostationary 
satellites are needed to provide global coverage of Earth's 
surface, a much larger number is needed when the 
satellites used are in highly elliptical orbits. 


10-2 Satellite Transponders 

A communication satellite functions as a distant repeater 
that receives uplink signals from Earth stations, processes 
the signals, and then retransmits them on the downlink 
to their intended Earth destinations. The International 
Telecommunication Union has allocated specific bands 
for satellite communications [Table 10-1], Of these, the 
bands used by the majority of U.S. commercial satellites 
for domestic communications are the 4/6 GHz band 
(3.7- to 4.2-GHz downlink and 5.925- to 6.425-GHz 
uplink) and the 12/14 GHz band (11.7- to 12.2-GHz 
downlink and 14.0- to 14.5-GHz uplink). Each uplink 
and downlink segment has been allocated 500 MHz of 
bandwidth. By using different frequency bands for Earth - 
to-satellite uplink segment and for the satellite-to-Earth 
downlink segments, the same antennas can be used for 
both functions while simultaneously guarding against 
interference between the two signals. The downlink 
segment commonly uses a lower-frequency carrier than 
the uplink segment, because lower frequencies suffer 
lower attenuation by Earth’s atmosphere, and thus eases 
the requirement on satellite output power. 

We shall use the 4/6 GHz band as a model to 
facilitate discussion of the satellite-repeater operation, 
while keeping in mind that the functional structure of the 
repeater is basically the same regardless of which speci fic 
satellite communication band is used. 

Figure 10-4 shows a generalized block diagram of 
a 12-channel repeater as implemented in a typical 
communications satellite. The path of each channel from 
the point of its reception by the antenna, followed by its 
transfer through the repeater up to the point of its retrans¬ 
mission through the antenna, is called a transponder The 
available 500-MHz bandwidth is allocated to 12 channels 
(transponders) of 36-MHz bandwidth per channel and 4- 
MHz separation between channels. The basic functions 
of each transponder are isolation of neighboring 
radio frequency (RF) channels, frequency translation, 
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Table 10-1: Communications satellite frequency allocations. 


Use 

Downlink Frequency 

(MHz) 

Uplink Frequency 

(MHz) 

Commercial (C-band) 
Military (X-band) 
Commercial (K-band) 
Domestic (USA) 
International 

Fixed Service 

3.700- 4,200 
7,250-7,750 

11.700- 12,200 
10,950-11,200 

5,925-6,425 

7,900-8,400 

14,000-14,500 

27,500-31,000 

Maritime 

Aeronautical 

Mobile Service 

1,535-1,542.5 

1,543.5-1,558.8 

1,635-1,644 

1,645-1,660 


Broadcast Service 
2,500-2,535 
11.700-12.750 

2,655-2,690 

Telemetry, Tracking, and Command 

137-138,401-402, 1,525-1,540 


and amplification. With frequency-division multiple 
access (FDMA)—one of the schemes commonly 
used for information transmission—each transponder 
can accommodate thousands of individual telephone 
channels within its 36 MHz of bandwidth (telephone 
speech signals require a minimum bandwidth of 3 kHz, 
and the nominal frequency spacing usually used is 
4 kHz per telephone channel), several TV channels (each 
requiring a bandwidth of 6 MHz), millions of bits of 
digital data, or combinations of all three. 

When the same antenna is used for both transmission 
and reception, a duplexer is used to perform the signal 
separation. Many types of duplexers are available, but 
among the simplest to understand is the circulator shown 
in Fig. 10-5. A circulator is a three-port device that uses 
a ferrite material placed in a magnetic field induced by 
a permanent magnet to achieve power flow' from ports 1 


to 2, 2 to 3, and 3 to 1. but not in the reverse directions. 
With the antenna connected to port 1, the received signal 
is channeled only to port 2; with port 2 being properly 
matched to the band-pass filter, no part of the received 
signal will be reflected from port 2 to 3; and with the 
transmitted signal connected to port 3, the circulator 
channels it to port 1 for transmission by the antenna. 

Following the duplexer shown in Fig. 10-4, the 
received signal passes through a receiver band-pass 
filter that ensures isolation of the received signal from 
the transmitted signal. The receiver filter covers the 
bandwidth from 5.925 to 6.425 GHz, which encompasses 
the cumulative bandwidths of all 12 channels; the first 
received channel extends from 5,927 to 5,963 MHz, the 
second one from 5,967 to 6,003 MHz, and so on until 
the twelfth channel, which covers the range from 6,367 
to 6,403 MHz. The next subsystem along the received 
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Figure 10-4: Elements of a 12-channel (transponder) communications system. 
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Figure 10-5: Basic operation of a ferrite circulator. 


signal path is the wideband receiver, which consists 
of three elements: a low-noise wideband amplifier, 
a frequency translator, and an output amplifier. The 
frequency translator consists of a stable local oscillator 
that generates a signal at a frequency / 0 = 1D, 105 MHz, 
connected to a nonlinear microwave mixer. The mixer 
serves to convert the frequency f, of the received signal 
(which covers the range from 5,927 to 6,403 MHz) to 
a lower-frequency signal f - f 0 - f,. Thus, the lower 
end of the received signal frequency gets converted from 
5,927 to 4,178 MHz and the upper end gets converted 
from 6,403 to 3,702 MHz. This translation results in 12 
channels with new frequency ranges, but their signals 
carry the same information (modulation) that was present 
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■ From output multiplexer 
(ch 1-12) 
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(ch 13-24) 


Figure 10-6: Polarization diversity is used to increase the 
number of channels from 12 to 24. 


in the received signals. In principle, the receiver output 
signal can now be further amplified and then channeled 
to the antenna through the duplexer for transmission back 
to Earth. Instead, the receiver output signal is separated 
into the 12 transponder channels through a multiplexer 
followed by a bank of narrow band-pass fillers, each 
covering the bandwidth of one transponder channel. 
Each of the 12 channels is amplified by its own high- 
power amplifier (HPA), and then the 12 channels are 
combined by another multiplexer that feeds the combined 
spectrum into the duplexer. This channel separation and 
recombination process is used as a safety measure against 
losing all 12 channels should a high-power amplifier 
experience degradation in performance or total failure. 

The information carrying capacity of a satellite 
repeater can be doubled from 12 to 24 channels over 
the same 500-MHz bandwidth by using polarization 
diversity. Instead of transmitting one channel of 
information over channel 1 (5,927 to 5,963 MHz), for 
example, the ground station transmits to the satellite 
two signals carrying different information and covering 
the same frequency band, but with different antenna 
polarization configurations, such as right-hand circular 
(RHC) and left-hand circular (LHC) polarizations. The 


satellite antenna is equipped with a feed arrangement dial 
can receive each of the two circular polarization signals 
individually with negligible interference between them. 
Two duplexers are used in this case, one connected to 
the RHC polarization feed and another connected to the 
LHC polarization feed, as illustrated in Fig. 10-6. 

10-3 Communication-Link Power Budget 

The uplink and downlink segments of a satellite 
communication link [Fig. 10-7] are each governed by the 
Friis transmission formula [Section 9-6], which states 
that the power P t received by an antenna with gain G r 
due to the transmission of power P t by an antenna with 
gain G t at a range R is given by 


The expression given by Eq. (10.7) applies to a lossless 
medium, such as free space. To account for attenuation 
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by clouds and rain in Earth’s atmosphere (when present 
along the propagation path), as well as absorption by 
certain atmospheric gases (primarily oxygen and water 
vapor), we should rewrite Eq. (10.7) in the following 
form: 

Pri = T(0) P r = T«?) P t G,G t j , (10.8) 

where now P n represents the input power at the receiver 
with atmospheric losses taken into account, and T (6) 
is the one-way transmissivity of the atmosphere at 
zenith angle 9. In addition to its dependence on 6, 
T (9) is a function of the microwave frequency of the 
communication link and the rain-rate conditions along 
the propagation path. At frequencies below 10 GHz, 
which include the 4/6 GHz band allocated for satellite 
communications, absorption by atmospheric gases is 
very small, and cloud and rain attenuation is also 
relatively small. Consequently, the magnitude of T(0) 
is typically on the order of 0.5 to 1 for most conditions. 
A transmissivity of 0.5 means that twice as much power 
needs to be transmitted (compared with the free-space 
case) in order to receive a specified power level. Among 
the various sources of atmospheric attenuation, the most 
serious is rainfall, and its attenuation coefficient in¬ 
creases rapidly with increasing frequency. Consequently, 
atmospheric attenuation assumes greater importance 
with regard to transmitter power requirements as the 
communication-system frequency is increased toward 
higher bands in the microwave region. 

The noise appearing at the receiver output, P B0 , 
consists of three contributions: (1) noise internally 
generated by the receiver electronics, (2) noise picked 
up by the antenna due to external sources, including 
emission by the atmosphere, and (3) noise due to thermal 
emission by the antenna material. The combination of all 
noise sources can be represented by an equivalent system 
noise temperature, T iys , defined such that 

Pm = G rec KT S y S B, (10.9) 


where K is Boltzmann's constant, G rcc is the receiver 
power gain, and B is its bandwidth. This output noise 
level is the same as would appear at the output of a 
noise-free receiver with input noise level 

Pm = p^ = KT syi B. (10.10) 

^rec 

The signal-to-noise ratio is defined as the ratio of the 
signal power to the noise power at the input of an 
equivalent noise-free receiver. Hence, 



The performance of a communication system is 
governed by two sets of factors. The first set 
encompasses the signal-processing techniques used to 
encode, modulate, combine, and transmit the signal at 
the transmitter end and to receive, separate, demodulate, 
and decode the signal at the receiver end. The second set 
of factors is the gains and losses in the communication 
link, and they are represented by the signal-to-noise 
ratio, 5„. For a given set of signal-processing techniques, 
S n determines the quality of the received signal, such as 
the bit error rale in digital data transmission and sound 
and picture quality in audio and video transmissions. Very 
high quality signal transmission requires very high values 
of S„; in broadcast-quality television by satellite, some 
systems arc designed to provide values of S n exceeding 
50 dB (or a factor of 10 5 ). 

The performance of a satellite link depends on the 
composite performance of the uplink and downlink 
segments. If cither segment performs poorly, the 
composite performance will be poor, regardless of how 
good the performance of the other segment is. It is for this 
reason that system-power calculations are performed for 
each segment separately. 
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10-4 Antenna Beams 

Whereas most Earth-station antennas must provide 
highly directive beams to avoid interference effects, the 
satellite antenna system is designed to produce beams 
tailored to match the areas served by the satellite. For 
global coverage, beamwidths of 17.4° are required. In 
contrast, for transmission to and reception from a small 
area, beamwidths on the order of 1° or less may be 
needed [Fig. 10-8]. An antenna with a beainwidth (S of 1° 




figure 10-8: Spot and multi-beam satellite antenna sys¬ 
tems for coverage of defined areas on Earth’s surface. 


would produce a spot beam on Earth covering an area 
approximately 630 km in diameter. 

Beam size has a direct connection to antenna gain 
and, in tum, to transmitter power requirements. Antenna 
gain G is related to the directivity D by G = | D. 
where f is the radiation efficiency, and D is related to 
the beainwidth /J by the approximate expression given 
by Eq. (9.26). For a circular beam, 

47T 

G = 00 . 12 ) 

where fi is in radians. For a lossless antenna (£ = 1). a 
global beam with fi — 17.4° (— 0.3 rad) corresponds to 
a gain G — 136, or 21.3 dB. A narrow 1° beam, on the 
other hand, corresponds to an antenna gain of 41,253, or 
46.2 dB. 

To accommodate the various communication functions 
associated with satellite systems, four main types of 
antennas are used*: 

1. Dipoles and helices at VHF and UHF for telemetry, 
tracking, and command functions; 

2. Homs and relatively small parabolic dishes (with 
diameters on the order of a few centimeters) for 
producing wide-angled beams for global coverage; 

3. Parabolic dishes fed by one or more horns to provide 
abeam for zone coverage [Fig. 10-8(a)] or multiple 
spot beams [Fig. 10-8(b)]; 

4. Antenna arrays consisting of many individual 
radiating elements for producing multi-spot beams 
and also for beam steering and scanning. 


REVIEW QUESTIONS 

Q10.1 What are the advantages and disadvantages 
of elliptical satellite orbits in comparison to the 
geostationary orbit? 

*R. G. Meadows and A. J. Parsons, Satellite Communications, 
Hutchinson Publishers. London, 1989. 
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Q10.2 Why do satellite communication systems use 
different frequencies for the uplink and downlink 
segments? Which segment uses the higher frequency and 
why? 

Q10.3 How does the use of antenna polarization 
increase the number of channels carried by the 
communication system? 

Q10.4 What are the sources of noise that contribute to 
the total system noise temperature of a receiver? 


10-5 Radar Sensors 

The term radar is a contracted form of the phrase radio 
detection and ranging, which conveys some, but not 
all, the features of a modem radar system. Historically, 
radar systems were first developed and used at radio 
frequencies, including the microwave band, but we 
now also have light radars, or lidurs, that operate at 
optical wavelengths. Over the years, the name radar 
has lost its original meaning and has come to signify 
any active electromagnetic sensor that uses its own 
source to illuminate a region of space and then measure 
the echoes generated by reflecting objects contained 
in the illuminated region. In addition to detecting the 
presence of a reflecting object and determining its range 
by measuring the time delay of short-duration pulses 
transmitted by the radar, a radar is also capable of 
specifying the position (direction ) of the target and its 
radial velocity. Measurement of the radial velocity of a 
moving object, which is the component of the object's 
velocity vector along the direction from the object to the 
radar, is realized by measuring the Doppler frequency 
shift produced by the moving object, which is equal to 
the difference between the frequencies of the transmitted 
and received signals. Also, the strength and shape of the 
reflected pulse carry information about the shape and 
material properties of the reflecting object. 


Radar is used for a wide variety of civilian and 
military applications, including air traffic control, 
aircraft navigation, law enforcement, control and 
guidance of weapon systems, remote sensing of Earth’s 
environment, weather observations, astronomy, and 
collision avoidance for automobiles. The frequency 
bands used for the various types of radar applications 
extend from the megahertz region to frequencies as high 
as 225 GHz. 

10-5.1 Basic Operation of a Radar System 

The block diagram shown in Fig. 10-9 contains 
the basic functional elements of a pulse radar sys¬ 
tem. The synchronizer-modulator unit serves to 
synchronize the operation of the transmitter and the 
videoprocessor-display unit by generating a train of 
direct current (d-c) narrow-duration, evenly spaced 
pulses. These pulses, which are supplied to both the 
transmitter and the videoprocessor-display unit, specify 
the times at which radar pulses are transmitted. The 
transmitter contains a high-power radio-frequency (RF) 
oscillator with an on/off control voltage actuated by 
the pulses supplied by the synchronizer-modulator 
unit. Hence, the transmitter generates pulses of RF 
energy equal in duration and spacing to the d-c pulses 
generated by the synchronizer-modulator unit. F,ach 
pulse generated by the transmitter is supplied to the 
antenna through a duplexer, which allows the antenna to 
be shared between the transmitter and the receiver. The 
duplexer, which often is called the transmitter/receiver 
(T/R) switch, connects the transmitter to the antenna for 
the duration of the pulse, and then connects the antenna 
to tire receiver for the remaining period until the start 
of a new' pulse. Some duplexers, however, are passive 
devices that perform the sharing and isolation functions 
continuously. The circulator shown in Fig. 10-5 is an 
example of a passive duplexer. After transmission by the 
antenna, a portion of the transmitted signal is intercepted 
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by a reflecting object (often called a target) and is 
reradiatcd in many directions. The energy reradiated 
by the target back toward the radar is collected by the 
antenna and delivered to the receiver, which processes 
the signal to detect the presence of the target and to 
extract information on its location and relative velocity. 
The receiver converts the reflected RF signals into lower- 
frequency video-frequency signals and supplies them 
to the videoprocessor-display unit, which displays the 
extracted information in a format suitable for the intended 
application. The servo unit positions the orientation of the 
antenna beam in response to control signals provided by 
cither an operator, a control unit with preset functions, 
or a control unit commanded by another system. The 
control unit of an air traffic control radar, for example, 
commands the servo to rotate the antenna in azimuth 
continuously. In contrast, the radar antenna placed in the 
nose of an aircraft is made to scan back and forth over 
only a specified angular range. 

10-5.2 Unambiguous Range 

The collective features of the energy transmitted by a 
radar are called the signal waveform. For a pulse radar. 



these features include (1) the carrier frequency /, (2) the 
pulse length x, (3) the pulse repetition frequency / p 
(number of pulses per second), or equivalently the 
interpulse period T v = l// p , and (4) the modulation 
(if any) within the pulses. Three of these features are 
illustrated in Fig. 10-10. Modulation, which refers to 
control of the amplitude, frequency, or phase of the signal, 
is beyond the level of the present treatment and therefore 
will not be considered. 
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The range to the target is determined by measuring the 
time delay T taken by the pulse to travel to the target and 
baek. For a target at range R, 

„ 2R 

T = — , (10.13) 


where c = 3 x 10 s in/s is the speed of light, and 
the factor 2 accounts for the two-way propagation. 
The maximum target range that a radar can measure 
unambiguously, called the unambiguous range R a , is 
determined by the interpulse period T p and is given by 



(10.14) 


The range R a corresponds to the maximum range that 
a target can have such that its echo is received before 
the transmission of the next pulse. If T p is too short, 
an echo signal due to a given pulse might arrive after 
the transmission of the next pulse, in which case the 
target would appear to be at a much shorter range than it 
actually is. 

According to Eq. (10.14), if a radar is to be used 
to detect targets that are as far away as 100 km, for 
example, then f p should he less than 1.5 kHz, and 
the higher the pulse repetition frequency (PRF). the 
shorter is the unambiguous range /?„. Consideration 
of R u alone suggests selecting a low PRF, but other 
considerations suggest selecting a very high PRF. As 
we will see later in Section 10-6, the signal-to-noisc 
ratio of the radar receiver is directly proportional to / p , 
and hence it would be advantageous to select the PRF 
to be as high as possible. Moreover, in addition to 
determining the maximum unambiguous range R u , the 
PRF also determines the maximum Doppler frequency 
(and hence the target's maximum radial velocity) that the 
radar can measure unambiguously. If the requirements 
on maximum range and velocity cannot he met by the 



Figure 10-11: Radar beam viewing two targets at ranges 
R l and /? 2 - 


same PRF, then some compromise may be necessary. 
Alternatively, it is possible to use a mulliple-PRF radar 
system that transmits a few pulses at one FRF followed by 
another series of pulses at another PRF, and then the two 
sets of received pulses are processed together to remove 
the ambiguities that would have been present with either 
PRF alone. 


10-5.3 Range and Angular Resolutions 

Consider a radar observing two targets located at ranges 
K] and R 2 , as shown in Fig. 10-11. Let t = 0 denote the 
time corresponding to the start of the transmitted pulse. 
The pulse length is r. The return due to target 1 will 
arrive at T\ — 2R\/c and will have a length t. (assuming 
that the pulse length in space is much greater than the 
radial extent of the target). Similarly, the return due to 
target 2 will arrive at i\ = 2R-ijc. The two targets will 
be resolvable as distinct targets as long as 7) > 7) + t 
or. equivalently, 

2 R 7 2 R, 

->-+ r. (10.15) 

c c 

The range resolution of the radar, A R, is defined as the 
minimum spacing between two targets necessary to avoid 
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overlap between the echoes from the two targets. From 
Eq. (10.15), this occurs when 

AR = R 2 — R] — cr/2. (10.16) 

Some radars are capable of transmitting pulses as short 
as 1 ns in duration or even shorter. For r = 1 ns, 
A R — 15 cm. 

The basic angular resolution of a radar system is 
determined by its antenna beamwidth ft, as shown in 


Fig. 10-12. Thecorrespondingr/zr'/um// resolution Ax at 
a range R is given by 

A x=0R, (10.17) 

where P is in radians. In some cases, special techniques 
are used to improve the angular resolution down to 
a fraction of the beamwidth f). One example is the 
monopulse tracking radar described in Section 10-8. 

10-6 Target Detection 

Target detection by radar is governed by two factors; 
(1) the signal energy received by the radar receiver due 
to reflection of part of the transmitted energy by the 
target, and (2) the noise energy generated by the receiver. 
Figure 10-5.3, which depicts the output of a radar receiver 
as a function of time, shows the signals due to the 
targets displayed against the noise contributed by external 
sources as well as by the devices making up the receiver. 
The random variations exhibited by the noise may at 
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times make it difficult to distinguish the signal reflected 
by the target from a noise spike. In Eig. 10-5.3, the mean 
noise-power level at the receiver output is denoted by 
P no = G rcc P n \. where G rcc is the receiver gain and P„\ is 
the noise level referred to the receiver’s input terminals. 
The power levels P r , and P r , represent the echoes of the 
two targets observed by the radar. Because of the random 
nature of the noise, it is necessary to set a threshold level, 
Pirn,,, for detection. For the threshold level 1 indicated in 
Fig. 10-5.3, the radar will detect the presence of both 
targets, but it will also detect a false alarm. The chance 
of this occurring is called the false-alarmprobability . On 
the other hand, if the threshold level is raised to level 2 
to avoid the false alarm, the radar will not detect the 
presence of the first target. Correct detection of targets 
is called the detection probability. The setting of the 
threshold signal level relative to the mean noise level is 
thus made on the basis of a compromise that considers 
both probabilities. 

To keep the noise level at a minimum, the receiver is 
designed such that its bandwidth B is barely wide enough 
to pass most of the energy contained in the received pulse. 
Such a design, called a matched-filler design, requires 
that B be equal to the reciprocal of the pulse length r 


(i.e., B — 1/r). Hence, for a matched-filter receiver, 
Eq. (10.10) becomes 

K T,vs 

Pm = KT^B = —-21 . (10.18) 

The signal power received by the radar, P r , is related to the 
transmitted power level, Pi, through the radar equation. 
We will first derive the radar equation for the general case 
of a bistatic radar configuration in which the transmitter 
and receiver are not necessarily at the same location, and 
then we will specialize the results to the monostatic radar 
case wherein the transmitter and receiver are colocated. In 
Fig. 10-14, the target is at a range R t from the transmitter 
and at a range R r from the receiver. The power density 
illuminating the target is given by 

Sl = 4^¥ Gl (W/m2) ’ (10,19) 

where (PfATcR^) represents the power density that 
would have been radiated by an isotropic radiator, and 
(7, is the gain of the transmitting antenna in the direction 
of the target. The target is characterized by a radar 
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cross section (RCS) a, (m 2 ), defined such that (he power target cannot he delected, and it corresponds to the range 
intercepted and then reradiated by the target is at which P, = P Uin in Eq. (10.23). Thus, 



PtG 7 X 7 o t 1 1/4 

“ . 


(10.24) 


This reradiated power spreads out over a spherical The signal-to-noise ratio is equal to the ratio of the 

surface, resulting in a power density S t incident upon received signal power P r to the mean input noise 

the receiving radar antenna and given by power F„i given by Eq. (10.18): 


Per _ >\G [Ot 

4 nR} ~ ( 47 t R[R r ) 7 


(W/in 2 ). (10.21) 


_ Pr _ PrT 

Pii KT sys 


(10.25) 


With an effective area A r and radiation efficiency $ r . the 
receiving radar antenna intercepts and delivers (to the 
receiver) power P r given by 


P, = i; r A r S r = 


PtG&A&t 

(4trP,P r ) 2 



P t G t G r X 2 o t 
(47t) 3 R?Rf ' 


( 10 . 22 ) 


and the minimum signal-to-noise ratio S m j n corresponds 
to when P r = Pr min : 

Smin = • ( 10 . 26 ) 

** * sys 

Use of Eq. (10.26) in Eq. (10.24) gives 


where we have used Eqs. (9.29) and (9.64) to relate the 
effective area of the receive antenna, A r , to its gain G r . 
For a monostatic antenna that uses the same antenna for 
the transmit and receive functions, G, = G r = G and 
R t = R, = R. Hence, 


(10.23) 

Unlike the one-way communication system for which the 
dependence on R is as 1/P 2 , the range dependence given 
by the above radar equation goes as 1 ,/R 4 , which in effect 
is the product of two one-way propagation processes. 

The detection process may be based on the echo from 
a single pulse or on the addition (integration) of the 
echoes from several pulses. We will consider only the 
single-pulse case here. A target is said to be detectable 
if its echo signal power P r exceeds P lnin , the threshold 
detection level indicated in Fig. 10-5.3. The maximum 
detectable range R mm is the range beyond which the 




(10.27) 


The product P,t is equal to the energy of the transmitted 
pulse. Hence, according to Eq. (10.27), it is the energy of 
the transmitted pulse rather than the transmitter power 
level alone that determines the maximum detectable 


range. A high-power narrow pulse and an equal- 
energy, low-power long pulse will yield the same radar 
performance as far as maximum detectable range is 
concerned. However, the range-resolution capability of 
the long pulse is much poorer than that of the short pulse 
[see Eq. (10.16)]. 


The maximum detectable range P max can also be 
increased by improving the signal-to-noise ratio. This 
can be accomplished by integrating the echoes from 
multiple pulses in order to increase the total amount of 


energy received from the target. The number of pulses 
available for integration over a specified integration time 
is proportional to the PRF. Hence, from the standpoint of 
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derivative of the phase 4> divided by lit. Thus, 

f = _L d A = f + * 

/r 2 7T dt + X, ' 


(10.33) 


Comparison of Eq. (10.33) with Eq. (10.28) leads to 
/d = u r /k t . For radar, the Doppler shift happens twice, 
once for the wave from the radar to the target and again 
for the wave reflected by the target back to the radar. 
Hence, /d = 2n r /A.,. The dependence of /a on direction 
is given by the dot product of the velocity and range unit 
vectors, which leads to 


Ur 2 U 

fd = -2— = — — COS0, (10.34) 

M A t 


where u, is the radial velocity component of u and 0 is the 
angle between the range vector and the velocity vector 
as shown in Fig. 10-17, with the direction of the range 
vector defined from the radar to the target. For a receding 
target (relative to the radar), 0 < ff <90°, and for an 
approaching target, 90 < 9 < 180°. 


10-8 Monopulse Radar 

On the basis of information extracted from the echo 
due to a single pulse, a monopulse radar can track the 
direction of a target with an angular accuracy equal to 
a fraction of its antenna beamwidth. To track a target in 
both elevation and azimuth, a monopulse radar uses an 


This is the phase of the signal detected by the receiver. 
The frequency of a wave is by definition equal to the time 
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Figure 10-18: Antenna feeding arrangement for an 
amplitude-comparison monopulse radar (a) feed horns 
and (b) connection to phasing network. 


antenna such as a parabolic dish, with four separate small 
feeds at its focal point, as illustrated by the horns shown in 
Fig. 10-18. Monopulse systems are of two types; the first 
is called amplitude-comparison monopulse because the 
tracking information is extracted from the amplitudes of 
the echoes received by the four horns, and the second type 
is called phase-comparison monopulse because it relies 
on the phases of the received signals instead. We shall 



limit our present discussion to the amplitude-comparison 
scheme. 

Individually, each horn would produce its own beam, 
with the four beams pointing in slightly different 
directions. Figure 10-19 shows the beams of two adjacent 
horns. The basic principle of the amplitude-comparison 
monopulse is to measure the amplitudes of the echo 
signals received through the two beams and then 
to apply the difference between them to repoint the 
antenna boresight direction toward the target. Using 
computer-controlled phase shifters, the phasing network 
shown in Fig. 10 18 can combine the signal delivered 
to the four-element horn array by the transmitter or 
by the echo signals received by them in different 
ways. Upon transmission, the network excites all four 
feeds in phase, thereby producing a single main beam 
called the sum beam. The phasing network uses 
special microwave devices that allow it to provide 
the desired functionality during both the transmit and 
receive modes. Its equivalent functionality is described 
by the circuits shown in Fig. 10-20. During the 
receive period, the phasing network uses power dividers, 
power combiners, and phase shifters so as to generate 
three different output channels. One of these is the sum 
channel, corresponding to adding all four horns in phase, 
and its radiation pattern is depicted in Fig. 10-21(a). The 
second channel, called the elevation-difference channel, 
is obtained by first adding the outputs of the top-right and 
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Figure 10-20: Functionality of the phasing network in (a) the transmit mode and (b) the receive mode for the 
elevation-difference channel. 


top-left horns [Fig. 10-20(b)l, then adding the outputs 
of the bottom-right and bottom-left horns, and then 
subtracting the second sum front the first. The subtraction 
process is accomplished by adding a 180° phase shifter 
in the path of the second sum before adding it to the 
first sum. The beam pattern of the elevation-difference 
channel is shown in Fig. 10-21 (b). The third channel 
(not shown in Fig. 10-20) is the azimuth-difference 
channel, and it is accomplished through a similar process 
that generates a beam corresponding to the difference 
between the sum of the two right horns and the sum of the 
two left horns. If the observed target is centered between 
the two elevation beams, the receiver echoes will have 
the same strength for both beams, thereby producing a 
zero output from the elevation-difference channel. If it 
is not, the amplitude of the elevation-difference channel 


will be proportional to the angular deviation of the target 
from the boresight direction, and its sign will denote the 
direction of the deviation. In practice, the output of the 
difference channel is multiplied by the output of the sum 
channel to increase the strength of the difference signal 
and to provide a phase reference for extracting the sign 
of the angle error. This product, called the angle error 
signal, is displayed in Fig. 10-21(c) as a function of 
the angle error. The error signal activates a servo-control 
system to reposition the antenna direction. By applying a 
similar procedure along the azimuth direction using the 
product of the azimuth-difference channel and the sum 
channel, a monopulse radar provides automatic tracking 
in both directions. The range to the target is obtained by 
measuring the round-trip delay of the signal. 
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Figure 10-21: Monopulse antenna (a) sum pattern, (b) 
elevation-difference pattern, and (c) angle error signal. 


REVIEW QUESTIONS 

QI0.5 How is the PRF related to unambiguous range? 
Q10.6 Explain how the false-alarm probability and the 
detection probability are related to the noise level of the 
receiver. 

Q10.7 In terms of the geometry shown in Fig. 10-17, 
when is the Doppler shift a maximum? 

010.8 What is the principle of the monopulse radar? 


CHAPTER HIGHLIGHTS 

• Three equally spaced satellites in geostationary orbit 
can provide coverage of most of Earth’s surface. 

• The use of polarization diversity makes itpossible to 
double the number of channels per unit bandwidth 
carried by a satellite repeater. 

• A satellite antenna system is designed to produce 
beams tailored to match the areas served by the 
satellite. Antenna arrays are particularly suitable for 
this purpose. 

• A radar is an electromagnetic sensor that illuminates 
a region of space and then measures the echoes due 
to reflecting objects. From the echoes, information 
can be extracted about the range of a target, 
its radial velocity, direction of motion, and other 
characteristics. 

• Due to the random nature of the receiver noise, target 
detection is a statistical process characterized by 
false-alarm and detection probabilities. 

• A moving object produces aDoppler frequency shift 
thatis proportional to the radial velocity of the object 
relative to the radar and inversely proportional to A.. 

• A monopulse radar uses multiple beams to track the 
direction of a target, with an angular accuracy equal 
to a fraction of its antenna beam. 

GLOSSARY OF IMPORTANT TERMS 

Provide definitions or explain the meaning of the 
following terms: 

geostationary orbit 

uplink and downlink 

transponder 

duplexer 

circulator 

multiplexer 

polarization diversity 




I 
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atmospheric transmissivity T 
radial velocity u s 
Doppler frequency shift fd 
pulse length r 

pulse repetition frequency (PRF) f p 

interpulse period 7~ p 

unambiguous range R u 

range resolution 

azimuth resolution 

false-alarm probability 

detection probability 

matched filter 

bistatie radar 

monostatic radar 

radar cross section cr t 

threshold detection level 

maximum detectable range R nrM 

monopulse radar 

sum and difference channels 

PROBLEMS 

Sections 10-1 to 10-4: Satellite Communication Systems 

10.1* A remote sensing satellite is in circular orbit 
around Earth at an altitude of 1,100 km above Earth’s 
surface. What is its orbital period? 

10.2 A transponder with a bandwidth of 400 MHz 
uses polarization diversity. If the bandwidth allocated to 
transmit a single telephone channel is 4 kHz, how many 
telephone channels can be carried by the transponder? 

10.3* Repeat Problem 10.2 for TV channels, each 
requiring a bandwidth of 6 MHz. 

10.4 A geostationary satellite is at a distance of 
40,000 km from a ground receiving station. The satellite 


transmitting antenna is a circular aperture with a 1- 
m diameter, and the ground station uses a parabolic 
dish antenna with an effective diameter of 20 cm. If 
the satellite transmits 1 kW of power at 12 GHz and 
the ground receiver is characterized by a system noise 
temperature of 1,000 K, what would be the signal-to- 
noise ratio of a received TV signal with a bandwidth 
of 6 MHz? The antennas and the atmosphere may be 
assumed lossless. 

Sections 10-5 to 10-8: Radar Sensors 

10.5* A collision avoidance automotive radar is 
designed to delect the presence of vehicles up to a range 
of 0.5 km. What is the maximum usable PRF? 

10.6 A 10-GHz weather radar uses a 15-cm-diamctcr 
lossless antenna. At a distance of 1 km, what are the 
dimensions of the volume resolvable by the radar if the 
pulse length is 1 /us? 

10.7* A radar system is characterized by the following 
parameters: P, — 1 kW, x = 0.1 /is, G = 30 dB, 
2 = 3 cm, and T sys = 1,500 K. The radar cross section 
of a car is typically 5 m 2 . How far away can the car be and 
remain detectable by the radar with a minimum signal- 
to-noise ratio of 13 dB? 

10.8 A 3-cm-wavelength radar is located at the origin 
of an x-y coordinate system. A car located at* = 100 m 
and y = 200 m is heading east (x-direction) at a speed 
of 120 km/hr. What is the Doppler frequency measured 
by the radar? 


"Answer(s) available in Appendix D. 
Solution available in CD-ROM. 


Appendix A: 

Symbols, Quantities, and Units 


Symbol 

Quantity 

SI Unit 

Abbreviation 

A 

Magnetic potential (vector) 

weber/meter 

Wb/m 

B 

Susceptance 

siemens 

S 

B 

Magnetic flux density 

tesla or weber/meter 2 

T or W/m 2 

C 

Capacitance 

farad 

F 

D 

Directivity (antenna) 

(dimensionless) 

— 

E 

Electric-field intensity 

volt/meter 

V/m 

D 

Electric flux density 

coulomb/meter 2 

C/m 2 

F 

Radiation intensity (normalized) 

(dimensionless) 

— 

F 

Force 

newton 

N 

/ 

Focal length 

meter 

m 

/ 

Frequency 

hertz 

Hz 

G 

Conductance 

siemens 

S 

G 

Gain (power) 

(dimensionless) 

— 

H 

Magnetic field intensity 

ampere/meter 

A/m 

1 

Current 

ampere 

A 

J 

Current density (volume) 

ampere/meter 2 

A/m 2 

Js 

Current density (surface) 

ampere/meter 

A/m 

k 

Wavenumber 

radian/meter 

rad/m 

L 

Inductance 

henry 

H 

1 

Length 

meter 

m 

M, m 

Mass 

kilogram 

kg 

M 

Magnetization vector 

ampere/meter 

A/m 

in 

Magnetic dipole moment 

ampere-meter 2 

A-m 2 

n 

Index of refraction 

(dimensionless) 

— 

P 

Power 

watt 

W 

P 

Electric polarization vector 

coulomb/meter 2 

C/m 2 

P 

Pressure 

newton/meter 2 

N/m 2 

P 

Electric dipole moment 

coulomb-meter 

C-m 

Q.g 

Charge 

coulomb 

C 

R 

Reflectivity (reflectance) 

(dimensionless) 

— 

R 

Resistance 

ohm 

Q 

S 

Standing wave ratio 

(dimensionless) 

— 

s 

Poynting vector 

watt/meter 2 

W/m 2 

Sav 

Power density 

watt/meter 2 

W/m 2 

T 

Temperature 

kelvin 

K 
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APPENDIX A SYMBOLS, QUANTITIES, AND UNITS 


Symbol 

Quantity 

SI Unit 

Abbreviation 

T 

Torque 

newton-meter 

N-m 

T 

Transmissivity (transmittance) 

(dimensionless) 

— 

t 

Time 

second 

s 

u 

Velocity 

meter/second 

m/s 

V 

Electric potential 

volt 

V 

V 

Voltage 

volt 

V 

Uemf 

Electromotive force (emf) 

volt 

V 

w 

Energy (work) 

joule 

J 

W 

Energy density 

joule/meter 3 

J/m 3 

X 

Reactance 

ohm 

£2 

Y 

Admittance 

siemens 

S 

Z 

Impedance 

ohm 

Q 

a 

Attenuation constant 

neper/meter 

Np/m 

p 

Phase constant 

radian/meter 

rad/m 

r 

Reflection coefficient 

(dimensionless) 

— 

Y 

Propagation constant 

meter -1 

m -1 

h 

Skin depth 

meter 

m 

S, Sq 

Permittivity 

farad/meter 

F/m 

e r 

Relative permittivity 

(dimensionless) 

— 

n 

Impedance 

ohm 

9 

k 

Wavelength 

meter 

m 

//, n o 

Permeability 

henry/meter 

H/m 

Mr 

Relative permeability 

(dimensionless) 

— 

Pt, Mil 

Mobility (electron, hole) 

meterVvolt-second 

m 2 /V-s 

Pi 

Charge density (linear) 

coulomb/meter 

C/m 

Pa 

Charge density (surface) 

coulomb/meter 2 

C/m 2 

Pv 

Charge density (volume) 

coulomb/meter 3 

C/m 3 

a 

Conductivity 

siemens/meter 

S/m 

<f \I 

Radar cross section 

meter 2 

m 2 

r 

Transmission coefficient 

(dimensionless) 

— 

r 

Pulse length 

seconds 

s 

<b 

Magnetic flux 

weber 

Wb 

* 

Gravitational field 

newton/kilogram 

N/kg 

Xc 

Electric susceptibility 

(dimensionless) 

— 

Xm 

Magnetic susceptibility 

(dimensionless) 

— 

n 

Solid angle 

steradian 

sr 

(o 

Angular frequency 

radian/second 

rad/s 



1 Appendix B: 

Material Constants 
of Some Common Materials 



Table B-l: RELATIVE PERMITTIVITY e r OF COMMON MATERIALS' -1 


s = £,eo and £y = 8.854 x 10 12 F/m. 


Material 

Relative Permittivity, e r 

Material 

Relative Permittivity, e r 

Vacuum 

1 

Dry soil 

2.5-3.5 

Air (at sea level) 

1.0006 

Plexiglass 

3.4 

Styrofoam 

1.03 

Glass 

4.5-10 

Teflon 

2.1 

Quartz 

3.8-5 

Petroleum oil 

2.1 

Bakelite 

5 

Wood (dry) 

1.5-4 

Porcelain 

5.7 

Paraffin 

2.2 

Formica 

6 

Polyethylene 

2.25 

Mica 

5.4-6 

Polystyrene 

2.6 

Ammonia 

22 

Paper 

2-4 

Seawater 

72-80 

Rubber 

2.2-4.1 

Distilled water 

81 

"These are low-frequency values at room temperature (20° C). 


Note: For most metals. e r — 1. 


Table B-2: CONDUCTIVITY a OF SOME COMMON MATERIALS" 


Material 

Conductivity, a (S/m) 

Material 

Conductivity, a (S/m) 

Conductors 


Semiconductors 


Silver 

6.2 x I0 7 

Pure germanium 

2.2 

Copper 

5.8 x 10 7 

Pure silicon 

4.4 x 10“ 4 

Gold 

4.1 x 10 7 

Insulators 


Aluminum 

3.5 x 10 7 

Wet soil 

~ 10~ 2 

Tungsten 

1.8 x 10 7 

Fresh water 

~ 10 -3 

Zinc 

1.7 x 10 7 

Distilled water 

~ 10~ 4 

Brass 

1.5 x 10 7 

Dry soil 

~ 10 -4 

Iron 

10 7 

Glass 

10- 12 

Bronze 

10 7 

Flard rubber 

10- 15 

Tin 

9 x 10 6 

Paraffin 

10- 13 

Lead 

5 x I0 6 

Mica 

10" 15 

Mercury 

10 6 

Fused quartz 

10- 17 

Carbon 

3 x I0 4 

Wax 

10- 17 

Seawater 

4 



Animal body (average) 

0.3 (poor cond.) 



"These are low-frequency values at room temperature (20° C). 
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APPENDIX B MATERIAL CONSTANTS OF SOME COMMON MATERIALS 


Table B-3: RELATIVE PERMEABILITY n r OF SOME COMMON MATERIALS 3 


U = n r n a and /tp — An x 10 7 H/m. 


Material 

Relative 

Permeability, /x r 

Diamagnetic 

Bismuth 

0.99983 ~ 1 

Gold 

0.99996 ~ I 

Mercury 

0.99997 ~ 1 

Silver 

0.99998 ~ 1 

Copper 

0.99999 ~ 1 

Water 

0.99999 ~ 1 

Paramagnetic 

Air 

1.000004 ~ 1 

Aluminum 

1.00002 ~ I 

Tungsten 

1.00008 ~ 1 

Titanium 

1.0002 ~ 1 

Platinum 

1.0003 ~ 1 

Ferromagnetic (nonlinear) 

Cobalt 

250 

Nickel 

600 

Mild steel 

2.000 

Iron (pure) 

4,000-5,000 

Silicon iron 

7,000 

Mumetal 

~ 100,000 

Purified iron 

~ 200,000 

‘These are typical values; actual values depend on 

material variety. 


Note: Except for ferromagnetic materials, /x r ~ I 
for all dielectrics and conductors. 


Appendix C: 

Mathematical Formulas 


Trigonometric Relations 


sin(A ± v) = sin a - cos y ± cos a sin y 
cos (a ± y) = cos x cos y 4 c sin x sin y 
2 sin x sin y = cos(a — y) — cos(a + y) 

2 sin x cos y = sin(.« + y ) + sin(A — y) 

2 cos x cos y = cos ( a 4- y) 4- cos(x — y) 
sin 2 a = 2 sin a cos a 
cos 2a = I — 2 sin 2 a 

„ . / a 4- y \ / a - 

sin a 4- sm y — 2 sm I- cos I- 


sin a 4- sin y = 2 sin ^ X + V ^ cos ^ ^ 

/A4-y\ . (x — y\ 
sin a - sin y = 2 cos | —-— J sm ( —- — I 

„ /a 4- v\ /a - v\ 
cos a 4- cos y = 2 cos I —-— I cos I — - — I 

. . /■* 4- y\ . (x -y" 
cos a - cosy = -2 sin I —-— I sin I —-— 


cos(a ±90°) = 4- sin x 
cos(-a) = COSA 
sin(A ± 90°) = rfccosx 
sin(— a) = — sin a 
e J * = cos a 4- j sin a 


(Euler's identity) 


2 j 

e jx + e -jx 
2 


Approximations for Small Quantities 


For |a| « I, 


(1 ±a)" ~ 1 ±nx 
(1 ±a) 2 ~ 1 ±2x 

Vl i A ~ 1 rfc — 

2 

1 _ A 

v/l ± A ^2 


«r , = l4-x4- —4----^14 -a 
ln(l 4- a) ~ a 

A 3 A 5 

si n A = A-- + - + ".~A 

2 4 > 

, X* X* , X~ 

cos A = i — — 4- — 4----— 1 — 

lim ^ = I 

A->0 A 



Appendix D: 

Answers to Odd-Numbered Problems 


Chapter 1 


1.1 p(x, t) = 32.36 cos(4t x 10 3 f - 12.12.tx + 36°) 
(N/nr) 

1.3 A — 10 cm 

1.5 Up = 0.83 (m/s); A = 10.47 m 

1.7 (a) >i (x, f) is traveling in positive x-direction, while 

>' 2 (^ 1 1) i s traveling in negative x-direction. 

(b) x = (n/60 + 2nn/30) cm; |y s |max = 7.61 

(c) x = tit/ 30; |y s | min = 0 

1.9 T = 2.5 s; u p = 0.56 m/s; X = 1.4 m 
1.11 y 2 (t) lags yi(t) by 54°. 

1.13 a = 2 x 10 3 (Np/m) 

1.15 (a) 2 i = 3.6 e-j” r - y z 2 = 5eJ |43l ° 

(b) |zil =3.60 

(c) 2]22 = 18e/ l09 - 4 ° 

(d) 21/22 = 0.72 

(e) z ] = 46.66<r-' 10U ° 

1.17 (a) t = 3;s =6.08V 8a5 ° 

(b) I = 4.24e--' 45 °; i = 4.24 e' 4S * 

(c) / =5.2; s = 3eJ 90 ° 

(d) t =0;s=6ei 3 °" 

1.19 ln(z) = 1.76 — 7 1.03 

1.21 i>c(/) = 15.57 cos(2t x 10 3 / - 81.5°) V 

1.23 (a) v(t) = 5 cos (cot - 2n/3) V 

(b) v(i) = 6 cos(a»/ + t/4) V 

(c) /(r) = I0cos(wt + 53.1°) A 

(d) /(f) = 3.61 cos(<uf + 146.31°) A 

(e) i (t ) = — sin cot A 

(f) t (f) = 2 cos(cvf + t/ 6 ) A 


Chapter 2 _ 

2.1 (a) //A = 1.33 x 10 -5 ; transmission line may be 

ignored. 

(b) l/X = 0.01; borderline. 

(c) lIX = 0.4; transmission line effects should be 
included. 

(d) l/X = 0.33; transmission line effects should be 
included. 

2.3 R' = 1.38 (£2/m); L' = 157 (nH/m); C = 0; 

C'= 184 (pF/m) 

2.5 a = 0.109 Np/m; fi = 44.5 rad/m; 

Z 0 = (19.6 + /0.030) £2; u p = 1.41 x 10 8 m/s 

2.7 R' = 1 (£2/m); L' = 200 (nH/m); G’ = 400 (pS/m); 
C' = 80 (pF/m); A = 2.5 m 

2.9 R’ = 0.8 £2/m; L’ = 38.2 nH/m; G’ = 0.5 mS/m; 

C' = 23.9 pF/m 

2.11 (a) b = 4.2 mm 

(b) t<p = 2 x 10 8 m/s 

2.13 Z L = (90 — / 120) £2 

2.15 Zo = 55.9 SI 

2.17 Z in = (40 + 7 20) £2 

2.21 (a) r = 0.62e-7 M - 7 ° 

(b) Z in = (12.5 -j 12.7) fi 

(c) Vi = 1.40e~ j340 ° (V); 7 \ = 78.4e / |l5 ° (mA) 

2.23 (a) Zjn, = (35.20 - /8.62) £2 

(b) Zj = (17.6-/4.31) £2 

(c) Z in = (107.57-/56.7) £2 

2.25 / = A/4 + nA/2 
2.27 Z in = 300 £2 
2.29 / = 0.29A 

2.31 (a) Z in = (41.25 - j 16.35) £2 
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APPENDIX D ANSWERS TO ODD-NUMBERED PROBLEMS 


(b) h = 3.24^ i016 ° A; ^ = 143.6« - -' 11 - 4e ° V 
(C) Pin = 216 W 

(d) V L = 180e _j54 ” V; I L = 2Ae~ j54 ° A; 

PL = P jn =216W 

(e) P 7 . s = 262.4 W; P g = 478.4 W 

2.33 Pi = 10.0 mW; P a r v = -1.1 mW; P* y = 8.9 mW 

2.35 (a) T = 0.5 

(b) 0.624^21 

(c) T = I.O /-53.I- 

(d) r = i.o /i8o° 

2.37 Zqi = 40 £2; Z 02 = 250 £2 

2.39 (a) Z in = —y 154 £2 

(b) 0.074/. + Oa/2), n = 0,1,2,... 

2.41 (a) Z L 4- y'95 £2 

(b) / = 0.246 a 

2.43 Z L = (41 - j 19.5) £2 

2.45 Z in = (95 - y 70) £2 

2.47 First solution: Stub at d = 0.199 A from antenna and 
stub length l — 0.125A. Second solution: d = 0.3752. 
from antenna and stub length / = 0.375A. 

2.49 Z in = 100 £2 

2.53 V g = 19.2 V; R s = 30 £2; / = 525 m 


Chapter 3 


3.1 a = x0.32 + zO.95 
3.3 Area =36 

3.5 (a) A = /l4; a„ = (x + y2 - z3)/Vl4 

(b) - 1.8 

(c) 6ac = 17.0° 

(d) A x C = -x2 + y4 + z2 

(e) A • (B x C) = 20 

(f) A x (B x C) = x32 - y52 - z24 

(g) x x B = —z4 

(h) (A x y) • i = 1 

A(l, —1,2) 

3 ' 7 ^ r ZT^ j = -x0.1 5 -y0.77 + 2 0.62 


3.9 a = -(x+yy + z2)/(5+y 2 )‘/ 2 
3.11 a = (x2-z4)/V20 


3.13 

A = 

x 0.8 + y 1.6 

3.15 

c = i 

(0.37 + y 0.56+ z 0.74 

3.19 

(a) 

P\ = (2.24. 63.4°, 0) in cylindrical; 



P, = (2.24. 90°, 63.4°) in spherical 


(b) 

P: — (0,0°, 2) in cylindrical; 



P 2 = ( 2 . 0 °. 0 °) in spherical 


(c) 

P 3 = (1.41,45°, 3) in cylindrical; 



P 3 = (3.32, 25.2°, 45°) in spherical 


(d) 

Pa = (2.83, 135°, —2) in cylindrical; 



Pa = (3.46, 125.3°, 135°) in spherical 

3.21 

(a) 

P|(0, 0. 5) 


(b) 

P/0. n, 5) 


(c) 

P-(3, 0. 0) 

3.23 

(a) 

V = 2 br /2 


(b) 

V = 125;r/3 

3.25 

(a) 

E„ = -f 2 


(b) 

w 

II 

N> 

SC 

3.27 

(a) 

fl/tu = 90° 


(b) 

±(r 0.487 + $ 0.228 + z 0.843) 

3.29 

(a) 

d = V2 


(b) 

4 = 3.18 


(0 

4 = 5 

3.31 

(a) 

A(P,) = R2.856 —02.888 4-^2.123 


(b) 

B(P 2 ) = -R0.896 +00.449 - 4>5 


(c) 

C (P 3 ) = R0.854 + 00.146 - <£0.707 


(d) 

D(P 4 ) = R3.67 -01.73 -<£0.707 

3.33 

nz) 

= 10 + (1 -<?- 3j )/3 


3.35 dVjd! = 2.18 
3.37 dU/dl = -0.02 


3.39 (a) <^E-4s = -8/3 

(b) Jjj V • E dv= -8/3 


3.41 (a) <f> D-4s = 150rr 





(b) 

Jff V-D dv= 150tt 

4.21 

3.43 

(a) 

<j> E ■ d\ = —l 

4.23 


<b) 

// V x E-rfs = -l 

4.25 

3.45 

(a) 

ee 

Q. 

II 

oc 

4.29 


(b) 

j (V x B) • ds = 8 

4.31 

3.48 

(a) 

A is solcnoidal, but not conservative. 

4.35 


(b) 

B is conservative, but not solenoidal. 


(c) 

C is neither solenoidal nor conservative. 

4.37 


(d) 

D is conservative, but not solenoidal. 



(e) 

E is conservative, but not solenoidal. 



(0 

F is neither conservative nor solcnoidal. 



(B) 

G is neither conservative nor solenoidal. 



(h) 

H is conservative, but not solenoidal. 

4.41 

Chapter 4 

_ 4.43 

4.1 

Q - 

2.62 (mC) 

4.45 

4.3 

e = 

86.65 (mC) 

4.47 

4.5 

<a) 

2=0 

4.49 


(b) 

2 = tra 2 p s o /2 



(c) 

2 = 2 jrpso[l - e a (l +n)] 



(d) 

Q = moll - e~“(\ +a)] 

4.51 


4.7 I = 314.2 A 
4.9 E = £51.2 kV/m 
4.11 4 2 = -94.69 (pC) 

4.13 E = 

898.8 

r [—xO.014 - yO.006 + z0.78z] (Vim) 


((0.02) 2 + z 2 ) 2 ' 2 

(a) E = —xl.6 -y0.66 (MV/m) 

(b) E = —x81.4 - y33.7 + z226 (kV/m) 

(c) E = -x8 1.4 - y33.7 + z226 (kV/m) 

4.15 E -- 2(Pso/i/2s'o)[\/(3 2 + h 2 + h 2 /\fa 2 + h 2 - 2/t] 
4.17 E = 0 


(a) p v = y 3 z 3 
(h) Q = 32(C) 
(c) g = 32(C) 

o _ a-t 


D = r 4pvo/ r, for r > 3 m 

4.29 (b) E = z(pia/2s 0 )[z/(a 2 + z 2 ) 3 / 2 ] (Vim) 

V(b) = (pi! Aits) _ 

x ln[(/ + V/ 2 +4b 2 )/(—l + Vl 2 +4b 2 )] (V) 


(a) cr =4.32 x 10 4 (S/m) 

(b) / = 1.36 (/i.A) 

(c) u e = -8.125E/|E| (m/s); u h = 3.125E/|E| 
(m/s) 

(d) R = 3.68 (M£2) 

(e) P = 6.8(p.W) 


4.53 


(a) I£| is maximum at r = a. 

(h) Breakdown voltage for the capacitor is V = 1.39 
(MV). 


(a) C = 3.1 pF 

(b) C = 0.5 pF 

(c) C = 0.22 pF 


Chapter 5 


5.1 a = —y4.22 x 10 18 (m/s 2 ) 
5.3 |B| = 1.63 (T) 

5.5 (a) F = —x 1.41 N 

(b) W = 0 

(c) <p= 0 

5.7 B = -50.6 (mT) 


J 
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APPENDIX D ANSWERS TO ODD-NUMBERED PROBLEMS 


,I9(b-a) 

5.9 H = z—-—— , with z being out of the page 
4nab 

5.11 1 2 = 0.2 A; direction is clockwise, as seen from above. 
5.13 / = 200 A 

5.15 F = —x0.4 (mN), where x is the direction away from 
the wire, in the plane of the loop. Thus, the force is 
pulling the loop toward the wire. 

5,17 (a) H(0,0,/?) = —x—tan -1 (— \(A/m) 

jiw \2 /;/ 

Force is repulsive. 

5.19 F = y 4 x 10~ 5 N 

5.21 (a) Hi = 0./o for 0 < r < a 

(b) Ho — 0./o(a/r) for r > a 

5.23 J = z24e- 3r A/m 2 

5.25 (a) B = z5ir sin jry — yn cos7r.r (T) 

(b) 0 = 0 

(c) 0 = 0 

5.27 (a) A = xhqI L/(4jvR) 

(b) H = (7L/4rr)[(-x y + yx)/{x 2 + y 2 + Z 2 ) 3/2 1 

5.29 n e = 1.5 electrons/atom 

5.31 H 2 = z 3 

5.35 L = ( iil/n)\n[(d - a)/a] (H) 

5.37 W m = 208/ 2 (nJ) 

Chapter 6 


6.1 At t = 0, current in top loop is momentarily clockwise. 
At t = 0 , current in top loop is momentarily 
counterclockwise. 

63 (a) V e mf = 375e- 2 '(V) 

(b) Vemf= 124.6 sin 10 3 / (kV) 

(c) Pemf = 0 
6.5 Rq = 0.8 (nT) 

6.7 /i„d = 37.7sin(2007tt) mA 


6.9 V , 2 = -236 (/z. V) 

6.11 V 12 = -3.77 V 
6.13 V = toR 0 a z /2 

6.15 1 =0.82cos(120n-r) (/xA) 

6.19 Pv = (8 y/co) sin cot 4- Co, where C’o is a constant of 
integration. 

6.23 k = (471/30) rad/m; E = -z941e/ 4lr >’/ 30 (V/m) 

6.25 H = ^52 s in() cos( 6 nr x 10 8 r — 2rcR) (juA/m) 

Chapter 7 _ 

7.1 (a) Positive y-direction 

(b| Up = 2 x 10 s m/s 

(c) A = 12.6 m 

(d) s r = 2.25 

(e) E = -x 7 . 54 e-'°' 5 v (V/m) 

7.3 (a) A = 31.42 m 
(b) / = 4.77 MIIz 
(cl £ r = 1.67 

(d) H(z, t) = x22.13cos(9.54jt x 10 6 t + 0.2z) 
(mA/m) 

7.5 e r = 9 

7.7 E = Xn/2cos(jt x IO 10 / + 104.72 z) 

- y/5sin(n- x 10 lo r + 104.72 z) (V/m) 

7.9 |E| = 20; <J/(t = 0) = 0; f (/ = 5 ns) = -45°; 
vHi = 10 ns) = -90° 

7.11 (a) y = 73.5° and x = -8.73° 

(b) Right-hand clliptically polarized 

7.19 up = 9.42 x 10 4 (m/s) 

7.21 II = — y 0.16 e _, °* cos(2jt x 10 9 / -40a- - 36.85°) 
(A/m) 

7.23 (/?ac/Rde) = 143.55 

7.25 S av = y0.48 (W/m 2 ) 

7.27 (a) Sav = zl25c-°- 4 ' (W/m 2 ) 

(b) A = — 1.74z (dB) 

(c) z = 23.03 m 

7.29 u p = 1 x 10 8 (m/s) 
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Chapter 8 


8.1 (a) T = -0.67; r = 0.33 

(b) S = 5 

(c) 4» = 0-52 (W/m 2 ); S‘ v = 0.24 (W/m 2 ); 

S' v = 0.28 (W/m 2 ) 

8.5 (a) E? = 5(x + jy) e -J 4 ^ 3 (V/m) 

(b) £ = - 0 . 2 ; r = 0.8 

(c) E r = -(x + jy)e J4nzl 3 (V/m); 

E‘ = 4(X + jfie- 1 26*10-** e -./2« (V/m); 

Ei = 5(x + jy)\e-j 4 ”^ 3 - 0.2e' 4 **/ 3 ] (V/m) 
(cl) % of reflected power = 4%; 

% of transmitted power = 96% 

N7 |Ei Imax = 85.5 (V/m); l m ax = 1.5 m 

8-9 e r , = d = c/[4/( eri% )'/4] 

8.11 Z in ~ (100 — y 127) Q; reflected fraction of incident 
power — 0.24 

8.13 f =15 MHz 

8.15 P' = 1.01 x 10 -4 W/m 2 

8.17 0 m j„ = 20.4° 

ct 

8.19 — = 0.85 
S‘ 

8.21 d= 15 cm 
8.23 d = 68.42 cm 
8.25 / p = 59.88 (Mb/s) 

8.29 6, = 18.44° 

8.33 (a) R= 6.4 x 10" 3 ; r = 0.9936 

(b) P' = 85 mW; P' = 0.55 mW; P' = 84.45 raW 

8.35 a = 3.33 cm; b = 2 cm 

8.39 570 S2 (empty); 290 K (filled) 

8.41 ^ 2 0 = 60.9° 

8.43 (a) Q = 8367; (b) Q = 9850 


Chapter 9 


9.1 Smax — 7.6 (/iW/m 2 ) 

9.3 (a) Direction of maximum radiation is a circular cone 

120 ° wide, centered around the +z-axis. 

(h) D = 4 = 6 dB 

(c) Sl p — n (sr) = 3.14 (sr) 

(d) j3 = 120° 

9.5 (a) f = 29.7% 

<b) G = 0.44 = -3.5 dB 
(c) /o = 67.6 A; P t = 269 W 

9.7 U-4x 10- 5 (W/m 2 ) 

9.9 D = 36.61 dB 

9.11 (a) | = 99.3% 

(b) G = 1.63 = 2.1 dB 

(c) /„ = 1.48 A; P, = 80.4 W 

9.13 (a) E(R, 9, <t>) =9E g =0 j 

07 X 

(V/m) 

(b> 5(7?>e)= (l£S) sin2e(w/,n2) 

(c) D = 1.5 

<d) R rad = 20n 7 (l/).) 7 (SI) 

9.17 (a) ? = 62% 

(h) G = 0.93 = -0.3 dB 
' (c) /o = 95 A; P, = 129.2 W 

9.19 Pi = 259 (mW) 

9.21 P, = 75 (/iW) 

9.23 /? nu „ = 5.73° 

9.25 (a) ft, = 0.75°; = 1.5° 

(b) D = 3.61 x 10 4 = 45.6 dB 

9.27 (a) j8 e = 1.8°; A,=0.18° 

(b) A y = p s R = 0.96 m 

9.29 (a) F a (6) = 4 cos 2 [f (4 cos 0 + 1)] 

(b) F^G) =5-|-4 cos(2.t cos 9) 

(c) F a «?) =4cos 2 (f cosO-f) 

(d) F a (0) = 5+4 cos(jt cos 9 + j) 
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9.31 

9.33 


(e) F x (0) = 5 — 4sin(y cosO) 
d/k = 1.414 


r ^ sin 2 [(157r/4)cos9J 

* anv“J — s 

25 sin 2 [(37T/4) costf] 


; P 


9.35 S = -2.72 (rad) = -155.9° 


Chapter 10 


10.1 T = 82.97 minutes 
10.3 133 channels 
19.? (/piraax — 300 kHz 
10.7 T? ma x = 4.84 km 


= 13.5° 
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Index 


Admittance, 81 
Air line, 49, 52 

Ampere's circuital law, 220, 256 
Amperian contour, 221 
Angle 

azimuth, 117, 376 
Brewster, 343 
critical. 333 
incidence, 331 
polarizing, 343 
reflection, 331 
refraction, 331 
scan, 413,416 
zenith, 121,376 
Anisotropic medium, 176 
Antenna arrays, 374,403 
broadside, 410 
endfire, 413 
frequency scanned, 415 
linear, 404 
phased, 413 
Antenna properties 
beam width, 383 
directivity, 383 
effective area. 392 
gain, 386 

input impedance, 393 
pattern, 373,380 
polarization, 374 
radiation efficiency, 386 
radiation resistance, 386 
Antenna types 

electric dipole, 374 
half-wave dipole, 387 -390 
horn, 374 
isotropic, 373 
linear dipole, 391 
loop, 374 


multiple beam, 405 
parabolic dish, 374 
quarter-wave tnonopole, 390 
satellite, 396, 432 
short (Hertzian) dipole, 375 
Aperture illumination, 399 
Approximations, 449 
Array factor, 406 

multiple-beam array, 412 
phased array, 413 
two-vertical dipoles, 407 
uniform array, 410 
Array feeding, 414 
Atmospheric opacity, 27 
Atom, 15, 168, 173 
Attenuation constant, 304 
good conductor, 306 
lossless line, 53 
low-loss dielectric, 306 
transmission line, 51 
Attenuation factor, 23 
Average power density, 312, 378 
Axial ratio, 300 
Azimuth angle, 117, 376 
Azimuth resolution, 436 

Band designations, 28 
Bar code reader, 362 
Base vectors 

Cartesian coordinates, 110 
cylindrical coordinates, 117 
spherical coordinates, 121 
Beamwidth, 383 

half-wave dipole. 393 
rectangular aperture, 401 
short dipole, 379, 383 
wavelength-long dipole, 393 
Biot-Savart law, 17,213 


Boltzmann’s constant, 396, see inside front 
cover 

Bounce diagram, 96 
Boundary conditions 

between a dielectric and a perfect 
conductor, 180 

between two dielectric media, 179 
current density, 1 82 
electromagnetic fields, 270-271 
electrostatic fields, 178 
magnetoslatic fields, 233 
Breakdown voltage, 177 
Brewster angle, 343 
Broadcast service, 428 
Broadside array, 410 

Capacitance, 182 

cylindrical capacitor, 185 
parallel-plate capacitor, 184 
Capacitance per unit length 
coaxial line, 44, 46, 185 
parallel-plate line, 44 
two-wire line, 44 
Capacitive Sensors, 186-187 
Cartesian coordinates, 117 
Characteristic impedance, 51, 55 
Charge density- 
line, 152 
surface, 152 
volume, 152 
Charge dissipation, 273 
Charge, electric 

conservation property, 15 
electron, 14 

Charge-conlinuity equation, 272 
Circular polarization, 297 
Circulator, 428, 429 
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INDEX 


Coaxial cable 

capacitance, 45, 185 
conductance, 45, 172 
electrostatic field, 185 
inductance, 45, 239 
magnetic field. 239 
resistance, 45, 311 

Communication satellite, 425, see Satellite 
Complex conjugate, 29 
Complex feeding coefficient, 405 
Complex number, 28 
Complex permittivity, 289 
Conductance, 171 
Conductance per unit length, 171 
coaxial line, 44,46, 172 
parallel-plate line, 44, 46 
two-wire line, 44,46 
Conduction current, 154 
Conduction current density, 169 
Conductivity, 18, 169 
materials, 168,447 
Conductors, 168 
charges on. 181 
good, 305 

Conservative (or irrotational) field, 141, 
164 

Constitutive parameters, 18, 168 
Convection current, 154 
Coordinate systems 

Cartesian, 117, 118 
cylindrical, 117, 118 
spherical, 118, 121 
transformations between, 123-127 
Coulomb's law, 14, 155 
Coulomb. Charles Augustin de, 14 
Critical angle, 333 
Cross product, 113 
CT scan, 136 

Curl operator, 138-142, See also inside 
hack cover 

Current 

conduction. 154 
convection, 154 
displacement, 268 
Current density 

conduction, 169 
convection, 154 
surface, 214 
volume, 214 


Cutoff frequency, 355 
Cylindrical coordinates, 117 

Decibel scale. 314 
Del operator, 130 
Depth of penetration, 305 
Detection 

maximum range, 438 
probability, 437 
threshold level, 438 
Diamagnetism, 228, 231 
Dielectric breakdown, 177 
Dielectric constant, 16, 155 
Dielectric strength, 177 
Dielectrics, 168, 177,448 
Dipole 

electric, 166 
half-wave, 387 
linear, 391 
magnetic, 217 
Dipole moment 
electric, 166 
magnetic, 212 
Directional derivative, 131 
Directivity. 383 

aperture antenna, 402 
half-wave dipole. 389 
Hertzian dipole, 385 
Disk of charge, 159 
Dispersion, 43 

optical fibers, 335 
Dispersive medium, 54 
Displacement current, 268,270 
Distance vector 

Cartesian coordinates, 112, 123 
cylindrical coordinates, 120, 124 
spherical coordinates, 123 
Divergence, 133-138 
Divergence theorem, 135 
Divergence, 133, See also inside back 
cover 

Divergenceless field, 135 
Domain wall, 231 
Doppler frequency shift, 433,439 
Dot product, 112 
Downlink, 427, 428 
Duplexer, 428 

Earth's 


atmospheric opacity, 27 
mass. 426 
period, 427 
radius, 426. 427 
Effective area 

any antenna, 394 
aperture antenna, 402 
short dipole, 394 
EHF, 28 
Electric charge 

conservation of, 15 
electron, 14 
Electric dipole., 15, 166 
Electric dipole antenna, 374,391 
half-wave dipole, 387-390 
quarter-wave monopole, 390 
short (Hertzian) dipole, 375 
Electric dipole moment, 166 
Electric displacement, 268 
Electric field intensity 

charge distribution, 157 
circular disk of charge, 159 
electric dipole, 1 66 
infinite line of charge, 162 
point charges. 14, 156.161 
ring of charge, 158 
Electric flux density, 16 
Electric force, 14, 191 
Electric permittivity, 289, see permittivity 
Electric potential, scalar, 163 
retarded, 277 

Electric susceptibility, 176 
Electromagnet. 224-226 
Electromagnetic 
fields, 255 
force, 12,206 
generator, 265-268 
induction, 257 
operator, 265-268 
potentials, 276 
spectrum, 26-28 
Electromotive force, 257 
motional, 257 
transformer, 257 
Electron 

charge of. 14 
drift velocity, 168 
mobility, 169 



Electronic steering, 405,412, 416 
Electrostatic energy, 190 
Electrostatics, 18, 19, 151 
ELF, 26, 28 

Elliptical polarization, 299 
Ellipticity angle, 300 
EM. 26 
EMF, 274-275 
Endftre direction. 413 
Energy 

electric, 190 
magnetic, 241 
Equipotcnlial medium, 169 
Euler’s identity, 29 
Evanescent wave, 355 
Explorer 1,426 

False-alarm probability, 437 
Far-field (orfar-zone) region, 375 
aperture antennas, 399 
short dipole, 375 
Faraday’s law. 255. 256.259 
Faraday, Michael, 255 
Feeding coefficient. 405 
Ferromagnetism, 228, 231 
Field, 12 

conservative, 141, 164 
divergcncelcss, 135 
electrostatic, 18, 152 
irrotational, 141, 164 
magnetostatic, 18, 205 
solenoidal, 234 

Flux 

density, 133 
lines, 133 
linkage, 238 
Forces 

centrifugal, 426 
electric, 14. 191 
electromagnetic, (Lorentz), 206 
gravitational, 12,426 
magnetic. 205 

Form factor, of radiated field, 399 
Free space 

constants of, 17, see inside front 
cover 

intrinsic impedance of, 292 
permeability of, 17 
permittivity of, 14 


velocity of light in, 17 
Frequency, 23 
Frequency scanning, 415 
Frequency-division multiple access 
(FDMA), 428 

Fresnel reflection coefficient, 340 
Fresnel transmission coefficient, 340 
Friis transmission formula, 395 
Fringing Fields, 184 

Gauss’s law for magnetism, 219,256 
Gaussian surface, 160 
Gausss law, 160, 256 
Geostationary orbit, 426 
Global Positioning System, 128-129 
GPS, 128-129 
Gradient operator, 130-133 
Gradient operator, 130, See also inside 
back cover 
Gravitational 
field, 12 
force, 12, 426 
Grazing incidence, 343 
Group velocity, 358 

Henry, Joseph, 256 
Hertzian dipole, 376 
directivity, 385 
effective area of, 394 
electromagnetic fields, 378 
radiation pattern, 379 
radiation resistance, 386 
HF.26 

Hole drift velocity. 169 
Hole mobility, 169 
Homogeneous, 18, 168, 176 
Hysteresis, 232 

Image method, 191 
Impedance 

characteristic. 51.55 
input. 61 
intrinsic. 291 
load. 54 

matching network, 88 
open-circuited line. 66 
shorted line. 64 
surface (or internal), 310 


Incidence 

angle of, 331 
plane of, 337 
Index of refraction, 332 
Inductance, 234 
Inductance per unit length 
coaxial line, 44, 46,239 
long solenoid, 238 
parallel-plate line, 44 
two-wire line, 44, 46 
Inductive sensors, 242-243 
Insulator, 168 
Internal impedance, 310 
International system of units. 5 
Interpulse period, 434 
Intrinsic impedance 
free space, 292 
good conductor, 306-308 
low-loss dielectric, 306-308 
medium, 291,305 

Irrotational (or conservation) field, 141, 
164 

Isotropic, 168, 176 

Joule’s law, 172 

Kirchhoff's current law, 272 
Kirchhoff’s voltage law, 164 

Laplace’s equation, 167 
Laplacian operator, 142-143 
Laplacian operator, 142, See also inside 
back cover 
Laser, 344-345 
LCD, 302-303 

Left-hand circular (LHC) polarization, 297 
Lenz’s law, 258,260 
LF, 26,28 
Lidar, 433 

Line of charge, 152, 162 
Linear medium, 176 
Linear polarization, 295 
Liquid crystal display, 302 
Load impedance, 54 
Lorentz force, 206 
Lossless medium. 21. 288 
Lossless transmission line. 53 
Lossy medium, 23.288 
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Magnet, bar, 16. 218 
Magnetic dipole, 217 
Magnetic dipole moment, 212 
Magnetic energy, 241 
Magnetic field intensity, 17,213 
circular loop, 216 
current distributions, 215 
current element, 213 
infinite current sheet, 223 
linear conductor, 214, 221 
magnetic dipole, 217 
pie-shaped loop, 216 
solenoid, 235 
toroidal coil, 223 
Magnetic flux, 228, 257 
Magnetic flux density, 16, 205 
Magnetic flux linkage, 238 
Magnetic force, 205 

between conductors, 218 
conductor, 207 
relation of torque to, 210 
semicircular conductor, 209 
Magnetic hysteresis, 232 
Magnetic materials, 231 
Magnetic permeability, 229, see 
permeability 

Magnetic potential, vector, 226 
Magnetic Recording, 236 237 
Magnetic Relay, 224-226 
Magnetic susceptibility, 230 
Magnetic torque, 210 
Magnetite, 16 
Magnetization curve, 231 

hard ferromagnetics, 232 
soft ferromagnetics. 232 
Magnetization vector. 229 
Magnetized domains, 230 
Magnetostatics, 18, 19, 151,205 
Main lobe of antenna pattern, 382 
Maxwell’s equations 

differential fonn, 151,256 
integral form, 256 
source-free, 289 
time-harmonic, 289 
Maxwell, James Clerk, 151 
Medium 

anisotropic, 176 
guided, 287 

homogeneous, 18, 168, 176 


isotropic, 168. 176 
linear, 176 
lossless. 21, 288 
lossy, 23,288 
unbounded, 287, 322 
MF, 26, 28 
Microstrip lines, 43 
Microwave band, 27,28 
Microwave oven, 86-87 
Mobile service, 428 
Mobility 

electrons, 169 
holes, 169 

Monopulse radar, 440 
Motional emf, 257, 263 
Multiple-beam antenna, 405 
Multiplexer, 430 
Mutual inductance, 238, 240 

Neper, 23 

Noise temperature, 396 
Noncontact Sensors, 188-189 
Nonmagnetic, 17 
Nonpolar materials, 173 
Nuclear force, 12 

Oersted, Hans, 17 
Ohm’s law, 169 
Open-circuited line, 66 
Optical fibers, 43,334 

acceptance angle, 334 
cladding, 334 
dispersion in, 335 
fiber core, 334 
modes in, 335 

Orbital magnetic moment, 228 
Orthogonal coordinate systems, 116 

Parallel polarization, 337, 341-346 
Paramagnetism, 228, 231 
Pattern multiplication principle, 407 
Pattern solid angle, 383 
Perfect conductor, 18,48 
Perfect dielectric, 18, 48 
Period, 21 

Permeability, 17, 19, 229 
common materials, 448 
free space, 17, 19 
relative, 230 


Permittivity, 16, 19, 155 
air, 16 

common materials, 177, 447 
complex, 289 
free space, 14, 19, 155 
relative, 16, 155 

Perpendicular polarization, 337-341 
Phase, 21 
lag, 23 
lead, 23 

Phase constant, 23, 304 

good conductor, 306-308 
lossless line, 53 
low-loss dielectric, 306-308 
transmission line, 51 
Phase delay, 413 
Phase matching condition, 339 
Phase velocity, 22, 55 
lossless line, 53, 55 
lossless medium, 292 
Phased array, 413 
Phasor representation, 12, 31 
Piczoresistive, 174 
Piezoiesislivity, 174 
Plane of incidence, 337 
Plane wave, 288 

polarization of, 295 
propagation, 290 
Point charges, 15, 156, 161 
Poisson’s equation for electric potential, 
167 

Poisson’s equation for magnetic potential, 
227 

Polar materials, 176 
Polarization field, 173, 176 
Polarization of materials, 15 
Polarization state, 295, 300 
circular, 297-299 
diversity, 430 
elliptical, 299 
left hand circular, 297 
linear, 296 
parallel, 337 
perpendicular, 337-341 
right hand circular, 298 
Polarizing angle, 343 
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Position vector. 111 

Cartesian coordinates. 111 
cylindrical coordinates. 118 
spherical coordinates. 118, 121 
Potential 

retarded, 277 
scalar electric, 163 
vector magnetic, 226 
Power density, 312, 378 
Power on transmission line 
instantaneous, 70 
time average, 71 
Power transfer, maximum, 394 
Power transfer, ratio, 396 
Poynting vector, 311 

Prefixes, multiple and submultiple, 5, Sec 
also inside of front cover 
Principal planes, 381 
Principle of superposition, 15 
Propagation constant, 290 
good conductor. 306-308 
low-loss dielectric, 306-308 
transmission line. 51,55 
lossless, 53. 55 

Propagation velocity, 22. see Phase 
velocity 

Proton, charge of, 14 
Pulse length, 434 

Pulse repetition frequency (PRF), 434 

Quarter-wave monopole, 390 
Quarter-wave transformer, 68 

Radar, 433 

azimuth resolution, 436 
bistatic, 437 
cross section, 438 
Doppler, 439 
falsc-alarm and detection 
probabilities, 437 
monopulsc, 440 
monostatic, 437 
PRF, 435 

range resolution, 435 
target detection, 436 
unambiguous range, 435 
Radar cross section, 438 
Radar equation, 438 
Radial distance, 117 


Radiation 

efficiency, 386 
intensity, 379 
lobes, 381 
pattern, 373, 380 
resistance, 386 
half-wave dipole, 389 
Hertzian dipole, 386 
quarter-wave monopole, 392 
Radome, 327 
Range coordinate, 121 
Range resolution, 435 
Ray, 322 

Receiving antenna, 393 
Rectangular aperture, 400 
Rectangular coordinates, 111 
Reflection 

angle of, 331 
Snell’s law of, 332 
Reflection coefficient 

normal incidence, 325 
parallel polarization, 342,348 
perpendicular polarization, 340, 348 
voltage, 54 

Reflectivity (reflectance), 346 
Refraction 

angle of, 331 
index of, 332 
Snell’s law of, 332 
Refractive index, 332 
Relaxation time constant, 273 
Resistance, 170 
Resistance per unit length 
coaxial line, 43-49,311 
parallel-plate line, 44 
two-wire line, 44 
Resistive sensors, 174-175 
Retarded potential 
scalar, 276-277 
vector. 276-277 

Right-hand circular (RHC) polarization, 
298 

Right-hand rule 

Ampere's law. 221 
magnetic torque, 212 
relation between E and H, 294 
vector (cross) product, 1 14 
Ring of charge, 158 
Rotation angle, 299 


Satellite 

communication, 396,425 
antenna beams, 432 
Explorer 1,426 
Score, 426 
Sputnik I. 426 
geostationary, 426 
telemetry and tracking, 428 
transponder. 427 
Scalar, 109 

gradient of, 1 30 
product, 112 
triple product, 115 
Scalar formulation, 398 
Scan angle, 413,416 
Score, 426 
Seawater, 306,448 
Self inductance, 238 
Semiconductors, 168 
Sensor 

capacitive, 188 
emf, 274 
inductive, 242 
noncontact, 188 
piezoelectric, 174 
piezoresistivity, 174 
resistive, 174 
SHF, 28 

Short-circuited line, 64 
SI units, 5 

Sidelobcs of antenna pattern, 382 
Sidereal day, 427 

Signal-to-noisc ratio, 396,431, 438 

Single-stub matching. 88 

Skin depth, 305 

Slotted line, 60 

Smith chart, 72 

angle of reflection coefficient, 76 
SWR circle on, 76 
unit circle, 73 

wavelengths toward generator 
(WTG). 77 

wavelengths toward load (WTL), 77 
Snell’s law 

reflection, 332, 339 
refraction, 332, 339 
Solenoidal, 234 
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Solid angle, 380 

Spectrum of electromagnetic waves, I 
Spherical coordinates, 121 
Spherical propagation factor, 376 
Spin magnetic moment, 228 
Sputnik 1,426 
Standing-wave, 52,57 
' pattern, 58 
ratio (SWR), 60,76, 325 
ratio circle on Smith chart, 76 
Stokes's theorem, 141 
Striplines, 43 
Stub tuner, 88 

Superconductors, 168 
Surface impedance, 310 
Susccptance, 81 
Susceptibility, magnetic, 230 
System noise temperature. 396,431 

Tai.C.T.. 138 

Telegraphers equations, 44, 50 
Tesla. Nikola, 17 
Thevenin circuit, 393 
Time-harmonic electromagnetics, 277 
Toroid (or torus), 223 
Torque, magnetic, 210 
Total internal reflection, 333 
Transformer einf, 257 
Transformers 

ideal, 261 

quarter-wave, 68 
Transmission coefficient 

normal incidence. 325 
parallel polarization, 342,348 
perpendicular polarization, 340. 348 
Transmission line, 44, 45 

attenuation constant of, 51, 55 
characteristic impedance of, 51, 55 
circuit elements, 65 

coaxial, 44, 55,397 
half-wave sections of, 68 
impedance matching of, 68, 88 
input impedance of, 61 
microstrip line, 43 

open-circuited, 66 

parallel-plate, 44,46, 55 
phase constant of, 51, 55 
power flow on, 70 
propagation constant of, 51,55 


short-circuited, 64 

strip line, 43 
transient response on, 92 
two-wire, 44,45, 55 
voltage maximum on, 59 
voltage minimum on, 60 
Transmission-line parameters, 45-^19 
Transmissivity (transmittance). 346 
Transponder, 427 

Transverse electric (TE) wave. 337 
Transverse electromagnetic (TEM), 44, 
292 

Transverse magnetic (TM) wave, 337 
Trigonometric relations. 449 

UHF. 28 

Unambiguous range, 435 
Uniform aperture distribution, 400 
Uniform plane wave, 291 
Unit vector, 109 
Units 

derived quantities, 445 
fundamental, 5 
SI system, 5 

Universal constants, 14, see inside front 
cover 

Uplink, 427,428 
Vector. 109 

addition and subtraction, 111 
multiplication, 112 

product, 113 
Vector formulation, 399 
Vector identities, 140, see inside back 
cover 

Vector potential, magnetic, 226 
retarded, 277 
Velocity 

light in free space, 17 
phase, 22,55 
radial, 433 
radial, 439 
VHF.27,28 
Visible light, 26 
VLF, 26,28 
Voltage 

breakdown. 177 
electrostatic. 163 
induced, 257 


maximum, 59 
minimum, 60 
reflection coefficient, 54 

Wave 

circularly polarized. 298 
continuous harmonic, 19 
cylindrical, 20 
electromagnetic. 288 

elliptically polarized, 299 
interference, 58 
linearly polarized, 296 
lossless media, 294 
lossy media, 304 

one-dimensional, 20 

sound, 25 
spherical, 20,288 
standing, 52, 57 

three-dimensional, 20 
transient, 19 

transverse electric (TE), 337 
transverse electromagnetic (TEM), 

43,292 

transverse magnetic (TM), 337 

two-dimensional. 20 

uniform plane, 288 
Wave equation, 51,290 
Wavefront, 322 
Waveguide, 349 

cutoff frequency, 355 
cutoff wavenumber, 352 
dominant mode, 355 
evanescent wave, 355 
group velocity, 358 
phase velocity, 358 
propagation constant, 351 
TE mode, 349 
TM mode, 349 

Wavelength, 21 

Wavenumber, 23,278, 290 

Weak interaction force, 12 

WTG (wavelengths toward generator), 77 

WTL (wavelengths toward load), 77 

X-Ray tomography, 136-137 

Zenith angle, 121,376 
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liquid crystal display is that under 
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